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ON THE STRONG AND A-CONVERGENCE FOR TOTAL ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS ON A CAT(O) SPACE

Ba8anr M., 8ahin A. On the strong and A-convergencefor total asymptotically nonexpansive mappings on a
CAT(O) space. Carpathian Mathematical Publications 2013, 5 (2), 170-179.

In this paper we give the strong and A-convergence theorems of the modified S-iteration and
the modified two-step iteration processes for total asymptotically nonexpansive mappings on a
CAT(0) space. Our results extend and improve the corresponding recent results announced by
many authors in the literature.

Key words and phrases: CAT(0) space, total asymptotically nonexpansive mapping, strong con-
vergence, A-convergence, iterative process, fixed point.
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Introduction

A metric space X is a CAT(0) space if it is geodesically connected and every geodesic tri-
angle in X is at least as "thin" as its comparison triangle in the Euclidean plane. Fixed point
theory in a CAT(0) space has been first studied by Kirk (see [9,10]). He showed that every non-
expansive mapping defined on a bounded closed convex subset of a complete CAT(0) space
always has a fixed point. Since then the fixed point theory for various mappings in a CAT(0)
space has been rapidly developed and a lot of papers have appeared (see [4, 5, 6,17,18]).

Nanjaras and Panyanak [13] proved the demiclosedness principle for asymptotically non-
expansive mappings and gave the A -convergence theorem of the modified Mann iteration pro-
cess for mappings of this type in a CAT(0) space. Recently, Chang et. al. [3] introduced total
asymptotically nonexpansive mappings and proved the demiclosedness principle for map-
pings of this type in a CAT(0) space. Also, they presented the A-convergence theorem of the
modified Mann iteration process for total asymptotically nonexpansive mappings in a CAT(0)
space.

In this paper, motivated by the above results, we get some results which are related to
the strong and A-convergence of the modified S-iteration and the modified two-step iteration
processes for total asymptotically nonexpansive mappings on a CAT(0) space. Our results
extend and improve the corresponding ones announced by Chang et. al. [3], Khan and Abbas
[8], Nanjaras and Panyanak [13] and many others.

(c) Ba8arir M., 8ahin A., 2013

1 Preliminaries and lemmas

Let (X, d) be a metric space, K be a nonempty subset of X and let T : K — K be a mapping.
Recall that T is said to be a nonexpansive mapping if

d(Tx,Ty) < d(x,y), Vx,y €K

The map T is said to be an asymptotically nonexpansive mapping if there exists a sequence
{kn} C [1,00) withkn -> 1such that

d(Tnx,Tny) < knd(x,y), Vn €N, x,y €K

The map T is said to be a uniformly L-Lipschitzian mapping if there exists aconstantL > 0
such that

d(Tnx,Tny) < Ld(X,y), Vn €N, x,y €K

Chang et. al. [3] defined the concept of total asymptotically nonexpansive mapping as
follows.

Definition 1 ([3, Definition 2.1]). Let (X,d) be a metric space, K be a nonempty subset of
X andletT : K -» K be amapping. T is said to be a total asymptotically nonexpansive
mapping if there exist non-negative real sequences {un},{vn} with yn —0,vn — 0 and a
strictly increasing continuous function  : [0,00) — [0,00) with {(0) = 0 such that

d(Tnx,Trny) < d(x,y) +vnC(d(x,y)) + un
foralln €EN and x,y € K

Remark 1. From the definitions, it is clear that each nonexpansive mapping is an asymptoti-
cally nonexpansive mapping with k, = 1, Vn € N, each asymptotically nonexpansive map-
ping is a total asymptotically nonexpansive mapping with yn = 0, vn = kn—I, Vn € N,
{((n =t t> 0, and each asymptotically nonexpansive mapping is a uniformly L-Lipschitzian
mapping with L = supf;eN{kn}.

We now give the definition and collect some basic properties of the CAT(0) space.

Let (X,d) be a metric space. A geodesic path joining x € X and y € X (or more briefly, a
geodesic from x toy) isamap ¢ : [0,/ C R — X such that c(0) = x,c(l) = yand d(c(t),c(t")) =
n—t\for all t,t' € [0,/]. In particular, c is an isometry and d(x,y) — I. The image of c is
called ageodesic (or metric) segment joining x and y. When it is unique, this geodesic is denoted
by [X,y]. The space (X, d) is said to be a geodesic space if every two points of X are joined by a
geodesic, and X is said to be a uniquely geodesic space if there is exactly one geodesic joining x
andy for all x,y € X.

A geodesic triangle A(xX, X2, x3) in a geodesic metric space (X, d) consist of three points in X
(the vertices of A) and three geodesic segments joining each pair of vertices (the edges of A).
A comparison triangle for the geodesic triangle A(X1, X2, x3) in (X, d) is atriangle A(xX, X2 X3) =
A(X1,X2,x3) in the Euclidean plane R2 such that dR2(xj, Xj) = d(xj,xj) fori,j € {1,2,3}. Such
a triangle always exists (see [2]).
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A geodesic space is said to be a CAT(O) space [2] if all geodesic triangles of appropriate
size satisfy the following comparison axiom.

CAT(O): Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then,
A is said to satisfy the CAT(0) inequality if for all x,y € A and all comparison points x,y € A,

d(x,y) < rfR2(x,y).

Let x,y € X, and by Lemma 2.1(iv) of [6] for each t € [0,1], there exists a unique point
Z € [X,y] such that

d(x,z) = td(x,y), d(y,z) = (1 —t)d(x,y). (1)

From now on, we will use the notation (1 —t)x © ty for the unique point z satisfying (1). By
using this notation, Dhompongsa and Panyanak [6] obtained the following lemma which will
be used frequently in the proof of our main results.

Lemma 1 ([6, Lemma 2.4]). LetX be a CAT(0) space. Then
d((1—t)x Oty,z) < (1 —t)d(x,z) + td(y,z)
forallt € [0,1] and x,y,z € X.

In 1976 Lim [12] introduced the concept of A-convergence in a general metric space. In 2008
Kirk and Panyanak [11] specialized Lim's concept to the CAT(O) space and proved that it is
very similar to the weak convergence in a Banach space. Also, Dhompongsa and Panyanak
[6] obtained the A-convergence theorems for the Picard, Mann and Ishikawa iterations in a
CAT(0) space for nonexpansive mappings.

Let {xn} be a bounded sequence in a CAT(0) space X. For x € X, we set r(x, {xn}) =
limsup d(x, xn)- The asymptotic radius r({xn}) of {x,,} is given by

n-*co
r({xn}) = inf{r(x, {*,}) :x € X}
and the asymptotic center A({xn}) of {xn} is the set
A({xn}) = {x € X :r(x, {xn}) = r({xn})}.

It is known that in a complete CAT(0) space, A({xn}) consists of exactly one point (see [5,
Proposition 7]).

Definition 2 ([11, 12]). A sequence {xn} in a CAT(0) space X is said to be A-convergent to
x € X if x is the unique asymptotic center of {u,,} for every subsequence {un} of {xn}- In this
case we write A-lim”~oo xn= x and x is called the A-limit of {xn} =

Lemma 2. i) Every bounded sequence in a complete CAT(0) space always has a A-convergent
subsequence (see [11, p. 3690]).

ii) Let Kbe anonempty closed convex subset of a complete CAT (0) space and let {xn} be a
bounded sequence in K. Then the asymptotic center of {xn} isin K (see [4, Proposition 2.1]).

Lemma 3 ([6, Lemma 2.8]). If {xn} is a bounded sequence in a complete CAT(0) space with

A({xn}) = {x¥/ {un} is a subsequence of {xn} with A({un}) — {u} and the sequence
{d(xn,u)} converges, thenx = u.

In [3] itis proved demiclosedness principle for total asymptotically nonexpansive mappings
ina CAT(0) space as follows.

Lemma 4 ([3, Theorem 2.8]). LetK be aclosed convex subset ofacomplete CAT (0) space X and
letT : K — Kbe atotal asymptotically nonexpansive and uniformly L-Lipschitzian mapping.
Let {xn} be a bounded sequence in K such that lim d(xn, Txn) =0 and A-linv,"ooxn = IR
Then Tp = p.

The following lemma is crucial in the study of iteration processes in metric spaces.

Lemma 5 ([14, Lemma 2]). Let {an}, {bn} and {dn} be sequences of non-negative real numbers
satisfying the inequality
a1 (1 + dn)an+ bn.

(e o] 00
If X On< coand X bn < co, then lim,,.,tOban exists.

=1 n=l|
Lemma 6 ([13, Lemma 4.5]). Let X beaCAT(0) space, X e X be agiven pointand let {tnj be a
sequence in [b, c] with b,c € (0,1) and0 < b (l-c) < \ Let{xn} and {yn} be any sequences
in X such that

limsup d(xn,x) < T, limsup d(ynx) < f, Iim d((1 —tn)xnO tnyn,x) = r
n—00
for somer > 0. Then
lim d(xn,yn) = 0.

Agarwal, O'Regan and Sahu [1] introduced the modified S-iteration process which is inde-
pendent of those of the modified Mann iteration [16] and the modified Ishikawa iteration [19].
We apply this iteration process into a CAT(0) space as

x\n € K
xMtl= 1 - an)Tnxno anTnyn ¥
yn= (1- bn)xn O bnTnxn, ne N.
By taking Tn= T for all n € N in (2), we obtain the S-iteration process which is introduced in
(1]
Thianwan [20] introduced the two-step iteration process in a Banach space. We give the
modified two-step iteration process in a CAT(0) space as follows

x\ € K
xm+l = (1 - an)yn0 anTrnyn 3
yn= (1- bn)xn®bnTnxn, n €N.

If b, =0 for each n € N, then (3) reduces to the modified Mann iteration process. By taking
Tn= Tforalln e N in (3), we obtain the two-step iteration process.

Our purpose in this paper is to get some results on the strong and A-convergence of the
modified S-iteration and the modified two-step iteration processes for total asymptotically non-
expansive mappings in a CAT(0) space. It is worth mentioning that our results in a CAT(0)
space can be applied to any CAT(k) space with k < 0 since any CAT(k) space is a CAT(m)
space for every m > k(see [2, p. 165]).



2 Main results

We will denote the set of fixed points of T by F (T), thatis, F(I') — {x € X : Tx = x}.
Firstly, we prove the A-convergence theorem of the modified S-iteration process in a CAT(0)
space.

Theorem 1. Let K be anonempty bounded closed convex subset of acomplete CAT(0) space
X,T : K —=K be a total asymptotically nonexpansive and uniformly L-Lipschitzian mapping
with F(T) ¢@ 0 and let {xn} be a sequence defined by (2). If the following conditions are
satisfieaz')

® ()]
(i) £ W< o0, 2 LN< o0, E an< oc;
«=1 n=1 n=1

(if) there exists aconstant M* > 0O such that{(v) < M*r,r > 0
(iii) {Gb)?} is the sequence in [0, 1];
(

iv) E SUP {d(z, Tnz) :z € B} < co for each bounded subset B ofK;

n=1
(v) there exist constants b,c € (0,1) with 0 < b(1—c) < \ suchthat {cin}C[b,c],
then the sequence {xn} A-converges to afixed point of T.

Proof. We divide the proof of Theorem 1into three steps.
Step I. First we prove that for each p € F(T) the following limit lim d(xn,p) exists. In fact

for each p € F(T), by Lemma 1, we have

diyn,p) = d((1- b,)x, 0 bnTnxn,p) < (1 - bn)d(xn, p) + bnd(Tnxn, p)
< (1 - bn)d(xn,p) + bn{d(xn,p) +vnl(a(xn,p)) + un}
< A+ brwvnM*)d(xn,p)+ bilpn < (1 + v,,M*)d(x,,,p) + un.

Also, we obtain

d(xn+i,p) = d((I —an)Tnxn0 anTnyn,p) < (1 —an)d(Tnxn,p) + and(Tnyn, p)
< (- an){d(xn p) + vn{a(xn, p)) + pn} + anLd(yn, p)
< (1-a») {(1 +vnM*)d(xnp) + pn} + anL {(l +vnM*) d(xn,p) +un}
= {(1-a,)@+vnM*) +anL (1+ vnM*)} d(xn,p)+ {1+ an(L- T))un
= {1+ an(L—1) + viM*(l + an{L —1))} d(xn,p) + (1 + an(L —1))un.

It follows from condition (i) and Lemma 5 that lim”~oo d(xn, p) exists.
Step Il. Next we prove that

lim d(xn,Txn) = 0. 4)
n—oo

In fact, it follows from Step | that for all p € F(T), lim d(xn,p) exists, so we can assume that
[ele]

Ijtlrgod(xmp) = r. Since

d(Tny)up) = d(Tnyn, Tnp) < d(yn,p) +VnC(d(yn/p)) + pn< (1 + vnM*) d(yn,p) + un
< 1+ vnM*) {(1 + vAM*) d(xn,p) + pn} + pn
@+ vnM*) (1 + vnM*) d(xrrp) + (2+ v,,M*) un,

we have limsupMiioorf(Tnih, p) < r. Similarly, we obtain limsupn Jocd(T"xn,p) < r. On the
other hand, since %d((l—an)Tnxn@ anTnyn,p) = rI}lxgod(xm\,p) = r, by Lemma 6, we
have

lim d(Tnxn, Tnyn) = O. (5)

n-+ oo

Since d(xn+1, Tnxn) < d((1—an)Tnxn0O anTnyn, Thxn) < and(Tnyn, Tnxn) from (5), we obtain

Iin>8od(xn+i,Tnxn) = 0. (6)
From condition (iv), we have
#%d(xn,Tmn) —0. )
Hence from (6) and (7) we get
lim d(x,,,Xx,,+i) = 0. (8)
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Since T is auniformly L-Lipschitzian mapping, from (7) and (8) we have that

d(xn, Txn) < d(xn,xn+i) + d(xn+l, T n+1xn+1) + d(Tn+1xn+l, T n+1xn) + d(Tn+1xn, Txn)
< d(xn,xn+l) + d{xn+l, T n+1xn+l) + Ld(xn+1,xn) + Ld(Tnxnrxn)

= (1 + L)d(x,,,xn+i) +d(x,!+i, T n+lx,;+1) + Ld(Tnxn,xn) -> 0 (as n -> 00).

The equation (4) is proved.
Step Ill. To show that the sequence { xn} A-converges to afixed point of T, we prove that

Wb(x,,) U A{un}) C F(T)

{unjca}
and WN(xn) consists of exactly one point. Let u € W”(xn). Then there exists a subsequence
{un} oi {xn} such that A({un}) = {u} .By Lemma 2, there exists a subsequence {vn} of {un}
such that A-Hyt,,”oovn = v € K. By Lemmad4, v € F{T). Since {d (un,v)} converges, by Lemma
3, u = V. This shows that W {xn) C F(T). Now we prove that WA(x,,) consists of exactly one
point. Let {un} be a subsequence of {xn} with A({un}) = {u} and let A({xn}) = {x} .We
have already seen that u = vand v € F(T). Finally, since {d (x,uv)} converges, by Lemma 3,
X = v € F(T). This shows that W&(xn) = {x} . O

Now we give an example of such mappings which are total asymptotically nonexpansive
and uniformly L-Lipschitzian as in Theorem 1

Let [Rbe the real line with the usual norm |- Jand let K = [—L1,1]. Define two mappings
T,S:K Kby

X) =\ 2snf], 25t de M1,0f and  s<-) = (" 1hiftgEOfLh gy.

It is proved in [7, Example 3.1] that both T and S are asymptotically nonexpansive map-
pings. Therefore they are total asymptotically nonexpansive and uniformly L-Lipschitzian
mappings. Additionally, F(T) = {0} and F(S) = {x €K; 0< x < 1}.

We give the characterization of strong convergence for the modified S-iteration process on
a CAT(0) space as follows.



Theorem 2. Let X,K, T, {an}, {b,\, {x,} satisfy the hypotheses of Theorem 1 Then the se-
guence {xn} converges strongly to afixed point of T if and only if

Iiﬂ']_i;a)f d(xn,F(T)) = O,
where d(x,F(T)) = inf{d(x,p) :p € F(T)} .

Proof. Necessity is obvious. Conversely, suppose that liminfd(xn,F(T)) = 0. As proved in
Theorem 1 (Step ), for all p € F(T),

d(xn+i, p) < {1 + dn(L —1) + vnM*{\ + an(L —1))} d{x,,,p) + (1 + an(L —1))un.
This implies that
d(xn+i,F(T)) < {1 + an(lL —1) + vnM*(1+ an(L —1))} d(xn,F(T)) + (1 + fiIn(L —1))pn.

By Lemma 5, lim,WOod(xn,F(T)) exists. Thus by hypothesis lim”~oo d(x,,,F(T)) = 0.
Next, we show that {xn} is a Cauchy sequence in K. Let € > O0be arbitrarily chosen. Since
limn-j.ood(xn,F(T)) = 0, there exists a positive integer n() such that

for all n > w. In particular, inf {d(x,,0p) : p € F(T)} < f. Thus, there exists p* € F(T) such
that

d(xno,P*) < 2

Now, for all m,n > no, we have
d{xn+mr Xn) » d(xmxmp )+ d™n, p ) M 2d(xMp ) < 2 N2) =

Hence {xu} is a Cauchy sequence in the closed subset K of a complete CAT(0) space and so it
must be convergent to a point g in K. Now, lim”~co d(xn, F(T)) = Ogives thatd(q,F(T)) = O
and closedness of F(T) forces qto be in F(T). This completes the proof. O

Senter and Dotson [15] introduced the concept of Condition (1) as follows.

Definition 3 ([15, p. 375]). A mapping T : K —K is said to satisfy Condition (I) if there exists
anon-decreasing function f : [0,00) — [0,00) with f(0) —0 andf(r) > 0 forallr > 0 such
that

d(x,Tx) > f(d(x,F(T))), VxeK.
With respect to the above definition, we have the following strong convergence theorem.

Theorem 3. Let X, K, T, {an} , {bn}, {xn} satisfy the hypotheses of Theorem 1and let T be a
mapping satisfying Condition (I). Then the sequence {x,} converges strongly to afixed point
of T.

Proof As proved in Theorem 2, lim , d(xn,F(T)) exists. Also, by Theorem 1 (Step II), we
have limn >0d(xn, Tx,,) = 0. It follows from Condition (1) that

lim f (d (xn,F(T)) < lim_d(xn,Txn) = O.

That is, rlmi—O&Df (d(xn,F(T)) = 0. Since /7 : [0,000 — [0,00) is a non-decreasing function
satisfying /7 (0) = 0 andf(r) > 0 for all r > 0, we obtain

nI|_r>n00 d(xn,F(T)) =0.
The conclusion now follows from Theorem 2. O

Remark 2. Theorems 1-3 contain some results of Khan and Abbas [8, Theorems 1-3] since
each nonexpansive mapping is a total asymptotically nonexpansive mapping.

Now, we give the A-convergence theorem of the modified two-step iteration process in a
CAT(0) space.

Theorem 4. Let X, K, T, { bn} satisfy the hypotheses of Theorem 1, {an} be a sequence in [0,1]
and let {x,,} be asequence defined by (3). If the conditions (i)-(iv) in Theorem 1 are satisfied,
then the sequence {x,,} A-converges to afixed point ofT.
Proof Firstwe prove that for all p € F(T) the following limit lim d(xn, p) exists. As proved in
Theorem 1, we have

d{yn,p) < (1 + vnM*) d(xn,p) + un. ©)
Since T is a uniformly L-Lipschitzian mapping, from (9) we have

d(xn+l,p) d((I —an)yn@ anTnyn, p)

< (1 —an)d(yn,p) + and(Tnyn, p)

< (L —an)d{yn, p) + anLd(yn, p)

= (I +a,(L-1)d(y...p)

< (@+anlL- 1) {1 + vaM*) d(xn,p) + un}
= {1 -man(L —1)+ unM*(1+ an(L—))} d(xn,p) + (1 + fiIn(L —1))un.

It follows from Lemma 5 that lim d(xn,p) exists. Next we prove that Ii_r>n00d(xn,Txn) = 0
n

n-»00

From condition (iv), we have

H_g&)d(xn,Tnxn) = A%d(yn,Twn) =0 (10)
By the above equality, we get
d(Tnxn, Tnyn) < Ld(xn,yn) < Lbnd(xn, Tnxn) < Ld(xn, Tnxn) — 0 (as n —00). (1
Since

d(xn+bTnyn) < rf((I -a nyn®anTnyn,Tnyn) < (1 - an)d(yn, Tnyn)
from (10), we obtain
Iiga d(xn+i,Tnyn) = O. (12
From (10), (11) and (12) we have that
d(xnrxn+1) < d(xn, Tnxn) + d(Tnxn/Tryn) + d(Tnyn,xn+i) -> 0 (@asn  00).

The rest of the proof follows the pattern of the Theorem 1 and is therefore omitted. O



Remark 3. Theorem 4 contains the main result of Chang et. al. [3, Theorem 3.5] since the
modified two-step iteration reduces to the modified Mann iteration. Also, Theorem 4 con-
tains the main result of Nanjaras and Panyanak [13, Theorem 5.7] since each asymptotically
nonexpansive mapping is a total asymptotically nonexpansive mapping.

Finally, we give following theorems related to the strong convergence of the modified two-
step iteration process which their proofs are similar arguments of Theorem 2 and Theorem 3,
respectively.

Theorem 5. Let X, K, T, {a,,} ,{bn}, {xn} satisfy the hypotheses of Theorem 4. Then the se-
guence {xn} converges strongly to afixed point of T ifand only if liminf d(xn,F(T)) = O.

Theorem 6. Let X, K, T, {an}, {bn} , {xn} satisfy the hypotheses of Theorem 4 and let T be a
mapping satisfying Condition (I). Then the sequence {xn} converges strongly to afixed point
ofT.
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Bawapip M., WariH A. Mpo cnabHy i A-36iXKHICTb 4N TOTaNbHUX aCMMNTOTUYHO HEPO3LLNPIOBAHMX
Bigo6pakeHb Ha CAT(0) npocTip // KapnaTcbKi MatemMaTuyHi nybnikauii. — 2013. — T.5, Ne2. — C.
170-179.

B uili cTaTTi MM 4OBOAVMMO TEOPEMM MPO CUNBLHY i A-36i>KHICTb MoagucikoBaHUX S-iTepauiii i Mo-
AndiKoBaHUX ABOKPOKOBUX iTepaLiliHMxX npoueciB ANnsi ToTalbHUX aCMMNTOTUYHO HEpPO3LLVPIOBa-
HUX Bigo6bpadkeHb Ha CA T (0) npocTip. Halli pe3ynbTaTn po3WIMpPOOTL | MOKpaLWlyoTh BignoBigHi
HeAaBHI pe3ynbTaTK, W0 aHOHCOBaHI 6araTbmMa aBTopaMu B niTepaTtypi.

KntwouoBi cnosa i hpasn: CAT(0) npocTip, ToTalbHe aCUMNTOTUYHO Hepo3LMploBaHe Bigobpa-
YKEHHS, CUNIbHA 36iXKHICTb, A -36iXKHICTb, iTepauiliHnii npouec, Hepyxoma ToukKa.

Bawapup M., WarunH A. O cunbHOM N A-CXOAUMOCTMUN AN TOTalbHUX acCCUMMNTOTMNYECKN Hepacllm-
psalwmnxca oTobpaxeHnii Ha CAT(0) npocTpaHcTBO // KapnaTckme mateMaTuyeckue nyonmkauun.
— 2013. — T.5, Ne2. — C. 170-179.

B 3T0lA cTaTbe Mbi JOKa3biBaeM TeOpPeMbi O CU/IbHOW U A-CXO0AMMOCTU MOANMDULMPOBAHHbLIX S-
nTepaymin 1 MoaANMULUMNPOBaHHbLIX ABYXLIAroBbiX UTepauyMOHHbLIX MPOLLECCOB ANs TOTa/lbHbIX ac-
CUMMTOTNYECKN HepacLuMpsatoWwmMxcsa oTobpaxkeHuii Ha CAT(0) npocTpaHCcTBO. Haww pesynbTatun
pacLvpsaoT 1 ynyylwlaloT COOTBETCBYOLLME HeJaBHWE pe3yibTaTn, aHOHCUPOBaHHbIE MHOTMMUN aB-
Topamu B inTepaTtype.

Knioyesbie cnoea u gppasu: CJIT(0) NpocTpaHCTBO, TOTaNbHOE acCCUMMNTOTUUYECKN HepacLINpsIo-
Leecs 0TOGpaXkeHne, CUbHas CXOAUMOCTb, A -CXOAUMOCTb, UTepaLMOoHHbIM NpoLuecc, HeMoABM>KHas
TouKa.
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Bctyn

Hexailt (£(i))t>0 — cTporo MapkiBcbKuiA npotec 3i 3HadeHHaAMK B (1IR", 23) BigAHOCHO Ae-
AKOro NOTOKY CT-anrebp (3t)t>0, ne T ¢ IN, B— o-anre6pa 6openesnx NigMHOXXUH R m Bsa-
»XaTmmeMo, LWo npouec & ogHopigHuii i P(f, x, 1), f > 0, x € Rw, [ € 23— ioro MMoBIipHICTb
nepexoay. Takuii Nnpouec HasuBaETLCHA ONPYIINHUM, SKLLO0 BUKOHYKOTLCA HACTYMHI yMoBU. Ha-
camnepeq, npm BCixE > 0, X ERM

| P(t, x. dy) = O

Kpim Toro, icHytoTb Taki oyHKUiT a : Rm —= IR" Tab : Rm — L+(IRm (tyt LN(IRM —
MHOXXMHa CUMETPUYHUX A0AATHO BU3HAYEHUX KBaApPaTUYHUX MaTpuLb Po3Mipy m X T), L0
npu Beix X, © € R mi geakomy € > 0 MaloTb MiCLie PiBHOCTI:

(y - XvO)P{t!X!dy) = (G(X)’e)1 (y - X19)2P(t1 X!dy) _(b(X)0’0)1

lim-/ lim~» J\
flo f INAE HO t Ny—A<e
oe (-, -) o3Havae ckansipHUin 4obyToK B R m Mpu uboMy, hyHKLiHO a(X) HasnBaroTb BEKTOPOM
nepeHocy, PyHKLUito b(X) — maTtpuueto (onepatopom) ANQyasii, a iX CyKynHiCTb — noKalb-
HUMM XapaKTepucTnkamm amndiysiriHoro npouecy &(i). € 3HauHa 6ibniorpacdis, npncesadeHa
ANgy3iiHUM npouecam, novmHatoum Big po6otn A. M. Konmoroposa [1]. PisHoMaHIiTHI nuTa-
HHS Teopii Andy3iHMX nNpouecis po3rnsganncek B pobotax M. . MopTeHka [2, 3, 4].

Akwo a(x) = 0, b(x) = | (I — ognHM4Ha maTpuus), To {(i) € BiHEpPOBUM NPOLECOM, SKNIA
pani nosHayatmmemo w(t).

© biryHl.C., Ocunuyk M.M., 2013

Hexali 3agaHa gesika BuMipHa doyHKUis /7 : R m— IRm Bunagkosuii npouec / (£(0) € npo-
Lecom, ogep>kaHunm 3 £(f) wnaxom nepeTBopeHHA haszoBoro npocTopy. MNpu NEBHMX ymoBax
Ha / BunaakoBuii npouec 7/(f) € npougecom MapKoBa.

MepeTBOPEHHS Yacy KOHCTPYHOBATMMEMO HACTYMHUM YMHOM. 3afaBLun A04AaTHY BUMIPHY
JyHKLUiO V : Rm—R, po3rnaHemMo Habip BMNagKoBMX BENNYMH

T=inf]s>0:J v((n)) du > fj.

Bunagkosuii npouec (E(Tf))t>0 € MapKiBCbKMM BiHOCHO MNOTOKY CT-ayirebp $1 i Ha3nBaTUMeEMO
ioro Takum, L0 oaep>KaHuii 3 npouecy £(f) wnaxom BUNagKoBoi 3aMiHM Yacy. [NepeTBOpeHHS
MapKiBCbKMX MPOLECIB AeTa/lbHO onmcaHi B MoHorpadgii €. b. InHKiHa [5]

O3HaueHHsA. bygemo KazaTw, W0 ogHopiaHui gndoysirHnii npouec £(f)t>o0 B R nopoa>keHuii
BiHEPOBUM, AKLLO iCHYe Takuii BiHepiB npouec (w(f))t>0 B Rm wo £(f) mo>xke 6y Tu ogeprka-
HU 3 w(t) NocnigoBHUM 3acTOCYBaHHAM 40 OCTaHHbLOro NepeTBOPEHb (Pa30BOro NPoCcTopy 1Ta
BUMaAKOBOI 3aMiHWM Yacy B pO3yMiHHI 36I>KHOCTI IOKa/IbHUX XapaK TePUCTUK OA4eP>KaHoro npo-
uecy Tanpouecy ((i).

Bigomo (guB., Hanpuknag, [4]), wo B o4HOBMMIpPHOMY BMNagKy (T = 1) 3a YMOBMW NIOKab-
HOT IHTerpoBHOCTI pyHKLUIT b~1(x)a(x) BignoBigHWi gndysiiHWi Npouec (1] NOPOMAYKEHWU
BiHEPOBUM.

MeToto 4aHOoT po60THM € BUBUEHHST YMOB MOPOAXKYBAHOCTI ANAY3iiHMX NPOLECIB BiIHEPOBUM
y BUNagKax m > 2

1 lNepeTBOpeHHs NMpocToOopy Ta BMNagKoBa 3aMiHa dyacy

11 T[MepeTBOpPeEHHA ha3z0BOro NPocTopy

Hexan (£(f))i>0 — auduysiiHuii npouec 3 BekTopom nepeHocy (fl(.t))veikm ta maTpuueto
andysii (b(x))xeka/ : Rw R m— faBiyi HenepepBHO AMdEPEHLIiIi0OBHA B3aEMHO OfHO-
3Ha4YHa PYHKLiA.

Mo3Haunmo 4vepes 0L, IL, xapakTepuctnuHi onepatopu npouecie £(f) Ta 7(f) = /(£(f))
BiANoOBigHO. N KO>XXHOT ABidi HeNepepBHO ANdepeHLLiMoBHOT hyHKLUIT @ : Rm— R (ams. [5]):

(0&@)(X) = "Sp(b(x)V2<p(x) + (fI(x))TVcKXx),

pe Vep — pagieHT hyHKUiT @, \72¢p — mMaTpuya gpyrmx noxigHmx tyHkUii ¢, cumeon Sp
o3Hauvae cnig — cymy giaroHa/lbHUX enemMeHTiB — maTpuui. TyT i gani 4OMOBMMOCH BBaXKaTun
BCi BEKTOPU CTOBMYMKAMMU.

Ana gedakoro x € R mpo3rngHeMo NocnigoBHICTb okoniB Un (77 = 1,2,...) TOYKN X, AKa
36iraeTbcs o X, Wo nozHadyatumemo Uni X, n —> 0o. ToAi 3 HeMepepBHOCTI Ta B3aEMHO O HO-
3HaYHOCTI PyHKUiT / BunnmBae, wo /_1(1,) 4 f 1x)> a9 — oo, e, 9K 3BuyainiHo, 7/ ~I(Li)
03Hayae Npoobpas MHOXXMHU U C R"' npwn nepeTBOpPeHHi /.

Hexait T,,— MOMeHT nepLuoro suxoay andysiriHoro npouecy {(i) 3okony /_1(Un) TouKun
/_1(X). 9KWwo M — MOMEHT NepLUoro Buxoay Mmapkiscbkoro npouecy 74(f) = /Z(£(f)) 3 okony
UNnTouku x, To, O4EBUOHO, %n = T,,.
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i EX@((Tn) —<pi

3a o3HaueHHamM (W<p)(x) = ne Ex— cmmBO/ YMOBHOIO Marema-

ExXTn
TUYHOIO cnogiBaHHs Npu ymoBi £(0) = Xx.
Ana npouyecy 7/(f) maemo
({ly@) ) = Jim - — i— g = lim Er-19Tn <2/ *(*))

BesnocepegHi 064UMCneHHs A03BONSAIOTbL CTBEPOYKYBATU, L0 AN KOXHOT ABidi gndepeHu,i-
MoBHOT pyHKLIT ¢

(ine)(x) = IspL((V/)TbV/)(/-1(x))V2<px)] + [(V/ITa+ |sP (bV2/)] (Z" 1(">V<p(X).
(1)

3ayBakumo, Wwo V/ € maTpumueto MpagdieHTiB (CKnaeHMX y CTOBMYUKW) eNleMeHTIB BEKTOP-
HOT PyHKLUIT/, a V 2/ — Habip (BeKTOop) MaTpuLb APYTrUX NOXIAHNX eNeMeHTIB L€l XK (PyHKLIT.
Came Ha Ui maTpuui MHOXXNTbCA MaTpuusa b apyromy gogaHky opmynu (1) i 064NCNOETLCS
cnig ogep>kaHuUX MaTpuLb.

Omxke, BunaagkoBuii npouec n(f) € andysiriHNM 3 BEKTOPOM MepeHocy

(V) T« + isp(f>V2) (r'oo)

Ta Marpuuero anysii

3acTocyemMo Tenep onucaHe rMepeTBOPeHHSA [0 BiHepoBOro npouecy w(t). Ana Hboro, fiK
y>Ke 3ragyBanocb, a(x) = 0, b(x) = |. Toai xapakTepucTnyHUii onepatop npouecy 7/(f) =
MaTuMme BUrNAL,

(U,<>)(*) = isp [(V/)TV/)(TIW )V 2>W] +i(AZ)r(/-'(x))V W, 2
ne A/ — pesynbTaT (BEKTOP) AiT onepatopa Aannaca Ha eNeMeHTM BEKTOPHOT YHKLUIT /.

12 BwunagKoBa 3amMiHa yacy

Po3rnsgHemMo agUTUBHUM DYHKLLIOHan = f u(£(s)) ds Big gudpysinnHoro npouecy £(f),
J o
ae (p(*))xeKw— gogaTHa HenepepBHa OYHKLUiA. Mobyayemo HoBuiA npouec 7/(f) = £(T>), ge

= inf{s > 0: ¢gs> f}. Bigomo [5], W0 Mi>K XapakTepucTUHYHMMUN OonepaTopamm NpoLiecis
£ (f) Ta 77(f) iCHYE 3B'A30K

m™)(x) = "y (a?<p)x), (3)

npuyomy o061acTi BU3Ha4YeHHS 060X onepaTopiB criBnagatoThb.
TakumM YMHOM, AKLWOo andy3inHnia npouec £(f) Mmae nokanbHi xapakTepncTukm a(x) Ta b(x),

1 1
To npouec 7/(f) € andysiriHMM 3 BEKTOPOM nepeHocy — N-s(X) Ta MmaTpuugero agndysiit — b(x).
V[X]j VI[X)

2 [AvdysiiHi npouecu, NOPOAXEHI BIHEPOBUM

Hexalt (zo(f))t>0 — peskuin BiHepiB npouec B Rw. PO3rnsaHeMo nepeTBOpPeHHSA NpPoOCTopy
R m3 gonomoroto aesaKoi B3aEMHO OHO3HAa4YHOT ABidi HenepepBHO ANMepeHLiiOBHOT PYHKLLIT
/ :Rm-» IRrM. Bpo3sgini 1BcTaHosneHo, wo 7(f) —f(w(t)), t > 0, €e ogHopigHUM ANdy3iriHUM
MPOLLECOM.

MepeTBOPEHHS Yacy B ofep>XaHOMy MPOLIECI 77(f) 3AIACHIOEMO LLUNSAXOM BUMNaAKOBOI 3aMiHU
yacy 3 4OornoMoroto aguTmBHOro oyHKUioHany  v2(n(i)) du 3 4eAKOK YMCNIOBOK Henepeps-
Hoto gogatHoto doyHKuieto (f(x));teRm TyT BubpaHo thyHKLi0 V2 4na 3pYyYHOCTI noganbLumnx
BUKNAO0K.

AK BCcTaHOBNEHO B po3gini 1 (ams. (2), (3)) NoOKanbHUMU XapaKTepUCTUKaMU 0Aep>KaHoro
1

1
Andy3iMnHOro NpoLecy € BEKTOp nepeHocy 3enemeHTamm - (A/Zy)(f 1) —2 Ta matpuusa gnadysi,
ska Mae enemMeHTn (Vy,)TVTy (/_ )N/ pel< i< T,1</< T

Hexaw 3agaHo pyHKUiITS :Rm-» JRmib:Rm-> Lf (R"™). BUHUKaAE NUTAHHA — 4 MOXKHA
3HaNTM TaKi PYHKLUIT/ Ta v, ANs SKUX BUKOHYKOTbLCA PIBHOCTI (1 < i< T, 1< j < T):

«(*) = M*> = [v//(W//)T] (T 4 *))~ 2 No

MosHaummo depe3 {a{x))x(;™~T maTtpuuto, ana skoi 6to = b. Togi cuctema piBHsIHL (4) B
MaTpPUYHI opMi 3anULLETbCS HACTYNMHUM YMHOM:

A/ = laifji/if), (5)

v/ = (6)

BoHa 334a€e 3B'A30K Mi>K HEBIAOMUMU PYHKLIAMMN / | N Ta NOKaIbHUMUN XapaKTepucTnkamu
Nopoa>KEHOro BiHEPOBUM MpoLLecy: BEKTOPOM NepeHocy ai maTpuvueto andysiib —oto.

Mpn T = 1 Taky cucTemy piBHAHbL po3B'A3aTu BigHocHO f i v ferko. Micna HecknagHUX
nepeTBOPEHb OJEPXKYEMO

f U= yo exd{-2y0 *x(x)= EXp{ =22 m_dz}

Jocnignmo icHyBaHHSA po3B'askiB cuctemn (5), (6) y Bunagky T > 2

[na noyaTky NpunycTyMo, Wo eneMeHTU MaTpuui n(X) € npuHaiMHI AndepeHLiioBHUMMN.
Heob6xigHOI YMOBOIO iCHYBaHHS PO3B'A3KY PIBHAHHSA (6) € NOTeHLUia/IbHICTb BEKTOPHUX MONiB,
wo € croBnuukamm matpuui cr(f)v(f) (Haragaemo, wo / = /(x), Xx € Rmn), T06TO, ANA BCiX
l<i< k< mil<j<T

3Biacu, 3 BpaxyBaHHsAM (6), ogep>XyeMo, wo npuBcix 1< i< k< T,1<j < T

o -r.<)
\ iveH Baosma CrapaHa
I i>Bi Kog 0212
'HAYKOBA BIBANIOTEI

iR W 79 0153

E irp - %
1 'Th 5



be BBaxkaemo ¢ = oftt), v = v(u) (u ERm.
CucTema piBHSIHb (7) € NiHIMHOIO BiAHOCHO i Mae T PiBHSIHb Ta T HEBIQOMUX.
BpaxyBaBLuu piBHicTb (6) Ta Te, wo A/ =div(V/), 3 (5) ogep>XyeMO HAcTyrnHy cCUCTEMY
PiBHSIHb ON151 HEBIAOMUX 1<l<m

= < / < ». (B)

OcHoOBHa mMaTpuus cuctemmn (8) HeBMpOO KEHA,0CKiNbkM Eranoil — {aT(T)jI —bjlm Tomy (8)
3aBXAN MaE €ANHUIA PO3B'A30K. OCTaTOMHO MAaEMO, L0 (PYHKLIS V MOBUHHA 33[0BOMbHATU
cucTemMu piBHSHbL (7) i (8).

3ayBadkeHHs. Ki/lbKiCTb HEBIJOMUX TAaKi/IbKICTb PiBHAHL B cucTeMi (7) piBHI TiflbkKnNpu m=
2. Kpim Toro, ys cucTema B3arani BigCy THS, AKWO m — 1L

Bunagok m > 3 He A03B0O/ISIE HAAIATUCL HA iCHYBAHHA TaknX PYHKLUIA /Z i v, W06 audoysiii-
HWIA Npouec 31X AOMOMOrol 6yB ofep>KaHunii 3 BIHEPOBOrO.

B>ke npn m — 3 cuctema piBHAHb (7) MICTUTDB AEB'ATb PiBHAHb 3 TpboMa HeBiZOMUMUN. Kpim
TOro paHr po3LWunpeHol MaTpuLi L€l cucTemm AOPIBHIOE 4, AKLLO XX TiflbKM cUCTEMA He € To
TOXXHO OfHOpPIgHO0. Lle MO>XMBO, Hanpuknaj, 3a ymMmoBu cTanol MmaTpuui audysii. Ane Togi
v(X) = const i 3 cucTemm (8) ogep>kyemo, wioa(x) & 0.

Tomy 30cepeauMca Ha po3rnsagi sunagky m = 2. OcHoBHa maTpuus cuctemu (7) Npu Lbo-

My Mae Burnag ( %) 0’\ ], e d = detog @ O0,60b —ato € L+(R2). Tomy cuctema (7) mae
u :

€AMHUIA PO3B'A30K. Lleli po3B's30K NOBUHEH OYTW PO3B'SI3KOM CUCTEMM (8), KA, K 3a3Ha4a-
NOChb BULLE, 3aBXAMN Mae €AVHUIA PO3B'A30K. 3BIiACU 0AEP>XKYEMO YMOBU iCHYBaHHS CMiNbHOro
po3B'A3Ky cuctem (7) Ta (8):

a7,
g(u) = +EEMNNT, N L ~mueR"™ AeaM = Viny(u). (9
| i i |
MpunycTuBLUWM iCHYBaHHA APYIrUX MOXigHUX enemMeHTiB MaTpuui cr(x), 3anmiiemMo ymoBy
icHyBaHHS (pyHKL,T Vv, 4Nns 9KOT BUKOHYBanacs 6 piBHIicTb (9):

3 3 .
an®? = ¥ e

3ayBadkMmMo, W0 i3 cuctemun (7) BUNAMBarOTb PIBHOCTI

10 Amne 72 37)2 72\

= H 122¢ ; - di2 + 1AM ~"N 3NT7)°
1f a7y 5721 3(7ii . A&,
«@- ] > @—g-=h(fH Su'rj\| =

AKi Nicns AesKMX NepeTBOpPeHb MOXKHA 3anmcaTn y BUTNSai
a = ¢ 1div((7) —VInJ, (11)

e div(<7) o3Ha4dae CToOBMUUK AiBepreHuin pagkis matpuui €. NMpu BUKOHaHHI ymoBU (10) 3Ha-
MaeTbca Taka eanHa pyHkuia v(u) = exp{V{u)}, wo 3a40BONbLHSAE CUCTEMM PIBHAHL (7) i (8).
TyT ¥ — noTeHuyian (noTeHuianbHOro 3rigHo (10)) BeKTOpHOro nons a.

Hexali Hagani BUKOHYETbCSl ymoBa (10) 3 a, w0 3agaeTbesl piBHICTHO (11). Toai 3 piBHAHHS (6),
BpaxyBaBLUM piBHicTb (V/) (/_1) = (V/-1)-1, 9ka goBoanTbCsa 6e3nocepeHiM 064NCNEHHAM,
04eP>KVMO

vrVvV) =uw (®)r". (12)

YMOBOIO iCHYBaHHSA PO3B'A3KY PiBHAHHSA (12) €, SIK HE CKNagHo nepeBipuTKn, piBHICcTb (11). OT-
e, MoXkemo 3anuncatn / _1(x) = F(x), ge F.(x) (j = 1,2) — noTeHyian j-oro croBnynkKa ma-

Touul X7 .
\
3anMLmnnoch 3ayBadKUTU, LLLO 3a MobyA0BO (PYHKLIA / 3840B0OSIbHAE KPIM PIBHAHHSA (6) Lie
i piBHAHHSA (5). TaKUM YAHOM, MU MO>XEMO CCPOPMY/NHOBATU OCHOBHUIA pe3ynbTaT L€l poboTU.

Teopema. Hexali gudpysiiHuii npouec (£(f))t>0 mae BeKTOp NepeHocy a(x) TamMaTpuuio an-
dy3iib(x) = (o(Xx))lo(x) (x € 1IR), npnyomy enemMmeHTU MaTpuli a(X) €AaABivi gndepeHLiinos-
HUMU DYHKLiISMU. AKLWOo dyHKUiTa(x) i o{x) nos'sisaHi cniBeigHOWEHHAM (9) Ta Mae micue
ymoBa (10) 3 BpaxyBaHHsIM (11), To BunagKoBuii npouec {(i) € nopog>keHNm BiHEPOBUM MPO-
LLeCOM.

PosrnaHemo npuknag gndysinHOro npouecy, A0 sIKoro He CKnagHo 3HaWTWu BigrnoBigHi
rnepeTBOPEHHS BiIHEPOBOIo MpOLIeCy.

Mpuknag. Hexah maTpuuda andoysii giaroHasibHa, To6To b(X,y) = 2(™ t) ) JAET

i s— pgopgaTHI ABiYi AndoepeHUiioBHI pyHKLUIT. Toai ymosa (10) mae Burnsg

32r drdr\ 1/ 3 3 3
dxdy dx3YJ r2 \ dxdy dxdyJ s2

abo>k — In Y- 0, 3BigKM ogep>kyemo In V= Q(x) + ae @(x) iip(y) — goBinbHi gngoe-
axay s S
peHUiioBHI doyHKUii, abo F:X— - = Oke, MaTpuud andysii moxke 6y Ty 3anmcaHa
S\,
y BUrnaai Y)
2 0\
b(x,y) =sz(x,y) i 0 J I

I3 cniBBigHOLIEHHSA (9) BUNAMBAE, LW,0 BEKTOP NepeHOoCY NOBMHEH AOPIiBHIOBAT U

S = NN ) | )

Mpu Taknx NoKasibHUX XapaKTepucTuKax AaHoro gndysinHoro npouecy ogep>KyemMo npeg-
CTaBneHHsA PYyHKLiTV

Vin»(,y)-f A -
V ~iAns(x'V) - ny) )

e~"Y)

Tomy\ny(x,y) = —Ins(x,y) —xp(y) i v(X,y) = S(x.yY
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PiBHAHHA ana pyHKUiif Tenep npuiimae surnag VI~1(x,y) = j ' n Ny ). 3Bigcm

(f~1(x,y)T= 7"~J e~pudu+ C, JVefrdu + K pe Ci K — peski cTani. Yepes iHBa-

piaHTHICTb BiHEPOBOro nNpoLecy BiAHOCHO 3cyBY, MOXXeMO B3ATU C = K = 0. TakMmMm YMHOM
dyHKUiA T 3a40BOJIbHSE CUCTEMY PIBHSAHb

rMx pyoS1 riJix
o XtOe-*Wdu = x, f »e*Mdu =y- (13
Jo Jo
3ayBavKnmMo, L0 i3 (13) BUNAMBaE NpaBWbHICTb HacTYNHUX piBHocTel F\(X,y) = gi(x),

f2(x,y) = gliy): To6T0 nepeTBOpeHHsA ha30BOro NPoCcTOpYy BiHEPOBOro npouecy NoTpPi6HO
3ificHIOBaTU NOKoOPANHATHO. KpiM Toro nerko 3po3ymiTu, wo xg\(x) > 0,yg2(y) > Onpwu
Bcix X,y €A\ {0}, agi(0) = g2(0) = 0.
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The article concerns the possibility of making a diffusion process in R mby converting the Wiener
process. Here we apply a smooth transformation of phase space and random time substitution with
the help of additive functional of integral type.
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OUIHKN WBNAKOCTI SBEDKHOCTI 1-MEPIOANYHOTIO INANACTOro
NJAHUKOTIOBOIo APOBY CMELWIANBHOIO BUTNAA4Y

By6HAK M.M. OUuiHKN WBNAKOCTI 36>KHOCT i 1-nepiofMyHOro rinascToro naHuoroBoro 4poby cneuians-
Horo Burnagy // KapnartcbKi maTemMaTuyHi ny6bnikayii. — 2013. — T.5, Ne2. — C. 187-195.
BcTaHOBNEHO OLiHKN LUBUAKOCTI 36iXXKHOCTI 1-mMepiognyHOro rifnsacToro naHUKroBoro Apo6y
cnevuianbHOro BUrNA4y nNpv ymoBax: AKLWO OAWH efleMeHT AP06Yy HaNeXXUTb KOMMAEKCHIW naowm-
Hi 3 po3pi3zom (—o0; —1/4], a cyma MoAyiB iHLUMX eNeMeHTIB 06MeXKeHa AeSAKUM YMCIOM; a TaKoX,

AKLLO efleMeHTN HaneXxaTb BigNoBigHUM napaboniyHMM 061acTaM 4m 06'eAHaHHIO LMX obnacTtelt, a
MoAyni enemMeHTIiB, NOYNHAKUYN 3 APYroro, 06MeXKeHi.

Knwouosi cnosa i hpasn: 1-nepioguyHMIA FiNASCTUIA NaHLUOroBUi Apib cneuianbHOro BUrnagy, 03-
Haka BopniubKoro, 06'egHaHHA napaboniyHnx obnacTen.

TepHONINbCLKMIA HaLiOHaIbHNIA EKOHOMIYHWIA YHIBepcUTeT, TepHoMinb, YKpaiHa
E-mail: maria.bubnyak@gmail.com

BcTyn

Teopema BopniubKoro Ta napabonivHi Teopemun [10,12,14] HaneXkaTb 40 KIaCUYHUX 03HaK
36i>KHOCTiI HeMepepBHOIro Apoby
0 n
i+ D -f (1)
n—1i 1
pe an € C. Y moHorpadii [12, ¢c.151] gna apo6y (1) BcTaHOBNEHA OLjiHKa LWBUAKOCTI y3arasb-
HeHOI 36i>KHOCTI Npu Hane>XXHomy BUOOPI MOCNiA40BHOCTI NapabonivyHnx obnacTen enemMeHTIB.
HoBwuin nigxig oo gocnigpkKeHHSA KnacUYHMX O3HaK 36i>KHOCTi Apoby (1) Ha ocHOBiI Apo6oBO-
NiHINHNX Bigobpa>keHHb 3anpornoHoBaHo B [6].

Ansa rinngactoro naHutorosoro gpo6y (FN4) surnsagy

00 N n \ N n., .
1+ D ) E f = 1 + E N L “BAGC-M
1 & 1+ £ a<rT
=11+ -._
fe i(K) —i\,..., Ik— mynbTuiHgekc (1 < ij < N), N — HaTypanbHe yucno, [l. BogHapowm [7,

€.93] poBefeHO 6araToBMMIpHUIA aHanor TeopemMy BopniLbKoro, BCTaAHOB/IEHO OLLiHKY LLIBUAKO-
cTi 36ixHoCTI N[ (2) Ta aHanoru napadoniyHUx Teopem [7, ¢.111]. T. AHTOHOBa [1] BCTaHO-
Buna b6aratoBuMipHe y3araibHEHHs1 TeopeMuy NpPo nNapaboniyHi obnacTi 36i>KHOCTI HenepepB-
HUX Apo6iB. P. AMnTpuLLmnH [9] gocnignBe 36i>KHICTL 6araToBMMipHUX g-A4p06iB y napaboniyHii
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o6nacTi Ta BCTAHOBUB OLiHKY LUBUAKOCTI 36DKHOCTI LmX Apo6iB y AesaKi obmedkeHir obnacTi,
AKa MiCTUTbLCA B napaboni.

X. KyumiHCbKa ogepy>kana psag aHanorie [11, Teopemmn 6.10-6.12, 6.15] umx o3HaK ans ABOBU-
MipHUX HenepepBHUX AP06IB BUTNSAY

an.. an. .. 0074,
D N+ DN+ DN Nij . 3
b=iv; /A1 =11 "ec ®)
O. Cycb BCcTaHOBMMa aHanor o3Hakuy Bopniybkoro ans gpo6y (3).
Ana FTAL cneuianbHOro Burnsany

co  Ik-\

I+p y N =i+l ™ (4
1+ &1 t4 .

e 1 < iK< ik-1,% = N, O- bapaH [5] goBena 36i>KHICTb Ta BCTaHOBWU/A OLLiHKY LLIBUAKOCTI
36i>KHOCTI apoby (4), AKW,O0 BCi Oro enemMeHTN 3a40BOMIbHAIOTL ymMoBU Jo-B] < 7 -— (f €

[0; 1/2]). ¥ poboTax [2,3,4] T. AHTOHOBA gocniguna Kpyrosi Ta napabonivuHi o6nacTi 36i>XKHOCTI
Apoby (4) Ta BCTaHOBWUMA OLIHKWU LLUBUAKOCTI 36i>KHOCTI NMpu NEBHUX A0AATKOBUX YMOBax Ha
eNneMeHTU Uboro Apooby.

1 OCHOBHI pe3synbTaTtH

O6'eKTOM HaluMx gocnigykeHb € 1-nepioanuHuin ALl cneuianbHOro BUrNAA4y, KU oTpu-
MyeEMO 3 (4), akwo noknactn: aw, = dk(l < < - _K> 1), To6TO

/ \ -
oo Ik-\ -1 N
1+E (5

§=1
1+ E
V =11+ ./

be G — komnnekcHi uncna (/ = 1,N), N — chikcoBaHe HaTypa/ibHe YNCho.

O3HaueHHAa 1. MigxigHum gpo6om n-ro nopaaky l-nepiogunyHoro M4 (5) HasmBaioTh BUpa3

n 'k—er
n>1, g= 1.
O3HayeHHA 2. Bupas Burnagy
, n tk-1r. lo th
1 =1+ 02 T1T =1+ X - n
N=1 A=l E
- 1n-2 Ci
/271|+.. E 1
m, 11 JIATi
i+ E -t-
in=1i
Ha3BEMO N-TUM 3aU/TULLKOM (-ro nopsagaky l-nepioguuHoro FAM1 (5), g = I, N, n > I, jo = q,

ro = 1,p<) = 1.

MoBTOplOKOUM CXeMy AoBefileHHs1 TeopemMu 4.1 [13, ¢.47], B AKili BCTAHOB/IEHO OLiHKY LLUBUA-
KOCTi 36i>KHOCTiI 3BOPOTHOr0 rpaHMU4YHO-Nepiogn4yHoro gpody, oTpUMyeMO ansa 1l-nepiognyHo-
ro HermepepBHOro ApP06y HacTyrnMHe TBEPAYKEHHS.

TBepa>keHHA 1. Hexali eneMeHTMU C,, HEMEPEPBHOI0 APO6Y
1+ D ~ (©)]

ogHakoBi (cn=¢c)ic € G, ae G= |z€C : arg(z +< mj . Toai cnpaBmKyeTbCS OLiHKa
pi3HMLI ABOX NiAXiIAHUX A4pO06iB

fn -fm\ < Mp'n+A, n>m>0,

PAVAN 1 + vT+4c I-x/1Tic

peM — ——- >p y X m e >y =
1-p

BiALLITOBXYBa/lbHAa TOYKW APO06OBO-/1iHINHOIO Bigo6paXkeHHs t(cv) — 1 +

TBepo>KeHHA 2. Hexall ons 3anmwKiB A4po6y (5) BUKOHYHO TbCS HEPIBHOCTI

R I>gn>0 n>09g=2N:g!=1 @)

Togi npnn > m > 0 cnpaBmKyeTbCs OLiHKa

1 c* QTH'].
20 =D+ @®)
t=0 M>=1 &n— mgm-r M 1sn-r ‘%m-r
e

N

C= | (9)
1-2
-1

AoBsefieHHA. Bpaxosyrouu, uwio F, (ki,N)) /' > OR, = rw+ 1% n > 1

0N pW _ ﬁ(&i - PN+ T o (<l-

(7), maemo



Uepe3 m KPoOKiB 04ep>KNMO OLLIHKY

Ea=2icai
- R+
%-gm A - R $na'sm1 1l T
2 2E/32-mE jli ¥hIBL - Ie,li%:l)
+ L+ - —R"
' rlg” )
Hi WhH_ W .
, L=2 %1222 jm2%jmd=2 cjiNch mmXjmaGhA
Mn"~igm-r ‘gn-
BpaxoBytouu piBHICcTb (9), npn s — 1, Wi+ 1oaep>Knumo
Noon /s-i N
S S .S 1§D Ik E Kri*2:- pnfn< E kI =cs
71=2/2=2 is=2 47=2
i OUiHKY (8). [

Teopema 1. Hexali enemeHTU ¢, apoby (5) 3a40BOIbHATb YMOBU
i i 1 A N — A M2
aec—<z6C: «g 77 <Nj, L\G\=c ™

pefi=j (0 + V1+ 4ci( —0 —v/1 + 4ci]).
Toai cnpaBmKyThCA Taki OLLiIHKM LUBNAKOCT I 36i>KHOCTI:

H
1) akwo C < —>T0

1 1
\F-Fm\< u W: I:?- m > 0, pi ® p2;
I_

IF- Fmj< bi(m + )pmt], m > 0, pi = p2=p;

2) akKwo C = —, 10
IF-FJ < L2 m > Q,
m+ T
41+ V* + 4cil r 4|14=VI+4C||(pi+ - pi)2 1-VT+AT
AeLi = 7<7(?|_ P| |~Péry U%l\ plg TP 1+ VI + 4ci
1- C/M2
p2= --—--- Vi-a/M — 3HauyeHHs apoby (5).
1+ V I -4 Clp2
AoBefeHHsl. BctaHoBUMO ouiHKK 3HM3Y ans [R™M, n > 0, g = I,N. BpaxoBytouun, wo c\ € G,

npun > 0 maemo

ae pi, Xi, Y1 BU3HayeHi aHanorivuHo, sK p,X, Yy TBepa>kKeHHi 1 3ayBakmmo, wo yu = 0 nuwe
Toai, kKonn uncna 1+ VI + 4ci Ta 1—V 1 + 4Ci € KOMNNEKCHO-CNPs>KeHUMU. Lleid BunaaokK
BUK/HOYEHWA YMOBOO TEOPEMU.

MeTogomMm mMatemMaTUYHOT iHAYKLUIT Mo n gosegemMo, Wo A1 6yab-aKoro dpikcoBaHOro g,
2 < g < N, cnpaBmXylTbCs OLiHKN

‘I{q)\>g“1 n=> o (10)
= D 0
+ ) ———- > .
beg, = u Y , N
Mpwn n = 0oaep>XMo =1> py=go

Hexaii HepiBHOCTI (10) BUKOHYOTLCS AN KOXKHOro n = Kk Togi npn n = k+ 1 Maemo

4 N

ipW i 1 V- cf V- A~ I3=2ic] c
iR fe+i + 122K N N~ L YVnT g ~H~V = Sk+§k
=2 KK

Ana ouiHKM WwBMAKOCTI 36i>kHOCTI M1, (5) BUKOpUcTaEMO HepiBHICTb (8). OcKinbkn c\ € G,

TO 3rigHO 3 TBepmkeHHAM 1 maemo \R,Ir —R™-rl — pl'~r+l,n > m > 0,r > 0, ge
M1 = 2xi|/(l - pr).

MosHaummo fn — n-Tuii nigxigHuii api6 1-nepiognyHoro HenepepsHoro Apo6y (6) npu

—E:/uz; X2 = gl 12—————/]/2 =y |2—4—g—/—g————l'lpI/IT$IryBaﬂbHa Ta BigLUTOBXYBa/lbHA
TOUKKN APO06OBO-NiHINHOIO BigobpadkeHHs i(w) = 1+ -~”~-. Todi maemo /,, =  2+1--—--
n X2 —y2
= U-fn,n> 0, Tax2 -Yr = C//i2
. Ck :
1 OuyiHnmMO BUpasn —T-------- ---- — 3Bepxy Npu Kk—1, m+ L Hexaln 1 < K< T, ToAi

Mr=lgn-r "gm-r

Ck (C/Im)k < 1 /yYy
M ~pi
Mr=1 {Sn— 'gm—¥) Mr=1 (fn-r-fm-r) 1 P2\x2y
D _ 1 _ * . : _ (2)
e M = -—— —, p2 = Y2/*2- AHaNOriyHy OUiHKY OTpUMaEMO NMpu K = T+ 1, ge M\
~ —— . OcKinbku u <1lix2< 1, ToM2= TaX|M Il’\MI2>} =
l1-pr 1- pr
Akwo p\ @ pr, TO
niT \,, 1 nm+1
- FmM\< -2 E Mrp"™-~1. M2p2+ M2p*i+X < LrPI P2
P1- P2

L AMiM2
eLi= —- :
A X

AKwo p\ = pr —p, T0

4 (T \

M- AN< -2 E "iPi~k+ sM2P2+ MrPr+1 < Lt(m+ 1)pm+L.
¢+ \fc=o /



C 1 ~ n+ 2
2 Hexalh — = -. BpaxoBytouu, o/, = —+T) — n-Tuii nigxigHuin api6 1-nepiognyHoro
HenepepBHOro Apoby (6), ae c = —1/4, npn 1 < kK< T MaemMo
Ck (C/p2k (n —k+ 1)(T—K+ 1)

Mr=1 (gn-r -gm-r) Mr=1 (Jn-r'fm-r) (n+ )(m + 1)

AHanorivyHo Npu K= T + 1logep>XMmo

Cr+1 n(C/n2) T+l n-m
M 2-

MNnil(gf-r-g«-r) IX= Y [/ n - r («+)(ai+ 1)
VIR
peM2= - <

AMrM2 E-=oP™+i(n-fc + hN(m-fc +1) + (n-m)
J— _—_ 2 A .
Omxke, F, —Fm < 1 k z +I_]Sr{7'l' T 5.)
MepeiiwoBLUN A0 rpaHULi NPY N —MWO0, OTPMMAEMO OLLIHKY 3 MYHKTY 2 ansad | —Fm} O

Teopema 2. Hexairi enemeHTU  ,j = LN, gpoby (5) 3aa0BoNbHATbL YMOBY ¢j € P](y),ae

Pjh) = jz €EC: K- Re (ze~" <2Ucos2| ], -m <71 <m, =

Topai
1 Npi6 (5) 3b6iraeTbcA.

2. O6nacTto 3Ha4veHb apoby (5) ekpyrK = jz €C : z- 09772 - @sVAR}:

3 Kpim yboro, akwo I < (i —2Y) cos2j/2,j = 2, N, To cnpaBaKyeThCs OLjiHKA LLUBUA-
KOCTi 36I>KHOCT

[F- Fm\< L - - pm+\ m > 0O, (11
L o N+ Yr7T~Kl + M 21—v/1+4cr i0J: b
pe L = ---—-— — Mj = - B e ; p = maxjp.}; pj
Cc0S27/2 a —Pi) /=i ! 1+ VI + 4ci
Ioyi
Pi= ——i— - >j = 2,N; F — 3Ha4yeHHA gpoby (5).

(1_>) cos27/2

AoBegeHHs. MyHKTM 1 Ta 2 goBegeHi y Teopemi 2 [8]. BcTaHOBMMO OLiHKM 3HM3Y ans Y [P\
n>0j=1LN.Ockinbkngo €EPy(7), /= LN, TOo R™ € Yy(7), ge

Yy(7)= |z €C :Re(ze-17/2) > (i - N~ cos7/2j .

Omxe, |[RM > (i - 2k) cos7 /2.

OcCKifnbku ¢ O, n> 0;; = 1,N, To ANd OLiHK/ LWIBUAKOCTI 36i>KHOCTI Apoby (5) BUKO-

PUCTaAEMO HepPIBHICTb

R 1 NeNKING2 X2 ..\ ¢ N\KN
Wtm A7 W g _ 12
) iH----\-km=n+1 r-l r'-l ( Ix r(r3)+Sj—r RY)
Kjro(j=w )  I1=1r=1

gesj=n- T ki PQ/I%) = ﬂsn\ AKILEO « > 0 , SIKa BUMAMBaE 3 POPMynun pPi3HMLi Nigxi-
- W ~ AKWO 5 = —1
AOHnX gpo6iB FmTta Fn,n > 0, m > Q.

BpaxoBytoun TBepKeHHA LiQO\ € Pi(7) C G, pe G= jz €C: arg + zj < nj, MaemMo
ah
Tin "Nem—r  REL

< MM\, 1<kXx< n+ 1

le: 1

MosHaummo Ty = , TOAI Y/ < 7 TTi = \) < ¥Y= 2N,
r r U
I'SUj)+m7r 1XSj)-r (i — 2Tv) C0S27/2
MyiiY; < Py/1< fy< INMp1Y; = (i-1i) cos(7/2) -p"+1l, K = m+ 1. BpaxoByouu,

wo M2 = max{1; (1 - j/Z(2N)) cos? 72} = 1, MAeEMO OLLiHKY

rn+m Fnl < (N) z < L mg«” _, mp”+1,
Rosm  AGN)
—_  4aMm “ :
pel= 7/ MepenwoBLIN A0 rpaHmui Nnpyu m —> 00, ogep>kmmo (11). [l

BcTaHOBMMO OLHKY LUBMAKOCTI 36IXKHOCTI B 06'egHaHHI napaboniyHmx obnacrei, sKi no-
6yaoBaHi 3a CXeMOH0 3arpornoHoBaHoO B po6oTi [8], To6TO

Gi = {w EC: Jarg(a; + A)] < A} 1€3)
Ta
Gs —Gs(Ci,C2,- ..,cs i)— U Ps(7)/ 14
7€PL-1r]-1
>7)= {ZE€EC: Bl- Re[ze v) < 2scos2|j, -Tc<7 <n, ~ (1~ 21V
S—1
pe [n-1!*-1 _nl[Ti,Ti], s = 2,N, iTi = arccos {/A,’\ B/ AKLLO0 BUKOHYETLCA YMOBa
1= y
cos@ < 1—M-,iTl = —arccos AM1*Bi | AKLLO L yMOBA HE BUKOHYETbCST; 72 = arccos AiéiBj

a4 = argoy, Aj = (loyl- 2)&+ IAcosay), By = |ey|lsinay]"2|cylIyl + cosay), G = ij + |oyR +

2|oy1/y COS L.



Teopema 3. Hexaii enemeHTun Cj, j = 1, N, Apoby (5) 3agoBonbHANTbL YMoBY G € Gj, ae Gj
BM3HaYaKThCA 3rigHo 3 hopmynamu (13)—14). Togi

1 Npi6 (5) 36iracThbCA.

2. ObnacTto 3Ha4veHb gpoby (5) € 06'egHaHHA KpyriB K(I™) 13 K(IA).

3. Kpim yboro, akwo g\ < Vj,j —2,N,Aevj = M — min2{cos(r~/2);cos(r2i/2)}/
TO CNpaBA>KYETbCA OLiHKA LUBNAKOCTI 36>KHOCTI

F —Fm\< L - - pm+\ m > 0O, (15)
i 1+ V1+4C1 (1 + pi) r 1—\V/I + 4ci
ge L = Mi/ZvN; Mx = - v = maxjp,}; px = .
@a- Pl 7=1.n 1+ y/1+ 4ci

Pi = \dWj (j = 2,N);F — 3HauyeHHs Apoby (5)
AosefieHHs. TIlyHKTU 1 Ta 2 noBefeHi B Teopemii 3 [8]. BcTaHOBUMO OLiHKM 3HU3Y A18 Y \P\
n>0i= 1LN.Ockinbkuc; €G,,j= LN, ToR*» € U V;(7), ge
7ELT;M2)

V-(7) = {{ €EC:Re (ze“7/2 > (i - ) cosi} -

OTXKe, cNpaBOKYOThCA OUiHKK |[R™M > VA
AHanoriyHo sK y nonepeaHii TeopeMmi BUKOPUCTAEMO HepPIBHICTb (12) ANA OUiHKU LWBUA-

O\h
KOCTi 36i>KHOCTi gpoby (5). BpaxoByoun, WO — zo5——--Ty-—— < MXp\\ 1 < K\ <
A Q@
' ¢ REY.-r
Ic, i
m+ 1L 1aYj < T/j = pj < 1Lj —2Z N, ogep>umMo ouiHKy (15). O

OTpumMaHi yMoBM 36i>KHOCTI BipPi3HAIOTLCS Bif paHille BCTaAaHOBAEHUX TUM, L0 MAEMO 3Ha-
YHO LUMPLLY 06/acTb AN BUOOPY eneMeHTa C\, AKa y BUNagKy HernepeBHOro Apoby € Mmakcu-
MaJlbHO MOXX/IMBOKO. BCTaHOBNEHO OLLIHKU LUBMAKOCTI 36>XKHOCTI NpyY A0AaTKOBMX YMOBax Ha
efleMeHTN 1-nepiognYHOro riffAcToro faHuUrosoro 4poby crneyjiaibHOro BUrnsay.
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Bubniak M.M. Truncation-error boundsfor the 1-periodic branched continuedfraction of special form. Car-
pathian Mathematical Publications 2013, 5 (2), 187-195.

Truncation-error bounds for the 1-periodic continued fraction of special form are established
at the following conditions: if first element of the fraction belongs to complex plain with the cut
(—00; —1/4] and the sum of modules of other elements is limited by a certain number; if elements

belong to their respective parabolic regions or union of that parabolic regions and all their modules,
except of the first one, are limited.

Key words and phrases: 1-periodic branched continued fraction of special form, Worpitsky's cri-
terion, union of parabolic regions.

By6HAK M.M. OLEHKN CKOPOCT U CXOAUMOCT U 1-NepruoLnMyeckoli Be T BALLEACA LLeNHOR 4pobu cneumanbHOro
Buga /| Kapnartckue matematnyeckme nybnmkaymm. — 2013. — T.5, Ne2. — C. 187-195.

YCTaHOB/EHbT OLIEHKW CXOAMMOCTM 1-MepruoanyecKoit BeTBSLLENCS HenpepbiBHOM Apo6u creum-
aNbHOro BUAa npu ycnoBUsX: eciv NepBbili 31eMeHT P06y NPUHAANEXXUT KOMMIEKCHOM NI0CKOCTU
C paspe3om (—o0; —1/4] n cymma Moayneii ocTallbHbiX 31eMEHTOB OrpaHuYeHa HEKOTOPbIM YMCIOM;
€Cnn 3N1eMeHTbi NpuHagneXxaT COOTBETCTBYIOLMM NapabonmMuyecknum o61actaM Uan o6T>eauHEHNIO
napa6onMuyeckmnx o6nacte nu Moaynun 31eEMEeHTOB, HauMHasi Co BTOPOro, OrpaHuyeHbl.

KntoueBbie cnosa u ¢hpasu: l-nepuogmyeckas BeTBSLLASACA LienHas Apo6b creyunansHOro Buaa,
KpuTepuii Bopnunukoro, o6T>eanHeHMe Napabonnyecknx obnacre.



KapnaTcbki MatemaTuyHi ny6nikadii, T.5, Ne2 Carpathian Mathematical Publications, V.5, No.2

YAK 517.98

Verkalets N.B., Zagorodnyuk A.V.

ON GEOMETRIC EXTENSION OF POLYNOMIALS ON BANACH SPACES

Verkalets N.B., Zagorodnyuk A.V. On geometric extension ofpolynomials on Banach spaces. Carpathian
Mathematical Publications 2013, 5 (2), 196-198.

We consider some questions related to Aron-Berner extensions of polynomials on infinitely di-
mensional complex Banach spaces, using natural extensions of their zeros.

Key words and phrases: homogeneous polynomials on Banach spaces, zeros of polynomials, Aron-
Berner extension.
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Introduction and preliminaries

Let X be a complex Banach space, T(X) be the algebra of all continuous complex valued
polynomials on X and ¥ ("X) be a subspace of T(X) of m-homogeneous polynomials. Since
every polynomial P € ¥(X) admits an unique (up to a multiplicative constant) factorization
p = p™u. sP™in J(X) into irreducible polynomials, where m\,... ,m* € N, deg Pj > 0,

i=1 ,K, we can denote the radical of P as Rad (P) = P\-... - P~
In the general case, let J = (Pi,...,Pn) be the ideal generated by Pj,... ,P,, € I X), that is
J=iypm: Qi €Y(X)j, (1)

then the set Rad Jis called the radical of /, if Pk € J for some positive integer k implies
P € Rad J For agiven ideal /7 C ¥(X), V(J) denotes the zero of J, that is, the common set of
zeros of all polynomials in J

Let G be a subset of X. Then 1(G) denotes the hull of G, that is the set of all polynomials in
Y (X) which vanish on G.

Ideals of the form (1) is called finitely generated in T(X). The following theorem is an ana-
logue of the well known Hilbert Nulstellensatz for the infinite-dimension case (see [4, 5]).

Theorem 1. Let Jbe afinitely generated in 'J(X). Then 1{V(J)} = Rad J.

This theorem implies, in particular, that every irreducible polynomial in CP(X) is defined
(up to a multiplicative constant) by its zeros.

In this paper we consider questions related to extensions of polynomials, using their zeros.
Here we will use the fact in [3] that zero set of every homogeneous polynomial on a complex
infinite-dimensional Banach space X contains an infinite-dimensional linear subspace. Also,
we will use the well known Aron-Berner extension of polynomials in ¥ (X) to the second dual
X" and the fact that the extension operator P P is a topological homomorphism of algebras
?(X) and?(X") (see [1, 2]).

© Verkalets N.B., Zagorodnyuk A.V., 2013

1l Geometric extension of polynom ials

Let P € 3(X), dim X = o0o0. Since Ker P consists of infinite-dimensional closed linear
subspaces ([3]), we can present Ker P = UftVa, where Va are maximal closed linear subspaces
in Ker P and a goes over a set of indexes. As usually,

VA = {feX': f(x)= 0,V*GVa}.
So, Vj-1- naturally contains Vaand
V11 = {@ € X" : <p(f) = O,w/eY, 1}.

Propositioni. Vj-1- = V".
Proof. VaLL D V". By the Goldstain's theorem for every ¢ € V" there is a net (xB) € Vasuch
that X3  duike @ that is f{xp) — cp(f) for all / € X'. Hence if / € V/, then f{x”) = 0 for all
B. So, we have <p(/) = 0and D V"

On the other hand, if we have @ € V&L, then ¢ € X". For any g € VKby the Hahn-Banach

theorem there exists an extension g € X'. Let g\, g2be extensions of g to some elements in
Xi, thengi - g2= 0on Vx, i.e. gi - g2€ V/. Since € V™, then g>gi - g2) = 0 and so,
<P(gi) = P2
Therefore we can define
<plg) m=
where g is an arbitrary extension.
We have proved that ¢ € V", which means that Vj-1 C V". It follows that Va1- —V". 0O

The main question of this paper is: does Ker P = UaVj-L, where P is the Aron-Berner extension
ofP?
We have an affirmative answer for some partial cases.

Proposition 2. KerP D UNV/-1

Proof. Since each is naturally identified with v ”, then the restriction of P on V/~1- coincide
with the Aron-Berner extension of restriction of P onto Va. But P vanishes on Va and so,
Vj-1 C Ker P. O

Corollary 1. If UtV/ 1 is azero-set of apolynomial R on X", then Ker p = UivW/1.

Proof. Without lost of the generality, we can assume that R is radical. By the Proposition 2,
Ker P D Ker R, thatis P € /[V(R)]. By Theorem 1, P = RQ for some Q € !P(X"). Note that
Ker P = Ker R\x and Ker P = Ker R\x UKer Q|x. So, Ker Q]x C Ker P]x and we have that
Ker Q C Ker R. Hence Ker P = Ker RQ = Ker R = O

Corollary 2. If X is acomplemented subspace in X", then Ker P =

Proof Let T : X" -» X be a projection. Then T maps Vj-1 onto Va. LetR = PoT. So
vovt C Ker R

On the other hand, if z ~ Uav™+, then T(z) ™ Uftl4 and so R(z) ¢ O, that is UftV/ 1 = R.
By the Corollary 1, Ker P = Ua O

Since every dual Banach space is complemented in its second dual we have the following
corollary.

Corollary 3. IfX is adual space to a Banach space, then Ker P = UkVJ-1.
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KapnaTtcbki MmaTeMaTu4Hi nybnikauii. — 2013. — T.5, Ne2. — C. 196-198.

Y po60Ti po3rnAHyTi AesKi NMTaHHSA, NoB'A3aHi 3 NPoA0BXeHHSAM ApoHa-BepHepa noniHOMIB Ha
HeCKiHYeHHO BUMIPHUX KOMMEKCHMX 6aHaxoBMX NPOCTopax, BUKOPUCTOBYIOUN NPUPOAHE NPOLOB-
YKEHHS TXHiX HyNiB.
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>KeHHA ApoHa-bepHepa.
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Y po6oTe paccMoTpeHbi HEKOTPbie BOMPOChI, CBA3aHHbIe ¢ NpogomkeHnem ApoHa-bepHepa no-
NIMHOMOB Ha 6eCKOHEYHO M3MEPUMbIX KOMMIEKCHbIX 6aHaxoBbixX MPOCTPaHCTBax, UCMOMb3ysa ecTe-
CTBEHHOE MPOAOMKEHNE UX HYNEN.

KnioueBbie cnosa u hpasbi: 04HOPOAHbLIE MOAMHOMbI HAa 6aHax0BbiX NPOCTPaHCTBaX, HYU MOAN-
HOMOB, NnpogomKeHne ApoHa-BepHepa.
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TOMONOTI3ALIA MPOCTOPY HAPI3ZHO HEMEPEPBHUX ®YHKLLIN

BonowwnH IN.A., Macno4deHko B.K. Tononorisauisa npocTopy Hapi3HO HenepepBHUX UyHKLUin // KapnaT-
CbKi MaTeMaTWUy4HiI ny6nikauii. — 2013. — T.5, Ne2. — C. 199-207.

TYT MU BBOAMMO IOKA/IbHO OMYKAY Tononorito T nowapoBoi piBHOMIPHOT 36iXKHOCTI Ha Mpo-
cTopi S = CC[0,1]2 Bcix Hapi3HO HenepepBHUX PyHKLUil / : [0,1]2 — IR, foBOAMMO, WO NPOCTip
(S, T) noBHWIA, HEMETPM30BHWI i LLLO NPOCTIP P BCiX MHOrOYNEHIB Big ABOX 3MiHHMX Ha [0,1]2 BCloan
WinbHUM B S, oT)Ke, S — cenapabenbHU.

KntouoBi cnosa i dppasn: HapisHO HenepepBHiI PYHKLUiT, MONIHOMW Bif ABOX 3MiHHUX, TOMONOris
rnoLapoBoi PiBHOMIPHOT 36i>KHOCTI, MOBHOTA, raycaopdoBiCTb, METPU3OBHICTb, CenapabenbHICTb.

1 ByKOBUHCLKUI fAep>XaBHUM hiHaHCOBO-eKOHOMIYHMWIA YHiBepcuTeT, UepHiBui, YKpaiHa
2 YepHiBeLbKuii HalioHanbHWI yHiBepcuTeT iMeHi FOpia ®eapkoBuya, YepHiBLi, YKpaiHa
E-mail: galja.vishinSgmail.com (BonowwuH .A.)

1. Tononorisa nowapoBoi piBHOMIpHOT 36i>kHOCTI. PosrnaHemo npocTtip S = CCJ[0,1]2 Bcix
Hapi3HO HenepepBHUX yHKLUIW / : [0,1]2 — R, 3agaHux Ha kBagpati Q = [0,1]2, akuii e
NiHIMHMM nignpocTopoM npocTopy IRQ BCiX AINCHO3HAYHUX PYHKLIN Ha Q. Ana hyHKLUIT / :
Q —=Ki Touku p — (X,y) € Q noknagemo, Ak 3BmyaiiHo, f x(y) = fy{x) = f(x,y). Hexal
I - Ioo— ue piBHOMiIpHa HopMa Ha npocTtopi C[0, 1] Bcix HenepepBHUX (hyHKLUIiN g : [0,1] =R,
AKa BU3Ha4YaeTbcst hopmMynoto
[ Jo = max \g(xX)\.
O<x<1

BBegemo Ha NnpocTopi S NpMpoAHY CiM'lo NepegHOPM, NMOKNagatumn
I/1Ix = 1lN1loo ana koxkHoro X € [0,1] | |l = AL ana koxxkHoro y € [0, 1]
ana posinbHOT yHKUiT / € S. Hexaih
Fx = fA\N\\\WX:0<X<1}, Vy={ll - Jy:0<y<1} i V =VxUW.

Po3rnsHemMo Ha NpocTopi S I0KanbHO ONYK/y TOMOMOorito T, WO NopoaXeHa CYKYrMHICTIO rne-
peaHopM V. 9K Ue BUNAMBaE 3 3arajlbHUX nobyaos [4, c. 27], 6a3y okoniB Hyna Tononorii T
6yayTb YTBOpPHOBATM Kyni

BT,0,6 = Y= {/ €S max{ WL ..., I Wi/ -/ Wlym < e/

net = {xx ....xn},o = {y\,... ,ym} — O0BifbHi CKiHUYEeHHI NigMHO>XNHWM Bigpi3ka [0,1] i€ —
[OBiNbHE gogaTHe 4umcno (AKWo T = ¢ — 0, TO MM BBaXKaemMo, W0 BTIIE = S ana KoXXHOro
€ > 0). /lerko 3po3yMmiTH, WO ciTKa (/K KEK eneMeHTIB /K3 S byae 36iratmncs o yHKUii / 3 S

(c) BonowuH I.A., Macnto4veHko B.K., 2013
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To4i i TINbKWU TOAi, KONW BCi X-po3pi3un /* piBHOMIpHO Ha [0, 1] 36iratoTbCcs 40 X-po3pisy /*, a
BCi y-po3pi3n (fKy piBHOMipHO Ha [0, 1] 36iratoTbcsa go y-po3pisy fy, To6To

(VX € [0,1])(/* ~ fxHa [0,1]) i (Vy € [0,1])((/K)y =4 /y Ha [0,1]).

Tomy Tononorito T Ha S Mm 6yaemMo HasuBaTK TOMNOJIONE NOLLIAPOBOI PIBHOMIPHOT 36i>XKHOCT .
B uii ctaTTi MM BMBUYMMO AesiKi BNacTMBOCTI NOKa/bHO OMyKAoro npoctopy S = (S, T),
[oBefemMo, Lo BiH NOBHUM, HEMETPU30BHUIA i LLLO MOro niHinHWMIA nignpocTtip P = P[0,1]2 BCix

MHOro4neHiB
N

y) = E anx,Y
i,K=\
BiA ABOX 3MiHHMX Ha KBagpaTi Q i npocTtip C = CJ[0,1]2 BCiX CyKyNnHO HenepepBHUX DYHKLLiN
h : Q — IRBcloaM WinbHI B S, 3BigKN OTPUMAEMO, LLLO NPOCTip S cenapabenbHuii. Lle nn-
Lle nepui KPOKU y BMBYEHHI HOBOIO TOMOJOFiYHON0 BEKTOPHOIo NpPoCTopy S, i AOCNigKEeHHS
Moro noganblUMX BNacTUBOCTEN (60UKOBICTb, BOPHOMOrIYHICTb, TOWL0) CTaHe NPeAMETOM Haii-
611>KU0ro MabyTHbLOrO.

2. MoBHoOTa npocTopy S. Haragaemo [4, c. 61], Wo chyHAamMmeHTalbHa CiTKa B TONO/OTNiYHOMY
BEKTOPHOMY NpocTopi (KopoTko: TBIM) T — ue Taka ciTKa (iK) KK, WO Ans1 KOXKHOro oKony
Hyna U B T icHye Takuii eneMeHT kg € K, wo ana Bcix Takmx K i K" 3K, wo kK > kgi k" > kg,
mMaemo tke—tK, € (i. TBIN [ Ha3MBaeTbCA MOBHUM, AKLLO0 B HbOMY KOXXHa oyHAaMeHTabHa
ciTKa (iK) KX e 36i>KHOI, TOOTO iCHye Takuii enemMeHT t € T, W0 AN KOXKHOro okKony Hynsa U
icHye Take Ko € K, Wo Ana foBifbHUX K > KO pisHUUA tK—t Hane>kntb U.

Teopema 1. TBI1S3rononoriero MOLAPOBOTIPIBHOMIPHOT36DKHOCTI T € NOBHUM.
AoBefeHHs. Hexali (/KKeK — (hbyHAaMeHTasbHa ciTka B S. Togi [4, c. 62]
O*cefo, i)(1 1/, -no]T-k>) i (vye [o,i])(I]/,.-/To]ly->0).

3 noBHOTKM npocTopy C(,[0,1] = (C[0,1], I 0 BunnuBae, W0 ANA KoXKHOro X € [0,1] icHye
Taka oyHKuisa fx € C[0,1], wo /* =4 f xHa [0,1], i ana Ko>xHoroy € [0,1] icHye Taka (pyHKLUisi
fy € C[0,1], wo (fKy =4 fyHa [0,1]. 3okpema, A4na AoBiNbHMX TOYOK X iy 3 [0,1] 6yaemo maTtun

/*(y) = lim/*(y) = lim/K(x,y) = lim(fKy(x) = Zy(x).

Tomy chopmynoro

f&y) =T(Y) =fy(x)
BM3Ha4vaeTbCcs PyHKLia / : Q — R Yy 9Koi fx — ue 1T BepTUKanbHi X-po3pi3n 7/ (X, -) ons
KOXXHOro x € [0,1], a/Zy — uge i ropn3oHTanbHi y-po3pis3un /(-,y) Ana Ko>xxHoroy € [0,1]. 3a
nobyanosoto pyHKLIi f x i fy HenepepBHi, 0T>Ke, / — Ue Hapi3HO HenepepBHa yHKLiA, TO6TO
/ € S. OcKinbKun

[TA-/11* = 11/ ?2-/1100-*0 i ||/k—=/Hy = 1I{/K)y-/yIU ->n0

Anst AoBinbHUX X iy 3 [0,1], To /K -> / B S i, TakKnm 4YMHOM, doyHAaMeHTaslbHa ciTka {fK) keK
36iraetbcsi B S, WO i Aa€ MOBHOTY MPOCTOpPY S. O

3. MaycaopgoBicTb i HEMETPU30BHICTb NpocTopy S. Haragaemo [4, c. 57], wo TBIM T 6yae
MEeTPU30BHUM TOfi i TiNbKW TOAi, KONN BiH raycaopgoBuii i B HbOMY ICHYE He BifbLU HidXK 37i-
yeHHa 6asa okoniB Hynd. MNaycgopgoBicTb NnoniHopmMmoBaHoro npoctopy (T,P) piBHOCUAbHA
TOMY, L0 AN KOXXHOT HEHYbOBO| TOUKM t0 3 T iCHYe Taka nepegHopma po € P, wo po(to) > O
[4, c. 29].

Mwn 6ygemo BMKOPUCTOBYBATU MOHATTA XpecTa XpP(E) nigaMHOXUHM £ A06yTKYy X X Y. Bu-
3HaA4YMMO NpoeKuil ptX : X XY — X ipry : X XY — Y, noknaBwuy prx(x,y) = X i
pry[x,\)) = y Ana [oBinbHOT TOUkM (X,y) € X x Y. Hexat A = prx(E) i B = pry(E). Xpe-
CTOM MHOXUHU £ B X X Y HasuBaeTbcs MHOXMHA Xp(E) = (A x ¥) U (X x B).

TeopeMa 2. Tononoriununii BEKTOPHUNA NPOCTIP S € raycaopdoBUM.

AoBefieHHsl. Hexalh /o — HeHynboBa pyHKUiA 3 S. Toai icHye Taka Touka (x0,yo) € @ wo
/(x0,y0) ¢hb 0. Btakomy pasi JWOIK > |/(x0, /01> Ota ||APo > |/(x0,Y0)] > O, wo i gae Ham
raycaopdosBicTb S. O

Teopema 3. TononoriYHMiM BEKTOPHWIA MPOCTIiP S HEME TPU30BHUIA.

AoBefieHHs1. Po3rnsiHemMo A0BiNbHY MOCAIAOBHICTL Kyfb Bn = BMAEH y npocTopi S, ae tnion
— CKIHYeHHI NigMHOXXnHW Bigpi3ka [0,1], aen > O, i(l:('IDOKa)KeMO, LLI,é)DCVICTEMa {Bn:n €N} He
€ 6a3010 OKONIB HyNA B S. CnpaBai, MHOXKMHU T — 1] tnic = [j onHe 6inbL, HiXK 3Mi4eHHi,

n=1 n=1
a Bigpi3ok [0,1] 3a Teopemoto KaHTopa He3niyeHHWIA. ToMy iCHYOTb TOUkM X0 € [0,1]\Tiyo €

[0,1] \cr. Po3rnsiHeEMO Kyiko

B = Boyo;i = {/ € s : Tax{li/L;"O 1I/llyo} ™ 1}

i nokaxkemo, Wwo Bn <€ B gna koXxHoro n. CnpaBgi, po3rngHemMo xpect £ = xp(tnx on) =
(t,, x [0,1]) U ([0,1] x g,) AOBYTKY Tn X 0n, Touky pO = (xo,yo0) i noknagemo F = E U {pO}.
MHOXuHa P, oueBMUAHO, 3aMKHeHa B KBagpaTi Q. BusHaunmo cyHKuUito /0 : F — IR, noknaga-
toun Zo(p) = 0, akwo p € Ei Zo(po) = 2 Ockinbkn po 0 £/ agpkei Xo N 1,, i yo N <, TO Taka
YHKLiA KOPEKTHO BM3Ha4eHa i HenepepBHa. 3a TeopemMoto TiTue-YpucoHa [2, c. 116] icHye Ta-
Ka HenepepBHa yHKUIiA 7/ : Q = R wo f\p = /o Ana yiel hyHKUiT WX = Oi |l = 0an4a
KO>XHOro X € miy € an, omke, /€ Bn.Ane

IAM0> \f(xo,yo)l = 2 | Lo > /xa/do)l = 2,

Tomy / N B

Takum 4mHoM, B,, <€ B gns KoxkHoro «. Tomy cuctema {B,, : n € N} He yTBOptoe 6a3u
OKONiB HyNs B S. 3BiAcK HeraiHo BUNAMBAE, L0 He 6ifbLU, HidXK 31i4eHHOT 6a3u OKONIB HYNA B
S He iCHY€E, 0T>Ke, S — HEMETPU30BHUM NPOCTIp. O

Hexain A i B— goBinbHi NigMHOXWHWK Bigpi3ka [0, 1] i Ta,B — noKanbHO onykKna Tornosnorig
Ha S, AKa NopoayKeHa CYKYrHICTo nepegHopm PaB = UPB,neVa = {|]|l - IIV:x €EA]I
PB = (Il -He s}

Teopema 4. Hexawn A, B, C, D — niaMmHo>xnHu Bigpi3ka [0,1] i (A, B) ¢ (C,D). Togi Ta,B P
Tc,dm



AoBefieHHsA. MpunycTnmo, Hanpuknag, Wwo icHye Toduka xo € A\C. PosrnsiHemo Kynto Bg =
BT);0;i, 9ka € okonomM HynA B Tononorii Ta,B i NOKaXkeMo, L0 BOHAa He € OKO/IOM HYNS B TOMO-
norii 7¢,D CnpaBgi, Hexali T i 0 — A0BiNbHiI CKiHYeHHI NiAMHOXXMHU MHOXXMH C i D BignoBigHo,
£— poBinbHe gogaTHe uucno 1 B = Brt,0,6 — 6a3ucHMiA oKin Hynst Brononorit 7¢,D- MNokaxke-
Mo, wo B & Bo Po3rnaHemo 3aMKHeHy B kBagpaTi Q MHOouHY F = E U ({xo} x [O4]), ae
E= xp(T X 0).

Bubepemo siky-Hebyab ToUKy o € [0,1\< . IcHye Taka HenepepBHa dyHKLiA g : [0,1] —R,
LL° g(yo) = 2ig(y) = 0418 KoXKHOro 'y € o, ampke MHOXKMHa ¢ U {yo} CKiHYeHHa, a ToMy
3aMKHeHa B [0, 1], i yo © .

BusHaunmo cyHKuito h : F —Y 1R noknagatoum h(p) = OHa £ i h(xo,y) = g(y) ana Ko-
>KHOro y3 [0,1]. Ockinbkn xo N Tig(y) = 0Ha <, To ue BU3HayYeHHA YHKLiT h KopekTHe i h
— HenepepBHa OyHKLis, amke 1T 3By>keHHSA h e i A]{.r0} x [og Ha 06mnaBi 3aMKHEHI MHOXKMHU £ i
{xo} x [0,1], siki B 06'egHaHHI garoTb F, € HeNepepBHUMK. 3a TeopeMoto TiTue-YpuUcoHa icHye
Taka HenepepBHa PyHKUIig / : Q -> R, wo /]p = h. Togi / € B, 60 /]e = 0O, omke, /* = 0i
fy= 0pana poBinbHUX X €ETiy €0, atoMy WX = 0< €i | Ily = 0< & AK TiNbkU X € T i
y €a0. Ane/ 0 BO, 60 |MPOo= IWIllo= Hiloo > Jgiyo)l = 2> 1

Mwn nokasanu, Wwo oKin Hynst Bo B Tononorii Ta,B HE € OKONIOM HY/SA B TOMONOTIT 7C,0, OTXKe,
Ta,B ® Tc,d: Tak camo po3rnsagaroTbes i iHWi norivHo moxknmei Bunagkm C\A @ 0 ,B\D ¢ 0
un D\B € 0. O

HacTynHuin pe3ynbTaT AOMOBHIOE TEOPEMY 2.

Teopema 5. TonosiorivHMi BEKTOPHWMI NpocTip (S,Tab) 6yae raycnopdosum Togi | Tislbky
Toai, Konn A = [0,1] a6o B = [0,1].

AoBegeHHs. Hexai, Hanpuknag, A — [0,1] i / — HeHynboBa QyHKLisA 3 S. Togi iCHye Taka
Touyka po = (*o,Yo) € Q, wo /(po) & 0. B Takomy pasi i /Yo(x) ¢ 0 B geskomy okoni 17
Touku xo B [0,1]. 3ymoBu A = [0,1] BunnmBae, L0 iCHYyE Taka Touka a € A, wo a € U. Toai
falyo) = /yo(s) ® o, atomy |Vlk = 1Al > J/A(yo) |l > 0, wo i gae Ham raycnopgoBicTb
(S,Ta,b).

HaBnaku, Hexai A & [0,1] i B ¢ [0,1]. Toai icHye Taka TouKa po = (xo/l/0) € /L0 X0 ™ A
iy0 <£B. Po3rnsaHemo xpecT E = xp(A X B) gobyTKy A X B, 9Knii € 3aMKHEHOIO MHO>XMHOIO B
Q. Ockinbkm xo N A iyo £ B, To Touka po = (xo/Y0) & E. 3 noBHOT perynapHocTi kBagparta Q
BUMN/AMBAE, WO iCHYE Taka HernepepBHa oyHKLia / : Q — [0,1], wo /Z(po) = 1li/(p) =0HaE.
Ans KoKHOTToUkn X € A uny € B oygemo matn |VIik = Oi [l = O, 60 Toai {x} x [0,1] CE
i [0,1] x {y} C E,omke,fx=0ify = 0. Anef 0, 60/(po) = 1 Lie i 4oBOANTS, LLLO NPOCTip
(S, Ta,B) He raycaopdoBuii. O

HacTynHuii pe3ynbTaT po3BMBae TeopemMy 3.

Teopema 6. TononAoOriYHM BEKTOPHUI NPOCTIip (S, Ta,B) 6yae MeTPU30BHUM TOAj i TiflbKN TO-
Ai, Konn o6mnasi MHOXXMHKU A | B He 6inblLu, HiXK 31i4eHHi, i A = [0,1] a6o B = [0,1].

AoBefileHHs. AocnWITHICTb. Hexall A | B— He 6inbLU HiXK 3/1i4eHHI Ha Bigpi3ky [0,1] MHOXXUHMN,
npnyomMy ogHa 3 HUX Bcoan winbHa B [0,1]. CykynHicTb nepefHopM 'Pa,e — Ta UTB 6yae
3Mi4eHHO0, a TOMy NpocTip (S, Ta,B) Mae 3niveHHyY 6a3y okoniB HynA. Kpim Toro, BiH raycgop-
dooBUiIA 3a TeopemMoro 5. OTKe, Liei NPOCTiP METPU3OBHUIA.

HeobxigHicTb. Akwo A ¢ [0,1] i B d [0,1], To npocTip (S,Ta,b) He raycaopcoBunia, oT>Ke,
He MeTpU30BHUIA. MpunycTrmo, Lo Xxoda 6 ogHa 3 MHOXMH A 4un B, ckaxkiMo A, He3fiyeH-
Ha. MNoka>kemo, w0 ToAi npocTip (S, Ta,B) HE Ma€ He GiNbLU HIXK 3/1iYEHHOT 6a3U OKONIB HYNA.
Ana uboro po3rngHeMo 6yAb-sIKY nocnigosHIcTs KY/b Bn(; Bt,,i7,,€,, A€ T™v | AN — CKiHYeHHi

MNiAMHOXXMHM BigNoBiAHO MHOXXNH A i B. MHOXXMHa T = (J T He 6inbLll HidXK 3iYeHHa, TOMY
/11=1
iCHyE TaKunii eneMeHT Xo, Wo X0 € A i X0 ™ T. Po3rnssHemo oKin Hynsa B = B{X};0;1 B (S, Ta,B) i

nokakemo, o B, ~ BAna KoXXHOro n.

Ans gaHoro Homepa n Bi3bMeMO 6yab AKY-TO4YKy yo € [0,1]\o,, i nobyayemo Taky Hene-
pepBHY (hyHKuito g : [0,1]] — IR wo #(¥o) = 2ig(y) = Onpny € on. K i B JOBefeHHI
TeopeMu 4, Nerko nobyaysaTtu Taky HenepepBHY PyHKUio / : Q —al1R wo /(xo,y) = giy) Ha
[0,1] i /X, XATy= 0. Togi / € B,\B i Teopema foBefeHa. O

4. PiBHOMIipHe HabnM>XeHHA HenepepBHOT PYHKLIT MHOFO4Y1EHOM 3 AAHUMW 3HAYEHHSAMN.
Tenep mun 6epemMo Kypc Ha AoBedeHHs piBHOCTI P = S. Lle Mo)kHa 3pobuTu ggoma crocobamu:
CKNagHilWmMMm, ane uikasilumm, 60 Ha LbOMY LUASAXY HaMm MOTPIGHO AOBECTU TBEPOYKEHHS, AKI
uikasi cami no cobi, i NpocTiwnM, ane HygHILLMM Yepe3 CBOK MPOCTOTY. ICTOPUYHO criovaTKy
BUHWK NepLUnii croci6, akuii BigobpadkeHnn y Tesax [3], a NoTiM Apyrunii, Npo K1t ige Mosa B
Tesax [1].

MoyHeMo 3 ogHIET LiikaBoi TeopeMU, AKa BUKOPUCTOBYETLCSA NPU A0BeAEHHI piBHOCTI P = S
rnepLInmM crocobom.

Teopema 7. Hexaif : [0,1] —=R — HenepepBHa hyHKLis, X\,... ,XM— Pi3Hi TOYKN 3 BigpizKa
[0,1] i € > O. Togi icHye Takui MHorouneH g : [0,1] — R, ge g(xfc) = f(*k) MTPUk = 1,...,mi
Ik-/lleo < &

AosefieHHs. PosrngaHemo npu k= 1,...,n MHOro4ieHu

dk{i)=N1 d{x~x'} 1 n(x)=L

Ans akux cpr{xK) = 1i <Pk(*i) = OMPUT ® Kk OyHKLiNA

() = B \P¥1

3p03yMino, HemepepBHa Ha [0, 1], 0TKe, icHye L} LD = ma<x17 (x). OcKinbku LY LD > 'y(xK) = 1
oA KOXKHOro K = I,.,.,n, 3okpema, LY L0 > 7(xi) — /710 liM]oo > 1 TomMy MU MOXKEMO
PO3rAAHYTU YNCNO €0 = Jna saAkoro, o4eBUAHO, BUKOHYETBLCA HEPIBHICTL 0 < €0 < |.

3a KnacM4HOK TeopeMoto BeliepuTpacca Mpo PiBHOMipHE HabNM>KeHHS HenepepBHUX

PYHKLIA MHOro4neHaMu iCHye Takuii MHoroyneH p : [0,1] —aR, wo |[p—/]lo < £o 3a no-
npaBkamu Gk = /(xjfc) —p(xfc) nobyayemMo MHOro4neH

n
a(x) = J2ak{pk(x),
K=1
ona akoro g(xk) = GkMPUk = 1,.,.,n. 3ayBakunmo, Lo

%1 = 1/ (**)-p(**) < II/-p]]oo < €0



ONA KOXKHOro K= 1,...,n, TOMy

g\ < KEzl\aK\\<Pk(x)\< £0i(x) < £0 ATND ANE 2

Ons KO>XKHoro X 3 [0, 1], omke, \d\® < § [ing MmHorouneHa g(x) = p(x') + gq(x) éygemo martw,
wo g(xk) = p(xK) + gq(xk) = PIXK) + 4 = f(xK) 00 KO>KHOro k= 1,..., N, npnyomy

[lg-/]J]oo = K+ p - /|]oo < Halloo + ||p-/]]oo < | +e0<:|+ ! = &

[

5. OgHa iHTepnonsayiiHa TeopemMa And MHOroudneHis. J[ani Ham nNoTpibeH 6yae oguH pe-
3ynbTaT 3 Te3 [3]. Mu nogamo inoro 3 aoBeAeHHSIM, OCKiNbKUY B [3] 3p06neHi N1LLe BKa3iBKW.

Teopema 8. Hexaii K — goBinbHe none, x\, ..., XN— pi3Hi TouknsK iyi, ...,y T— pi3Hi TOUYKK
3K, P\(y),...,pn(y) — mHorounenu 3 K[y], qi(x),..., gm(X) — mHorou4neHun 3 K[x], npnyomy
Pkiyj) = qgj(*k) AMGBCIX k= 1,...,ti i j=1,...,T.

Topgi icHye Takuii MHorouneH f(x,y) 3 K[x,y], wo Z{xbY) = PK(y) 11(x>¥i) = qj(x) Ans go-
BilbHUXX iy 3K Tak= 1,...,nij = 1,... T

AoBegeHHs. Kpim MHorouneHiB (pK(X), MOpogKeHnx Toukamu X\,..., XM, sKi My po3rnsganv B
[oBefeHHI nonepefHbLOl TEOPEMU, | AN AKUX

(pkiii) = hi = { 0 k¢ /

PO3rnsAHEMO i Taki XX MHorouneHu t))j(x), AKi NOpoa>KeHi BXXe TouKamu y\,...,yT, i 418 AKnx

Wi(v,) = &
Ana mHorouneHa n

g(x>y) = E pKy)<pK(x)
K=1

6ygemo matu, w,o g{xk,y) —PkK(y) Ha K ana Ko>xHoro k= 1,..., n. PO3rnssHeMoO MHOro4seHu
T
aj(x) = aj{x)-g{x,yj) i h{xy) = 27 (X)) (Y).
i=1
3po3ymino, wo h(x,y,) = gj(x) Ha K gna Ko>kHoro; = 1,..., T.

HapewTi po3rngaHeMo MHOrouneH
O*/7Y) =$1XY) + H X>Y)
i MOKa>XKeMo, L0 BiH i € LUYKaHMM. 3ayBabK/MO crio4vaTKy, Lo

qj(xK) = qjixk) - g(xbVj) = qj(xK - Pk(yj) = o

ONsi AOBINbHUX | i K, TOMy

Hey) =L ¥ kW) =0

ONst KoKHoro k —1,...,n. BTakomy pasi

/0iky) =g(xby) + Hxkfy) = Pk(y) + o = Pk(y)

Ha K ana KoxkHoro k= 1,...,n. 3iHWoOro 60Ky

f(x,yi) = g(x>yj) + Hx'¥) = g(x>yj) + q;i.x) = gj(x)

Ha K gnst Ko>kHoroj = i, ... ,m. Teopemy foBeAeHO. O

6. L inbHICTb NigNPOCTOPY MHOMOY/IEHIB Y NPOCTOPI HAPi3HO HenepepBHUX (PyHKLiW. 3
TeopeM 7 i 8 M1 BUBEAEMO TaKuUii pe3ynbTar.

Teopema 9. MpocTip P = P[0,1]2 BCiXx MHOrouneHiB

N

&y) = E 4&k<yk
g&y) Lk:oa y

BiJl ABOX 3MiHHUMX X iy 3 giicHUMM KoedoiuieHTammn QjkHa KBagpaTi Q BCHOAU LLiIbHUIAY MpPO-
CTOpi S 3 TOMNoJOrielo NoLWapoBoiPiBHOMIPHOT 36DKHOCT.

AoBepeHHs. Hexalh / € Si B — BTA7,e — A0BiNbHUIA 6a3ncHUIA OKin Hynsa B S. NMoKaykemo, Lo
icHye Takuii MHorouneH g € P, wo g —f € B. Hexann T = {x\,..., xm} ioc —{y\,...,yT}, ge
XKD XiYKdy] npuk dj. 3aTeopeMoto 7 anst KoXKHoro k= I,..., n iCHye Taknihi MHOTrouYneH
PK(y), wo IW/** - Pkl < £i Pk(yy) = fX{yj) ona Ko>kHoroj — 1 i Tak camo ans
KOXXHOro j = \,... ,TlicCHye Takuii MHOrou4neH qj(x), wo WA —tAdmo < £i qj(xk) —fyj{xK) Ona
KOXXHOro K= 1, ... ,7L OCKinbku

PIYi) = fXKYi) = Z(XKYi) = fyj(xk) = gj(xK)

0N AOBINbHUX | | K TO 3a TEOPEMOIO 8 ICHYE TaKuii MHOrouneH g(X, y) 3 P, wo g(xk, y) = Pk(y)
ig(x,yj) = qj(x) gna scix x iy 3[0,1] i goBinbHUx K = 1,...,ni; = I,.,.,tn. Anda yboro
MHOro4neHa 6ygemo Mmatm

H/-Air* = iw/~>*- A » = II/- R\o< e

\X- ghj = IA/—Sy-lloo= 1IA; ~j\\°0 < ¢,

omke, g —f € B. Lle nokasye, wo / € P, o>ke, P = S, O

7. IHWnii cnoci6b goBeaeHHs piBHOCTI P = Si cenapabenbHicTb npocTtopy S. Mwu goBenm
piBHiCTb P = S, BMKOpMCTaBLUM TeopeMy BeiiepLuTpacca Npo piBHOMipHe HaGNM>KEHHS He-
nepepBHUX hyHKUiM g : [0,1] — 1RHa Biapi3Ky. Ane € i1 iHWa TeopeMa BeliepLuTtpacca npo
piBHOMipHE HabNM>KeHHS HenepepBHUX PYHKLUIiAy : [0,1]2 — ]R Big ABOX 3MiHHMX Ha KBagpa-
Ti Q = [0,1]2. Came Ti MV BUKOPUCTAEMO MpPn iHLWOMY A0BeAeHHI PiBHOCTI P = S,

MoyHeMO 3 TAKOro NMPOCTOro CroOCTEPEXKEHHS.

Teopema 10. P = Cy npocTopi S.



AoBefieHHs. 3po3ymino, wo P C C, 60 P C C. fosegemo, wo i C C p. Ana yHKUIT @ € C MK
NoK/IagaemMo \\p\\co—mtax Xp(0)\-

Hexaw / E:E, x\,..r.),?m— pi3Hi Touku 3 [0,1], Y\,... ,yT— pi3Hi Toukn 3 [0,1] i€ > O. Togi
icCHye Taka PyHKLUissg € C, o \\f- 0\ < f npuk —1,...,ni [V—o\\vj < §npn/=1,..., m.
3a Teopemoto BeiliepluTtpacca gns hyHKLiM Big ABOX 3MIHHUX ICHYE Takunii MHoro4vneH h € p,
wo \\g- hbDm< 8 Togai

W-nr <W/-%$r‘+1li-4y4yu <l + - N<1l+1=i

/- h\\y. < /- g\\yj+ Ng- My < - + \g- N\o< 2+ 2 = ¢
Lle noka3sye, Wwof € P. M
Teopema 11. C = S

AoBegeHHs. Hexaln / € S, T | 0 — CKiHYeHHI NiAMHOXWHW Bigpi3ka [Of] i € > 0. Po3rnaHemo
XpecT

E= xp(t x o) = (1 x [0,1]) U ([0,1] x 0).
OueBugHo, WO E — ue 3amkHeHa nigMHOXMHa KBagpata Q. 3BY>kKeHHs1 /|e 6yae CyKyrnHO
HenepepBHO PYHKLUIEID Ha MHOXUHI E, 60 / — Hapi3HO HenepepBHa PYHKLisl, a TOMY BCi
3BY>KeHHSA /l[on] X{y} i Z1{x} X[od HenepepBHi, KpimMm Toro, BCi MHOXUHUN Ay = [0,1] X {y} i
Ax = {x} x [0,1] 3aMmKHeHi B £ i E — uUe CKiHYeHHe 06'€gHaHHA MHOXXWH Takoro Tuny, a

came, E = (U A*) U( U Ay). 3a Teopemoto TiTue-YpuMcoHa icHye Taka yHKLiss g € C, Wwo
XET yea

O\NE= /]£ Togmigx=fx ond Bcixx e Ti gy = fy And BCiXxy € 0, a3HaunTb

\\g-A\\x= "™ - f x\NX0=0C¢e pgnascix X€Tt

\\g-fh = llI&-/yll°0 = °< €& pgnaBcix yea.

3Bigcu BunmBeae, wo / € C.
3 T1eopem 10i 11 HeraihiHO OTPUMYEMO PIBHICTb P = S, O

Teopema 12. MpocTip S 3 TOMOMNOriEl NOLLAPOBOIPiBHOMIPHOT 36i>KHOCTI cenapabensHUiA.

AoBefieHHs1. Po3rfnsgHemMo MHOXXUHY R BCiX MHOMO4/eHIB

N
nxwy) = E akcyk
ik=1
Ha kBagpaTi Q 3 pauioHalbHUMM KoeddilieHTaMun HecknagHo nepekoHaTucda y Tomy, WO

MHO>XUHa R3niveHHa.

Ockinbkn Q = R, TO, SIK NIerKo NepeBipuUTn, 41 A0BINbHOro € > 0§ KOXKHOIM0 MHOro4seHa
g 3 P iCHye Takuihi MHorouneH r € R, wo \\g- rjjo < f. 3a Teopemoro 9 AN KOXXHOT (PyH-
Kuii / € S, AoBiNbHUX TOUOK X1r..., Xxni Y\,..., yT 3 [0,1] iCHyE TaKnii MHOro4neH g € P, WO

W - og\Nk< fill/—gVyj < fAk—I,...,unij = 1,..., T. SHallLOBLIN ANA LbOr0 MHOIO-
uneHa g € P BiANOBIigHWUI MHOrO4YeH r € R, MM OTPUMAEMO, LLLO

W_rp = X4 2~y < iixt _ 210+ 11N Mo< I/ _glikk+ Ib_dloo< £+ £=¢

i aHanoriyHo
I/-iy, < |1/-gllyy+ llg-ioo < ¢

onsa poBinbHUX k= 1i,...,nij = 1,...,T.Tomy R = S, oKe, S— cenapabenbHuii npocTip. O

ABTOPU BUC/IOBMIIOIO T BAAYHICTb A.B. 3aropogHIoKy 3a CTUMY/IOYY yYacTb Y 06roBOPEHHSX i
KOPUCHI NponosuLiil.
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Voloshyn H.A., Maslyuchenko V.K. The topologization of the space of separately continuous functions.
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Here we introduce locally convex topology T of the layer uniform convergence on the space
S = CC[0, ]2 of all separately continuous functions /7 : [0,1]2 — R, we prove that the space (S, T)
is complete and it is not metrizable one, the space P of all polynomials of two variables on [0, 1]2 is
everywhere dense in S, and so, S is separable.

Key words and phrases: separately continuous functions, polynomials of two variables, topology
of the layer uniform convergence, completeness, Hausdorff property, metrizability, separability.

BonowinH P.A., Macno4deHko B.K. Tononornsauusa npocnipaHcTBa pasfefibHO HenpepbiBHbIX YHKUUA //
KapnaTtckmne matematmyeckme nyonmkaumm. — 2013. — T.5, Ne2. — C. 199-207.

34echb Mbi BBOAUM NOKaNbHO BUMYKYH Tononornto T NocnoiHo paBHOMEPHOM CXOAMMOCTU Ha
npocTtpaHcTBe S = CCJ[0,1]2 Bcex pasfaenbHO HenpepbiBHLIX PyHKUMIA/ : [0,1]2 — R, foKa3biBaeM,
4YTO nMpocTpaHcTBo (S,T) NONHO, HEMETPU3UPYEMO M YTO MPOCTPAHCTBO P BCEX MHOrOYNEHOB OT
ABYX nepemeHHbix Ha [0,1]2 Bciogy NNOTHO B S, cnefoBaTensHO S — cenapabensHo.

KnioueBbie cnosa u hpasn: pasfenbHO HenpepbiBHbie (PyHKLWMW, MHOTO4YeHW OT ABYyX nepe-
MEHHbIX, TON0A0rUsA NOCAOMNHOA paBHOMEPHOI CXOAMMOCTU, NMOMHOTA, raycaopdoBoCTb, METPU3Y-
eMOCTb, cenapabenbHOCTb.
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MPO OOHY OUIHKY R-TUMY LWINOTIo PALY AIPIXJIE TA i1 TOUHICTb

Mosa T.4., ®inesnu MN.B. Mpo ogHy ouiHKy R-muny winoro pagy Aipixne Ta il To4yHicTb // KapnaTcbKi
MaTemMaTuyHi nybnikauii. — 2013. — T.5, Ne2. — C. 208-216.

Hexali (A,) — HeBig'eMHa 3pocTarya o +00 NocnifgoBHICTb, T = lim ap — gogaTtHe yn-
cno. 3 KnacnyHoi Teopemun XK. BanipoHa BMNAMBaE, L0 AN1A KOXHOIO Lwinoro paay Aipixne surnagy
F(s) = npaBw/bHa OLiHKa

-— Insup{]F(s)] : Res = c1} -— n,. £,
(IJ-\-I;?D _____ ePa T |J|!£&)e_p> AP

B po60Ti foBeAEHO TOYHICTb LLiE€T OLiHKN.
KntouoBi cnosa i hpasu: winuii pag Jipixne, MakCMMym Moayns, MaKCMManbHUIM YieH, i?-Tmn.

1 IHCTUTYT NpPUKNaAHNX Npobnem mMexaHiku i MmaTtemaTunkm im. A.C. MiagcTpurada HAH Ykpainu, fbBiB, YKpaiHa
2 MpukapnaTCcbKUi HalioHanbHWI YHiBepcuTeT iM. Bacunsa CTedaHuka, IBaHO-PpaHKiBCbK, YKpaiHa
E-mail: hlova_taras@ukr .net (Tnoea T.A.), filevych@mail.ru (®inesuu MN.B.)

Bctyn

Hexaih A — knac HeBig'eMHMX 3pocTaroumx Ao +00 nocnigoBHocTe A = (An). 4na nochi-
[OBHOCTI 1 € A 4epe3 T>(\) NO3HA4YMMO Knac uinux (abcontoTHo 36i>kHMX B C) pagis Lipixne

BUINA
ay .

F(s) = ¥ aeH S= 0+ it, Q)
n=0

SIKi He 3BOAATbLCA A0 EKCMOHEHLia/lbHMX MOMIHOMIB, | Hexaw

T = =0 An

Moknagemo V = un\e/IT>(\). Makcumym Moayns i MakCMManbHUIA YneH psagy (1) BU3HauMmo
BiZANOBIAHO 3a PIBHOCTSAMM

M(cr,F) = sup{]F(s)] : Res = a}, ti{c,F) = max{]a.\e?n :n € N (},

ne N0 = N U{0}, i ana ko>kHoro p € (0, + 00) (Hagani p BBa>KaeMo DiKCOBaHMM) NOKNagemMo

T(F) = Vw INMA /—,  HF) = Em In/Y/—,  K(F) = iiT

A\

BennunHa T(F) HasuBaeTbca [2, ¢. 178] R-Tunom (Tunom 3a PitTtom) psagy F. 3 HepiBHOCTI
M(o, F) > fi(cr,F) (ananor HepiBHOCTI Kowi) Bunmeae, wo T(F) > t(F). Kpim Toro, nerko

© TnoBaT.4., ®ineBny MN.B., 2013

cr—>+00 e?acr->+oofPa «>00 ep

[oBecTun (amB. HWK4Ye nemy 5), wo t(F) — K(F) gna koxxHoro pagy Aipixne F € 'D. OTxke,
3axxan T(F) > K(F).

XK.®. PiTT [5] posiB, wo ymoBa 1(A) = 0 € gocTaTHbO ANA TOro, wob6 R-TMM KOXXHOro
pagy Aipixne P € T>(A) moxkHa 6yno obuncnntun 3a popmynoto T(F) = K(F). 3asHaunmo,
o TBepaKeHHs XK., PiTTa BunnmBae 3 HacTynHoi Teopemu XK. BanipoHa [9] (auB. TaKoX [2,
c. 184], [4], [1]): akwo A > 0iT(1) < A, Toanda Ko>KHoro psagy Aipixne F € V(X) BUKOHYeETbCSA
CNiBBiAHOLLUEHHS

M(cr,F) = o(y(cr + A,F)), ¢ -> +co. 2

Cnpasgi, BUKOPUCTOBYOUU (2), OTPUMYEMO

T(F) < Ita hnk+ M I=¢?A ita In<;+ A-F) = =~ K{F)
v 7 _ (7->+00 eP° Crh+00 ep(cr+A) x " v’

3 40BinbHOCTI A > 1(A) BUNIMBae, W0
T(F) < e~K(F), (3

aTtomy T(F) = K(F) 3aymoBu 1(A) = 0. Kpim Toro, akuo t(A) < +oo i K(F) — 0, To i1
MP) = 0, atomy T(P) = K(F). 3rigHo 3 HepiBHicTio T(F) > K(F), piBHicTb T(F) = K(F)
npasunbHa i y Bunagky K(F) — +oo.

MeTol Hawol poboTn € AOBEAEHHS HACTYMHUX TEOPEM, SKi BKa3ykTb Ha TOUHICTb OL|iH-
Ku (3).

Teopema 1. Hexai nocnifgoBHicTb A € A Taka, o T(A) < -foo, Ke [0,+00] i T € [K, ef "XiK].
Topi icHye pag Aipixne F € T>(A), gna akoro K(F) —KiT(F) = T.

Teopema 2. Hexali nocnigoBHicTb A € A Taka, wo T(A) = +00, K € [0,+00] i T € [K, +00].
Topi icHyepag Aipixne F € P(A), ana skoro K(F) —K i T(F) = T.

3ayBakeHHs 1. 3 Teopem1li 2 BunamBae, WO A1 KOXXHOI NocnigoBHOCTI A € ATakoi, Wo
T(A) >0,icHye psag Aipixne F € 'D(A), nnsa akoro T(F) > K(F). Omke, y sunagky 1 (A) > 0,
Ha BigMiHy Big Bunagky T(A) = 0, R-Tunpsagy Aipixne F € V (A) He MO>KHa, B3arasli Kaxkyuu,
obumncninTu 3a opmysoto T(F) = K(F).

3ayBadkeHHA 2. HexallA € A, aA* = (Ap — nignocnifgoBHicTb NocnigoBHocTi A. Po3rnsiHemo
[oBiNbHWIA pag Aipixne F* € O(A* ) surnagy

@
F*(s) = £ akesAk s= 0+ it, (4)
k=0
i 4NA KO>KHOro n € No noknagemo an —ak, akwo\,, = Akana gedkorok € N i an —0, aKw,o

AnHe € uneHom nignocnigoBHocTi A*. Todi gnsa pagy Aipixne (1) 3 TakBM3HavYeHUMU Koedoiui-
eHTamm an Maemo F(s) € F*(s), a Tomy F € T>(\). OTke, AKLW,0 A5 AessKOoi NignocnigoBHOCTI
A* nocnigoBHOCTI A icHyepag Aipixne F* € 'D(A*), W0 BOMoAi€ NEBHOK BMAacTUBICTIO, TOICHYE
pag Aipixne F € AKUWI BONOJI€E Li€l0 K BNAaCTUBICTIO.

3ayBa>keHHs 3. JIerko goBecTW, W0 ANs KOXXHOI nocnigoBHocTi A € A i 4OBiNbHOI cTasol Be-
mmumHn K € [0, +o0] icHye Takuiipag Aipixne F € 1)(A), wo T(F) = K(F) = K Cnpaggi, 3
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KO>XHOT NOCNIgoBHOCTI A € J1 MOXKHa BULINUTU TakKy AoAaTHY NignocnifoBHICTb A* = (AE£),
wo T(N1*) = 0. Noknagemo Togi

= ‘“€H.. <5

pe (Kb) — goBinibHa gogaTHa NocnifoBHICTb, W0 npsamye o0 K (y sunagky K = +oo 6epemo
Kc = n/W ANA Bax N € NOA i po3rnsaHemo psag Aipixne surnagy (4). 3a HaBeeHO HUDKYe
nemoto 2 uevi pag € uinum, a Tomy F* € T>(\*). Kpim Toro, gnsa HbOro, sIK 1erko nepesipu-
m K(F*) = K. Togi T(F*) — K(F*) = K 3a HaBefieHM Bulle TBepmKeHHAM XK.P. PitTa
aMLmnioch BpaxyBaTU 3ayBa>kKeHHS 2.

1 OJdonomixkHi pesynbTaTtmu

HaBepemo geski 4ONOMiIXKHI pe3ynbTaTu, AKUMMM CKOPUCTAEMOCA NpU A0BeAeHHI TeopeM 1
i 2 HacTtynHy nemy nosefgeHo B po6oTi M.M. LLepemeTu [6].

Nema 1. 3 goBinbHOI nocnigoBHocTi A € A, ans akKoit(A) > 1 > 0, MOXKHA BUAIINTU Taky
nignocnigoBHicTb A* = (A£), wo Infc < &K+ 1ana Bcix K € N iInkj > 1A\ gnsa geakoi
3pocTaruoinocnigoBHocTi (Kj) HAaTypanbHUX Yncen.

Hexalh A € A. Po3rnaHemMo A0BiNbHUIA (He 060B'A3KOBO UWinuii) pag Aipixne surnsagy (1) i
noknagemMmo

B(P) = {~e(-00,+00): | an|™MT"=0(1),7? —co}, O(F) = ( °°

Nlerko posectun (guB., Hanp., [7, ¢. 10]), wo

/3F) = lim —InTt--T-

n—>00 A-n \AM |

MpuiiMmemMo TakoXX

7E = F3, i

MpaBunbHa Taka nema (guB., Hanp., [7, ¢. 10,12]).

Nema 2. Hexain A € A, aF — poBinbHuii pag Aipixne surnaay (1). 9kwo T7(A) = 0 abo
ho(F) < \, Toansa Toro, wo6 uen pag 6ys UinMm, HEOOXIAHO | 4OCUTb, W06 BUKOHYBasiacb
ymoBa /3(F) = +oo0.

[nsa KoXXHOI nocnigoBHOCTI A € J1 BBEAEMO NO3HAUEHHS

Ti(A) = limyygy--

u—00 AN 1nATm
3ayBadkKuMmo, W0 AKuwpo T(A) < +00, To TX(A) = O.

Nema 3. Hexan A € 1, aF — poBinbHUii pag Aipixne surnagy (1). dkwo N\ (A) < NiK(F) <
+ 00, TOUEN PAL € LiNUM.

AoBegeHHs. 3achikcyemo Take gogatHe uncno K, wo K(F) < K Togi 3 o03HayeHHA BeNNYUHU
K(F) oTpumyemo

Kep\I-
Wnt< 1-y1 \ N> Ib
OT1xKe,
ag<piltr”™ = =pT1in)<1.
An W Kep
Kpim TOro,
1i . 17~ 1A, A, 1 An
ﬁ—lnl—vl>T ————— In— = -In— , n>n0
" il nn Kep p Kep
3BigKu BUNMBae, Wwo /3(F) = +00. 3anmimnaoch 3icnatmucb Ha nemy 2. O

Hexaih Q — Knac gogaTHUX Ha (—o0, +00) hyHKLiN ® Takmx, Wwo ' € 4oaaTHOK, HENEPEPB-
HOHO, 3pOCTal4ol0 A0 4-00 Ha (—00, +00) hyHKLUiet0. Ana hyHKUIT @ € Q Hexan @ — obepHeHa
[0 ©' PyHKLUiSA. PYHKLUIS @ € HEMepepBHOD, 3pocTatouoto Ao +co Ha (0, +00). Noknagemo

YA =g~PA)' gE i-00 00

dyHKUiA Y HasmMBaeTbCA, AK BigoOMO, CrPsi>XXeHOoto 3a HbloTOHOM 3 @ i € 3pocTato4oro 4o +00 Ha
( - 00, +00).

Nema 4. Hexain A € N, F — poBinbHWii pag Aipixne surnagy (1) Takuid, wo /3(F = +co, i
® € Q. TogiInp(o, F) < ®(0), 0 > 00, AKLWO0 i (nLle AaKWo In\an\< —An¥¢(@(An)), n > H.

Nemy 4 posegeHo B [7, ¢. 18-19] y npunyLleHHi, wo F e uinum psgom Aipixne (Toai, 3po-
3ymino, /3(F) = +00). OgHak, SK N1erko nepeKoHaTuchb, B A0BeAEHHI BUKOPUCTOBYETLCA NNLLIE
ymoBa /3(F) = +00 (aka Mo>Ke BUKOHYBaTUCA | ansa pagy Aipixne, wo He € Lwinnm).

MpuiHaswn ®d(cr) = tePa, 0 € (—o0, +00), ge t — gogaTHe umncno, 3 nemMmum 4 OTPUMYEMO
TaKuii Hacnigok.

Nema 5. Hexan A € A, F — pgoBinbHUi pag Aipixne surnagy (1) Takuia, wo /3(F) = +oo, at—
jogaTHe uncno. Togi lInpu(o, F) < tepr, o > a0, AKLWLO i Ivwe AKLO0

wp &
Uhl< \“y-J , > W,

Ona paay Oipixne F surnagy (1) i Bcix n € No noknagemo Sn = Eb=, akkx MNpaBunbHMi
HacTyrnHUn KpuTepiin winocti pagy (1) (avs., Hanp., [2, c. 116]).

Nlema 6. Hexaiit A € 1. Ansa Toro, w06 paa Aipixne F surnagy (1) 6ys winum, HeobXigHo i
[OCU T, LLL06 BUKOHYBa1acb yMOBa
1.1 _

Hm — in = + 00.
n->00 JIN ~ Sn

Mopsaa 3 psagom F eurnagy (1) posrnsHemo psag dipixne

@®
F(s) = £ SneskX. (6)
«=0



Akwo pag F € uinnm, To 3a nemoto 6 maemo /3(F) = +00, To6TO AnA psaay (6) noro makcu-
ManbHUM YneH Y(o,P) = max{S,eifA' : n € No} € BU3HAUEHUM A9 KOXXHOro ¢ € (—o00, +00).
BinbLue Toro, AKLWO0 KoediuieHTV anpaay F € HeBig'eEMHUMK ynucnamu i € > 0, To, AK A0BeAEHO
B [8], BUKOHYIOTbLCA HEPIBHOCTI

p(o,P) < M(cr,F) < M(0,F) + "u(o + e,F), o € (-00, +00).
BrKopmcToBYHOUMU LI HEPIBHOCTI, NErko AoBecTU (AMB. TakoX [3]) Take TBepO>KEHHS.

Nema 7. Ona KoXHoro psagy Aipixne F € V surnagy (1) 3 HeBig'eMHUMK KoediliieHTamu an
npasunbHa piBHicTb T(F) = f(F).

2 [OosepeHHna Teopemun 1

Hexaii nocnigoBHicTb A € A Taka, Wwo T(A) < +00, K € [0,+00] i T € [K,ep™K]. OdoBeae-
MO, Lo Toai icHye pag Aipixne F € F)(\), ana akoro K(F) = KiT(F) = T.

3rigHo i3 3ayBakeHHAM 3, foBefeHHA MoTpebye nuwie BMnagok, konm T(A) > 0, K €
(0,+00) i T € (K,ep™ K] (B iHWMX BUNagkax K = T).

Hexah T = ~In  Toai 0 < 1 < T(A). Bubepemo AoBinbHY AogaTHy MignocnigoBHICTb
A* = (A£) nocnifgoBHOCTI A Taky, wo T(A*) = T (akwo 0 < T < T(A), TO icCHyBaHHSA Takoi nifa-
rnocnigoBHocTi BunanBae 3 nemn 1, aakwo T = T(A), To BisbMemMo A* = (A, +i)). NMoknagemo

Kep\ p

PosrnsaHemo pag Aipixne (4) 3 Tak Bu3HadeHUMU koedoivieHTamuy ak. Ockinbkn T(A*) = T <
+00 i gna pagy F* maemo, siK nerko 6aumtn, K(F*) = K < +00, TO 3a nemMoto 3 Ugel psg €
uinnm. OTXKe, F* € T>(A*).

Hdosegemo, wo T(F*) = epiK = T. 3acTocoBytoum HepiBHICTb (3) Ao psagy F*, maemo
T(F*) < ep1K, aTOMy gocuTb goBectu, wo MN(P*) > ep1k

3 piBHOCTI T(A*) = T BUNAMBAaE iCHyBaHHA A0A4aTHOT 36i>KHOT 40 T MOCNIAOBHOCTI (TK) i

3pocTaryoi NocnigoBHOCTI (KP) HATypasibHUX Yucen Takux, Lo
\nkK<TK\l, KENGOG \nkp = wp\NKr p €ENDO. (7
Ans Bcix p € No noknagemo

BN+ T
Mip =

OcKifnbkU KoemiLlieHTn pagy F* € HeBig'EMHUMW Yyncnamm, To

M(cr,F*) = ¥ aleaxk, o € (-00,+00), (8)

K=0

aTomy anqa Bcix p € No maemo
Kp K, /T \It /7 A* \ p Kp Al Kp
£ .(? )" W * £, - - £ K

| —1n2H—
kP = p P kP PxP-

Kpim Toro,
Inmp \nkp-1n2 TP p“ 1n2
W T Ty

Togai, BpaxyBaBLUW, WO 0p — +00, p -> 00, i TK—T, K -* 00, OTPUMYEMO

Am >

——————— 1nM (cp,F*

/ * - ) nT .
T%F {/1&@0 Tepp > ep Kp “mp—>(b

OT>Ke, MU OOBENU, WO ANa NignocnigoBHOCTI A* icHye Takuii psag Aipixne F* € T>(A*), wo
K(F*) = Ki T(F*) = T. Tomy (guB. 3ayBadKeHHs1 2) iCHye Takuii pag Aipixne F € 1)(A), wo
K(F) = KiT(F) = T. Teopemy goBefeHo.

3 JosBepeHHs Teopemu 2

Hexali nocnigoBHictb A € A Taka, wo t(A) = +00, K € [0,+00] i T € [K, +00]. JoBeaemo,
wio Togi icHye pag Aipixne F € T>(A), gna akoro K(F) = KiT(F) = T.

Mo>keMo BBavKaTW, 3rigHo i3 3ayBakeHHsAM 3, wo K € [0,+00) i T € (K,+00] (B iHWLIOMY
pasi K = T). [ani po3rnsagaemo OKpeMo TPU BUMNAOKU Y 3a/1eXXHOCTI Bif 3HAYEHb, SKUX MOXKYTb
HabyBaTn BennunHu Ki T.

Bunagok 1: K € (0,+00), T € (K,+00). MNoknagemo T = ~In  Togi 0 < T < +00, a
TOMYy 3a 1eMoto 1 3 NocnigoBHOCTI A MOXKEMO BMOBpaTh Taky nignocnigoBHicTe A* = (A£), WO
T(A*) — T. 3a Teopemoto 1 icHye pag Oipixne F* € T>(A*), gna akoro K(F*) = ICi I'(P*) =
FPr(AK = T. Tomy (OMB. 3ayBabKeEHHS 2) iCHYe Takuii psag Qipixne F € X>(A), wo K(F) = Ki
T(F) = T.

Bunagok 2 K € [0, +00), T = +00. BukopuctoBytoumn nemy 1, nerko foBecTu, W0 3 nochni-
[OBHOCTI A MOXKHa BUAINNTU Taky gogatHy nignocnigoBHicTe A* = (A£), wo T(A*) = +co i
Ti(A*) < i

Ockinbkun T(A*) = +00, TO iCHYIOTb gofaTHa 3pocTaroda 4o +00 NocnigoBHICTb (T) i 3po-
cTarouva nocnifoBHICTb (KP) HaTypasbHUX Yucen, Ana SKUx BUKOHYIOTbCS PiBHOCTI (7). ANna Ko-
>KHoro A € No noknagemo

K,sikwo K € (0, +00);

1 Aakwo K = 0.
Togai
lim Kk= K, lim TkKkk = +o0. 9
k—00 k-"co

PosrnaHemo psag ipixne (4) 3 KoeiuieHTamun s£, BU3HadeHmMn 3a (5). BukopumcToBytoumn
nepLuy 3 piBHocTew (9), nerko otpmmyemo, wo K(F*) = K < +00. Kpim Toro, Ti(A*) <  Togai
3aN1eMOL0 3 PO3rNAHYTUI psag € uinmm. OTke, F* € O (A*).

Joeegemo, wo T(F*) = +o00. Ana Bcix p € No noknagemo



OckKinbkn KoedpiyieHTn pagy F* € HeBig'€EMHUMW Yncnamn, TO BUKOHYETbCA (8), a TOMYy Ansi
BCiX p € NO Maemo

M(<r,P)> E 4<?ry =
K=T,,

KETO(LIAK y Y \IK8|2/PY/ *=T Z
Toai, BpaxyBaBLLUM, LLLO Ap —> +00, P -> 00, i CKOPUCTABLUMCb APYrol0 3 PiBHOCTEWN (9), oTpUMYy-
€EMO

TF ) > lim ——em ol > lim Kkep= ep lim Tk KK = +oo0.
* Pr r p->oo o} o}

OTKe, MM foBenu, WO Ans NignocnigoBHocTi A* icHye Takuii pag Qipixne F* € T>(X*), wo
K(F*) = Ki T(F*) —+00. Tomy (auB. 3ayBabKeHHs 2) iCHye Takuii psg Aipixne F € T>A), wo
K(F) =KIiT(F) = +oo.

Bunagok 3: K = Q T € (0,+00). 3 piBHOCTI T(A) = +o00 BUI/IMBAE iCHyYBaHHA A04aTHOI
3pocTatoyoi o +00 nocnigoBHOCTI (T,,) | 3pocTaroyol NoCAifOBHOCTI (NK) HATYpaslbHUX YUCEN
Takux, Wwo Inn < tnAn, n € No; Innk= TKAlkK K € No- Npu LboMy, 3p03yMino, NOCNiAOBHICTb
{NK) MO>XeMO BBa>KaTu 3p0OCTalHOK HaCTIIbKU LWBMAKO, WO A1 KOXKHOIo K € NO BUKOHYHO-

TbCA HEPIBHOCTI
4+1

¥ 1> -

Mpuiimemo TK = [~ ].Toai TK < nK < tnk+i 3a nepLoto 3 HepiBHOCTeN (10). 3a iHAYKLELO,
BMKOPUCTOBYOUM APYTY 3 HepiBHOCTEe (10), OTPUMYEMO

Hexalh Kk = Te~T"*p, K € No- 3ayBark1MO, L0 MOCAiAOBHICTb (K k) € CMaAHOO A0 Hyna. OAnd
JosinbHoro n € No noknagemo arn= 0, AKLWOo N £ [WK NK A1 KOXKHOoro K € No, i Hexal

r
- (1)
AKWOo N € [nink\ana gesskoro K € No- PosrnsHemo pag Aipixne (1) 3 Tak BU3HAYEHUMU
KoedpilieHTaMy ani 3ayBa>kK1MMO, LLLO MOro Mo)KHa 306pasuTun y BUTNA4i

® IK
F(s) = E_ E a'eSK-
(8) K=0M=LLK

3po3ymino, wo K(F) —O0. AoBegemo, Wo psag F e winum i ans Heoro T(F) = T.

Hexalh a > 0— dpikcoBaHe umcno. Toai pyHKUiA Yy = (y)* € cnagHow A0 HyNnsa Ha MiBiH-
TepBani [a +co). OTKe, AKWO k0o —min{/c € No : Auw, > pKo}, To ana BCix K > Ko i KOXKHOro
ne [TknK maemo aw, > an > aw, > aui+l. Tomy, NpUAHABLUN

ANsi BCiX K>K\ OTPMMYEMO

>h
2
N=TK
d3)
Nn=TK
OcCKinbKu
A nnk Insgs —1 1 , Ny
Ark ™ Ay > > = Alk—— , k> k2,
Tuy TY
TO ANsA BCiX K > K2MaeMo \,,K—/1y, = 0 < BK< 1, 3BigKu, 30KpemMa, BUNIMBaE CniBBigHO-
LLeHHSA —>1, K—>oo0.
K
Adani nokaxkemo, wo lim~oo = lim~,*, P~ = T. CnpaBgj, ocKinbkn K. = Te~T'kp, TO Nnpn

K —>00 OTPMMYEMO

= “keTip~jL- ( I @ ~N =e~™MK) (AMTK\™MNY (1 Tep
ep \£ "k>h,, k] \ N\ ,jkJ \e MKpATK

RAVERTL X,

Moknagemo Sp= Z“=p i/ P € No i 3apikcyemo goBinbHe € € (0, min{l, T}). 3 (12) Bunan-
Bae, LU0

£ a,< nkwy < ("(r+HPN N k>

n=mk \ A »K /

BukopucToBytouu (11), gns Beix p € (dc/ i K> ~(g) mMaemo

Sp:E,,,,+£ " f __<((!+*£)* +

«=«* /—1n=mk+]j \ n nk / y=1 \ n'n+y /

s*Mr+dpt 4 g | 2|- T+ pr< A(T+2e)gy <~ (T + 2¢e)ipy

3Bigcu i 31emu 6 BUNAUBAE, Lo pag F e uinum. Kpim Toro, po3rnsiHyBLIV nopag, 3 pagom F psg
F, BU3HaueHWin 3a (6), i 3acTocyBaBLUM A0 psaay F nemy 5, oTpuMyeMo HepiBHIcTb Inp{a, F) <
(T + 2e)epr, 6 > a0(g). Toami t(F) <T + 2¢

3iHwWoro 60ky, 3a (13) ana scix k > ks(e) maemo



aToMy 3a 1IeMoro 5 icHye Taka 3pocTatova 4o +00 NocnigoBHICTb (crm), LWwo

Inp{on,©) > (T —e)edn n€NDO.

Topi t(F) > T —e.

Omke, T—e < t(F) < T + 2¢, 3BiaKM, 3aBAAKU A0BinbHOCTi € € (0, min{l, T}), oTpumyemo

i(F) = T. Togi T(F) = T sanemoto 7. Teopemy 2 NOBHICTIO A0OBEAEHO.

(1]

(2]
(3]

(5]
(6]
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Introduction

Mathematical models of variousnatural and industrial processesoften lead to problems,
such that it is impossibleto obtain exact solutions of which by meansof well-known classical
methods. This is the reason for further development of function theory and numerical analysis.
Enlargement of an "library" of nonelementary functions leads to the enlargement of tasks that
can be solved in closed form. That's why the introducing of new nonelementary functions and
studying of their properties are actual tasks.

In [7], [8] we investigate new nonelementary functions Sin(x), Cos(x), constructed by re-
placing in a power series of classical transcendental functions sin x, cos x falling factorial pow-

ers n- (i.e. usual factorials) by corresponding rising factorial powers n". Replacing in the
X X

Fresnel integrals J cos t2dt, f sin t2dt trigonometric functions by the functions Cos(x), Sin(.r),
0 0
we get new real functions

C(x) = | Cos(tdt, S(x) = [ Sin(t2dt

Note, that the Fresnel integrals were originally used in the calculation of a field intensity in
an environment related to the bending of light around opaque objects (in diffraction theory).
Recently the Fresnel integrals and their various generalizations have been used in vibration
theory, in the design of highways and railways, etc (see, for example, [1], [3], [5], [10]-16], [18]
and the references given there).

The aim of this paper is to study the functions C(x), S(x).

© Goy T.P, Zatorsky R.A., 2013
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1 Preliminaries and Notations

For an arbitrary x € K and me N the factorial power m with the step of k € E is the
expression

xm{k _ xX+ (] 4-2A)-... - (X + (m —1)k).
Factorial power xnmW is called rising if k > 0, and is calledfalling if k < 0. By definition, put
xoffct = i, [ffc= 0, then we have a simple power, i.e. xmWV = xm.

Rising factorial powers with the step of 1 and falling factorial powers with the step of (—1)
we will denote by

xm= xn -x(x+1) ... - (*+ m—1), XF=xm{~1) = Xx(x —1) ... - (X —m+ 1),

respectively.

Different notation of factorial powers are used by other authors (see [4], [6], [9], [17]). For
example, a rising factorial power m with the step of 1 often denoted by the Pochhammer sym-
bol (X)m, K€ (x)m = *".

Relation between the factorial function m\ and rising (falling) factorials is expressed by the
formula

m = Vs= m—

The main properties of falling factorial powers with the step of (-1) and rising factorial
powers with the step of 1 are given by the formulas

AX—= mxX:l, Axm= mxm \

respectively, where A/(x) = f(x + 1) - /(x) is a forward difference of a function f(x) and
A/(x) = f(x) —f(x —1) is abackward difference of a function /(x).

2 Functions Cos (X), Sin(x), defined by the rising factorial powers

The known power series

cosx- Y N ox2'= Yy X2n (1)
,t0 (2n)!X h i '
o / -\ 0 (. mn
yiny - ¥ -1/ __yen+1 =y __ Ly x2n+l 2
—riTo (27 + ! a,(2n+ 1)~ {)

can be treated as the series constructed with the help of falling factorial powers.
In analogy to these series in [7], [8] we investigate new nonelementary functions Cos(x),
Sin(x), constructed with the help of rising factorial powers

Cos(x) = ¥ Xn=1- —+ — + +
fto(2«)2" 2-3 4-5-6-7 " Zn-2a+ 1)-...-(4wn-1) "
00 (n\n
Sinx) = Y — x2n+l
to 2n+ 1)2n+1
X X3 x5 n (—)”"x2n+1 n

1 3-4-5 5-6-7-8-9 @n+ 1) - (2u+ 2) -... m(4n + 1)

It is clear that

Sin&x) = t£i ( %(4n1(—2§)'! — X2, (4)

Absolutely convergence on the real axis of the series (3) and (4) can easily be shown.
In [8] it is also proved that

Cos(x) = 1+ 2\/x"cos | S ~sinl c(~r))'

Sin(x) = 2\fx ~cos | C +sinl S / (6)

where C(p) and S(p) are the real Fresnel integrals (cosine-integral and sine-integral) which
defined by formulas (see, for example, [2], [17])

S(B = 13 Sin2<* ° , & (4n+ 3)(2h + i)! p4n+3 (8)

Given (7), (8), the formulas (5), (6) can be rewritten as

Cos (x) = 1+ 2yfx 4 sin™M2+ ~NJdt,

K
Sin(x) = 2\fxJ ~cos”i2 —-"Njdt.

Some authors define the Fresnel integrals as

P Tiv P Tiv
C*(p) = J{) COS—Z—dt, S*(p)= Jg sin-— dt.

Then the functions C*(p), S*(p) can be represented in the following form

CosM = 1+ (cosl S*(-~L) - sini C*(J =)),

SinxX) = vAv/T1T (cosIC* (N~ L) +sinl S(J =)).

Figures 1, 2 show the graphs of functions y —Cos(x) and y = Sin(x).



Fig. L Graph of the functiony = Cos(x) Fig. 2. Graph of the functiony = Sin(x)

3 Integral functions C(x), S(x) and their properties

We will denote by C(x) the function defined by formula

C(x) = ¢ Cos(t)dt. (9)

By (3), (7) we obtain the following series expansion of function C(x):

A~ (—1)" {In —1)!  4n+1

o A -~ + E (4, -i), (4, + 1)~ + -

Then, since
To(h)nEn—1) L zg 1Ny
“i@m-D(4n +1) * 6" ej (29)(2n —2s8)!(4n - 4s+ 1)
( 1 )nv4n+5 n 1
n=0 16+l £ (2s+ D)I(2n - 25+ )!(4n - 4s+ 3)

- 2x+ 4 £ B A -~ An+l

~Q(2n)142n 0 (2n)!1(4n + 1)24m+1
(- (-1r .An+3
TAR L 1)aertt Jtfc (2n + 1) (4n + 3)24«+3

from (3), using (1), (2), we obtain

cm = - *4c04c© -°,TSO)- a0)

The graph of y = C(x) is plotted in the Figure 3 (the dashed line is graph of the function

y = -x).

Fig. 3. Graph of the functiony = C(x) Fig. 4. The graph of the functiony = S(x)

Define the following function

= [ sin()d. 1)

From (11) and (4) we obtain presentation of function S(x) in the form

TM f  (~1)"-*(2«-2)1 4,1 12)

Since

A (—D"-1(2n =2\ 4, !'=x3 ~ (-j)«I* n
2t (4n-3)1(4n-I) 2itd 186N &p(2s+ 1)!(2n- 2s)!(4n - 4s+ 1)
A% 2 -y ngan 0y
+ T EQH 16F - B (2s)12n - 25+ I1(4n - 4s+ 3)

® / lisa f 1Vvi
. I~-V van+l1 V-1 van+l
AT, on+ 1)1427 41 S, (2n) (@u + 1)241+1
O I - »AN+3
LU, (2n)!142« S0 (2n+ D! (4n +3)24"+3

from (12), using (1), (2), (7), (8), we get

SW =4 (sinfc(i)-cosfS(i)). (13)

Graph of the functiony = S(x) is plotted in the Figure 4.
The following proposition establishes a relation between the new functions C(x), S(x) and

classical Fresnel integrals.



Proposition 3.1. Forallx €ER
(C(x) + x)2+ S2(x) = 16(c2(!') + s2(]))- (19
Proof. Squaring and adding the formulas

*2n (X\ , - *2¢(
cos'4" (2) wx |

sinicfi)-cos”™~sm,=% ),
4 42 4 V2/ 4
which may be derived from (10), (13) respectively, we obtain formula (14). O

The following proposition establishes a relation between the functions C(x), S(x) and
Cos(x), Sin(x).

Proposition 3.2. Forall x €R
(C(x) + xf + S2(x) = (VI - Cos (x2)) + Sin2(x2)j . (15)
Proof. From (5), (6) it follows that
(1 —Cos (x))2 + Sin2(x) = 2x(C2( + S2
Hence, using (14), we get (15). O

4 Differential equations of functions S(x), C(x)

In this section it is shown that both functions C(x), S(x) are solutions of the Cauchy prob-
lem for the inhomogeneous linear ordinary differential equation of second order with contin-
uous coefficients.

Proposition 4.1. The functions C(x), S(x) are solutions of the Cauchy problems
I/ —4Ay' + x3y = —x4 —4, y(0) = 0, y'(O) = L (16)
4xy" - Ay'+ X3y = 4x2, y(0) = 0, y'(0) = 0. 17
respectively.

Proof. Using (9), (11) we obtain that the functions C(x), S(x) satisfy the corresponding initial
conditions. It remains to check that these functions are the solutions of differential equations
from (16), (17).

First of all, using (10), we find the first and second derivatives of the function C(x)

We obtain the differential equation (16) from (3), (18), (19) by elimination the expressions
Osfc (i)+si,fs(i), @sfs(i)-sin £ c(f). (20)

The proof for S(x) is similar. We obtain the differential equation (17) by elimination the
expressions (20) from (4) and formulas

S'(x) = 2x~cosjC (] ) + sin™rS(f,

2 v2 V4N / v2 V4 v2

le
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3anponoHoBaHi HOBiI HeeneMeHTapHi PyHKLiIT TNy iHTerpanis ®peHend, nobyaoBaHi Npu [o-
nomoasi 3pocTarymx hakTopiabHNX CTerneHiB. BcTaHoOBEHI AesKi BNacTUBOCTI LUUX IHTErpaibHUX
QPYHKLiN, NnobyaoBaHi ix rpadikn. BuBegeHi 3BMYaliHi andepeHLuianbHi piBHAHHS, pPO3B'ss3KaMu
AKNX € HOBI IHTerpanbHi PyHKLIT.

Kntouosi cnosa i opasn: hakTopianbHWUI CTeniHb, 3pocTaroumnini pakKTopianbHUIA CTeNiHb, iHTerpa-
nn dpeHens, cteneHeBi paguv, 3agaya Kowui.
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PaccmaTpuBaloTCA HOBbie HedfleMeHTapHbie PYHKUUKY TUNa nHTerpanos dpeHens, nopoXKaeH-
Hbi€ BospacTaowmmu PaKTOPUaNbHbLIMN CTENEHAMMW. YCTaHOBNEHbI HEKOTOPbie CBOWCTBA 3TUX UH-
TerpanbHbiX PYHKLMIA, NOCTPOEHbT NX rpanKn. BbiBeaeHbi 06biIKHOBEHHbIE AN depeHLManbHbie
ypaBHEHUSA, PELLUEHNAMMN KOTOPbIX ECTb HOBbie MHTerpanbHbie PyHKLUMN.

KnioueBme cnosa v dpasbi: paKTopuanbHas cTeneHb, Bo3pocTatowas akrTopmanibHas cTeneHb,
UHTerpansi ®peHens, cTteneHHbie pAgbi, 3agada Kown.
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Dmytryshyn R.I. Positive definite branched continuedfractions ofspecialform. Carpathian Mathematical
Publications 2013, 5 (2), 225-230.

Research of the class of branched continued fractions of special form, whose denominators do
not equal to zero, is proposed and the connection of such fraction with a certain quadratic form
is established. It furnishes new opportunities for the investigation of convergence of branching
continued fractions of special form.
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INTRODUCTION

The convergence problem of the continued fractions and their generalizations — branched
continued fractions (BCF) — is that on the basis of information on the coefficients of fraction to
conclude about of its convergence or divergence. Using the methods of majorants, fundamen-
tal inequalities, theorems about compact family of holomorphic functions, the convergence of
some numerical and functional BCF of special form are investigated in [1, 2, 3, 5, 6, 7]. Taking
into account the formulas for the numerators and denominators of approximants as determi-
nants, the properties of positive definite BCF are defined and considered in the monograph
[4, pp. 130-137]. The criteria of positive definite of the BCF established here are sufficient as
opposed to one-dimensional case, where the analogous conditions are also necessary. As a
result, for bounded and real multidimensional /-fractions the properties are studied and the
criteria of convergence are established [4, pp. 141-146].

In this paper we have defined class of BCF whose denominators do not equal to zero — pos-
itive definite BCF of special form. Representing denominators as determinants, the connection
between the about mentioned fraction and the certain quadratic form is established. Moreover,
for BCF of special form the sufficient and necessary conditions of the positive definiteness are
established.

1 Definition of a positive definite BCF of special form

We consider BCF of the form

q30+ 5 —2 ! Cbp: ------------------- ( ————— _ ! V/\ o1 (l)

. . o . Y
boi+zoi-® 1 + EQ QOFS ¥ §$—(Q>'5 f% + Z'P+ PZ brp + zrp
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wherears,r > 0,s> 0, r® 1, r+s> 2 brsr>0,s>0,r+ s> 1, are complex numbers, zrs,
y> 0,s> 0,r+ s> 1 are complex variables. Let z = (210,201, 220,211,202/ - -) be an infinite-
dimensional vector and n be an arbitrary natural number. By curtailing the nth approximant

1

/., (z) —®do + @)
froi + 201 — & " 1+ 13 >
b8+ 28-¢ ”
where
1
thp P P i -/ 0<p<n—1,

bip + zip + Qj prp + Prp

of BCF (1) top-down without any shortening in the intermediate operations (see [4, pp. 15-27]),
we obtain its representation as a ratio

An[Z)

/n@ = gz

(3)
where An(z), B,,(z) are polynomials of variables zrs,r > 0, s> 0,1 < r+ s < n, and constant
numbers ars,r >0, s> 0, r P\, 2< r+s<nbrssr>0,s>0,1<r+s<n

The numerator of ratio (3) A,,(z) is called nth numerator and denominator Bn(z) — nth
denominator of the approximant (2).

Obviously that for any n > 1each positive integerj < n(n + 3)/2 can be uniquely written
as

;= 1+ 24-——- f(r—1)+r+s, 4)

where | <r < n,0< s< r. We consider the symmetric matrix

Cn Ci2 cl,n(n+3)/2
c21 C22 c2,n(ii+3)/2
~mnn+3)/2 ( ) s n> 1, (5)

cn(n+3)/2,1 cn(n+3)/22 - < &N(H+3)/2,n(n+3)/2

whose elements are related to the components of BCF (1) as follows: Cj = br~ss+ zr- S5
G.j+r+l = Cj+r+l,j ~ —1/Cjj+r+2 —Cj+r+2,j = «Or+lI'if S= T, 1.€.,j = T+ 3)72, j+r+
G+ r + = —«r_S+i/fifo < s< r;cq = 0 otherwise; where1< i,j < n(n+ 3)/2, n> 1,rands
are determined from the decomposition number j as (4).

By arguments similar to the proof of the lemma 4.1 [4, pp. 130-132], we can show that
following lemma holds.

Lemma 1. The denominators of the BCF (1) are given by the formulas B,,(z) = det Cnn+3)/2,
n > 1, where C,,(n+3)/2 n > 1, are matrices as (5).

Let n be an arbitrary natural number,

Xn = (*10/*01/ - -/ *«0/Xn-1,1/ - /XQn) € C,,("+3)/2.

We consider the system of homogeneous linear equations Cn(n+3)/2Xn = 0, namely,

(&0 + 2i0)Xi0 —«20*20 = 0,
0L + 20i)XOi —*11 —«02*02 = 0,
«20*10 + (220 + 220)*20 ~ «30*30 = 0/
—0l + {bLl, + 2ii)XLl, —«21*21 = 0,
“ «02*01 + (b()2 + 202)*02 —*12 ~ «03*03 = O,
®
«i'0*«—1,0"b (bnO "b 210)*/TO — O,
—«n-1,1*n-2,1 + (bn-14 + 2n_ig)*,_ig = 0,

kOn*0pm—1 “b ipQn + 20(i)*0« —O0.

Let us multiply the equations (6) by * 10, *01, ‘®, *o«/ respectively, and add the resulting equa-
tions. This gives

n n n

T (brs+ Zrs)\xrs\2 — X  «rs(*rs*r-14Ao,s—80+ xr-|+0r0,s-SrOXrs) ~ X~ (*Is*0s+ *0s*Is) =0, (7)
r,s=0 r,s=0 s=|
r+s>| r+s>2,r"=|

where dpnis the Kronecker symbol. Weput BI$—Im brs, yrs —Imzrs, r > 0, s>0, r+s > 1,
ars=Ilmadrs,r >0, s>0, r¢p 1, r+ s> 2 and suppose that

n mn
Z (B™ + yrs)\Xrs\2 — b2 QirsiXrsXr-1+SfON-SrQ + Xr-1+SrQj-SroXrs) > 0 (8)
r,s=0 r,s=0
r+s>| r+s>2 rn~=|
for
ws>0, r>0,s>0 1<r+s<n, > Ixrsp > 0. 9)
r,s=0
r+s>|

Lemma 2. For an arbitrary natural number n by conditions (9) the inequality (8) is equivalent
to non-negative definite of the real quadratic form

n n
Yl /3sFs Yh xrsgrsqr-1+6r0,s-610 > 0,(10)
r,s=0 r,s=0
r+s>| r+s>2
rgi

where{(,s r> 0,s > 0,1 < r+ s< n, are arbitrary real numbers.

Proof. Let n be an arbitrary natural number and let the inequality (8) holds for arbitrary com-
plex numbers xrs,r > 0,s > 0,1 < r + s < n, such that the conditions (9) holds. In particular,
the inequality (8) holds iff xrs —£rs,r > 0,s > 0,1 < r+ s < n. In the inequality (8) we replace
the xrs by the real numbers (r>0,s> 0,1 <r+ s< n)and pass to limit in the both parts
of this inequalityasyrs-* O(r > 0,s > 0,1 < r + s < n). Then we obtain (10).

Let for an arbitrary natural number n the inequality (10) holds and let xrs = urs+ ivrs,r > 0O,
$s>0,1< r+ s < n We thenwrite the left-hand member of (8) in the form

n n n n n
> /'mWs- 2 X KrsUrsUr-1+SMS-Srt + X firsV25—2 ~  0irsVrsVr” i+grOS_srO+ s |*rs B/
f,s=0 r,s=0 r,s=0 r,s=0 r,s=0
r+s>| r+s>2 r+s>I r+s>2 r+s>|
rcpl rcpi
from which (8) follows by conditions (9). O



We now make the following definition.

Definition. The BCF (1) is said to be positive definite if the quadratic form (10) is non-negative
definite for arbitrary natural number n and for all real values oié\gr > 0,s> 0,r+ s> 1.

Theorem 1. If the BCF (1) ispositive definite, then its denominators Bn(z), n > 1, do notequal
to zero forlmzrs> 0,r > 0,s> 0,r + s> 1.

Proof. For each natural n the system of homogeneous linear equations (6) has the trivial solu-
tion (all variables equal to zero) iff Bn(z) @ 0. Since (7) is corollary of the system of equations
(6), obviously the system of equations has only a trivial solution, if the conditions of theorem
(7) holds iff xrs = O,r > O,s > 0,1 < r+ s < n. Indeed, if (10) holds, then (8) holds via
lemma 2, and thus (7) holds iff

t M 2=0

r,s=0
r+s>|

for each natural n. O

We shall now prove the following theorem, which furnishes a parametric representation
for the coefficients of a positive definite BCF of special form.

Theorem 2. The BCF (1) is positive definite iff both the following conditions are satisfied.
A) The imaginary parts of the numbers brs, r>0, s>0, r+ s > | are all non-negative

/As=Imbs>0 r>0s>0r+s>1 11)
B) There existnumbers grs,r > 0,s > O,r+ s> 1, such that
0O<gs<1l1l, r>0,s>0,r+s>1, (12)
and
ax = Brspr+ifo_ 1K iK)(l - gr+0o-u-Ooggrs, r>0,s>0,r@ 1, r+ s> 2, (13)
where ¥s= Imars,r> 0,s> 0, r @ 1, r+ s> 2 auis the Kronecker symbol.

Proof. Let n be an arbitrary natural number. Let arbitrary p and g be given, such that p > 0,
>0 1< p+g < n;putin (10) ¢ @ Oand &M% = O otherwise. Then the inequality (10)
we write in the form ppn¢p™ > 0. It follows that the conditions (11)are necessary. Let q be
an arbitrary number, q > 0, &n ¢ O, r > 1, and all other cases {T3= 0. Thenaccording to
theorem 16.2 [8, pp. 67-68] for s = g the conditions (12) and (13) are necessary, i.e., there exist
the numbersgrg, r > 1,suchthat0 < grg < 1,r > 1,and azy= ByPt-1,n(1 - gr-i,q)grq, r >2.
If ~os ® 0,s > 1, and all other cases ([$equal to 0, then according to theorem 16.2 [8, pp. 67-68]
for r — O the conditions (12) and (13) are also necessary.
Let the conditions (11)—13) holds. Then

n n 11
Y. ~2 OC™MY+STOH-STO = E + Yh B™0- ~ Srs){rs
r,s=0 r,s=0 s=0 r+s=n
r+s>| r+s>2 r,s>0
g
n
+ /\OlgOI/\OI + > y BT+6,-0—I,5—50( Sr+SrQ—1/S—Sro) {t+9dM)—I,s—Sro -b \/~f~rsgrs {te  /
,$=0
Li;g
where "+" istaken, ifas < 0,and " istaken, if ars > 0, from which (10) follows. O

By arguments similar to the proof of the theorem 4.6 [4, pp. 135-137], we can show that
following theorem holds.

Theorem 3. Iffor natural n the quadratic form (10) is non-negative definite, then the quadratic
form

n n
Xj Mrs 2 X Y3 +dio—,3-dIo
r,s=0 r,s=0
r+s>|1 r+s>2
rep\

is also non-negative definite for Jas]< \as\r > 0,s> 0,r@ 1,2 <r-fs< n
Corollary. In theorem 2 we may replace the conditions (13) by the following ones

K& < Br3pk+db-1,3-0,01 - gr+30\,s-6r0grs, r>0,s>0,rd 1, r+s> 2, @4
where0 < gs< 1,r> 0,s>0,r+ s> 1

Since \d&s\—Re(a%x) = 2a5foreachrs,r > 0, s> 0, r ® 1, r + s> 2, then the conditions
(14) we may write in the form

krsl —Re(ars) < 2~rs™r G0 NS Q1 grtSro—+—St Sy f 2 0, s> 0, rd 1L, r+ s> 2, (15

where0 < grs< 1,r >0,s> 0,r4s> 1.

2The examples of a positivedefinite BCFofspecial form

We consider fraction

@ 0 + 7 @ p = e 1 7 p > o,

wherears,r > 0,s> O, r @ 1, r+ s > 2 are complex constants. By an equivalent transforma-
tion we reduce its to the form

(Yo H A 2 ! = 0 _r2' P—

s=2 b r=2

where c2, =ars, r > 0,s> 0,r@ 1, r+ s >2 Than, taking into account that all prs = 1, the
conditions (15) for BCF (16) we write in the form

141- Re(4) < 2(1 - gr+Sro-u-sJdgrs, r>0,s>0,r@ L r+s> 2 @7

where0 < grx 1,r>0,s>0,r+s> 1LIfweputgrs= 1/2,r > 0,s > 0, r+ s> 1, this
reduces to the parabola regions

IS|—Re(cx) < /2, r>0,s>0,r@ L, r+ s> 2
IftheQs r>0,s>0,r@ 1, r+ s> 2 are pure imaginary, then (17) reduces to

M I< (! - gr+tO0i,s-00grs, N> 0,s>0,r@ 1, r+s> 2,

where0 < grs< 1,r>0,s>0,r+ s> 1.



Conclusion

An established connection between the positive definite BCF of special form and the certain
quadratic form furnishes us new opportunities of approach to the convergence problem of the
BCF of special form.
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AMnTpuwinH P.l. AogaTHO BM3Ha4eHi rinnscTi naHurosi gpobu cneuiansHoro surnagy // Kapnartcbki
MatemaTnuHi nybnikayii. — 2013. — T.5, Ne2. — C. 225-230.

3anponoHoBaHOo AOCNIAXKEHHS KAacy FinfsacTUX NaHLIoroBnx 4pobis cnevianbHOro BUrnagy, 3Ha-
MEHHMKN SKNX BiAMIHHI Big Hyns. BCTaHOBNEHO 3B'A30K TakKoro Apoby 3 NeBHOK KBaapaTUYHOK
thopMoOto, WO AaEe HOBI MOXXNMBOCTI ANA AOCNIAXKEHHSA 36KHOCTI FinfngacTuUx naHuroBux Apobis
cneujianbHOro BUINSAy.

Kntouyosi cnoBa i thpasu: AoAaTHO BU3HAYEHWUI FINNACTUM NaHUOroBuii Apib cnewuianbHOro BUrns-
oy, KBagpaTuyHa copma.

AMUTpUwInH P.L. TT0N0XNTeNbHO OonpejeseHHbie BeTBALMECS LenHue fpobu cneymansHoro suga //
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BcTyn

Y po60oTi MM po3rnsagaemMo nepLly 3agady MmatemaTuUyHol hisnku gng rinep6onivyHoro piBe-
HSAHHS 3 BUMaAKOBOK NPaBor YacTUHOM. Taki 3agadvi po3rnaHyTo B pob6oTax [1]-f10]. B cTat-
Ti [10] 6ynn ogep>kaHi gocTaTHi YMOBM iCHyBaHHSA PO3B'A3KY TaKol 3agadvi y BUrnsgi piBHoO-
MipHO 36i>KHOro 3a MMOBIPHICTIO psAay B TepMiHax KoBapiauiiHoT oyHKLiT cTporo OpnivyeBoro
BMMaAKOBOIro rMons, Lo CTOITb B NpaBiil YaCTUHI PIBHAHHA. B AaHii poboTi 3a UMX yMOB 3Ha-
XO4MMO OLiHKY pOo3Mnoainy cynpemymMy po3B'aA3ky. Kpim Toro, TyT HaBeZeHO NpuKnagm cTporo
OpniyeBUX BUMaALKOBUX MOAIB, WO 3840BO/IbHAOTH Li YMOBU.

1l OuyiHka pos3noginy cynpemymy

HacTynHa Teopema e YaCTUHHUM BUMaAKOM TeopeMu 2.2 Ta nemMun 2.3 3 po6oTtu [11].

Teopema 1 ([11]). Hexair (T,p) — MeTPUYHUIA (NMCEBNOMETPUUYHMIA) KOMMAKTHUIA NMPocTip,

N(u) — MeTpuyHa MacmBHICTb npocTopy (T,p), TOOGTO MiHIMa/IbHE UYMC/IO 3aMKHEHUX Ky/lb

paaiyca n, uio nokpueatoTb (T,p), X = {X(t),t € T} — cenapabenbHUii BUNagKoBnii npouec

i3 npocTopy bu(Ci), ae ana U BUKOHYeTbCA g-ymoBa. Hexai icHye Taka yHKLUiNA

a = 10o/;),0 < h< supp(t,s) wo a(h) MOHOTOHHO 3pocTae, HenepepBHa Tacr(0) = 0 i
| f,seT J

sup (X(t) —X(@©) 11 < cr(h). Akwo ansa geskoro £> 0 BUKOHYETbCHA YMOBa
p(t,s)<h

Jo Xu (n (o(-1)(7Q))) du < co, 1)

© [dosrawn b.B., 2013
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e
[s, n< U(Zg)
\ Cun”~(n), n> U{zq), @

Cu —K(1 + U(z0) Tax{1, A}, {0 K, J — KOHCTaHTU13 03Ha4eHHA g-ymoBun, a( xLn) — doyH-

KUif, obepHeHa o a(h), T03 iMOBIPHICTIO 0 AMHMLA BUNAAKOBa BenunHa sup |[XE)| HanexxnTb

teT
npocTopy L[j(D) 1a

sup IXE)l < x¢olm +
teT

fQ Xu (N (o( 1}M)) ciu= B(iQN0), (3)

ge to — pgoBinbHa Touka 3 T, ivg = 0 (supp(to,t) ,0 < 6 < 1L Kpim ToOro, ans 6yab-siKoro

\teT
€ > 0 Mae MicLe HepIiBHICTb
-1
P sup|X(OI>£ (4)
Hacnigok 1. Bisbmemo B Teopemi 1 npocTip T — {0 < x < b, ¢ < t < d} 3 meTpuKol
p((x, 1), (y,s)) = max{]x —yl|, i —s|}.- Toai ymoBa (1) BUKOHYETbCS, SIKLLO0 4151 4ESIKOT0 € > 0
BMKOHYE T bCS YMOBa
d—c
. + 1) )du< oo (5)
Jo VV2<ji(1)(u) 2c_1)(n)
~ 1 Fo® —
B(t0,0) < B(t0,9) = W(tONI + — — I xu 1 d=C¢ 1)y
2cr( 1)(wn) J \2(_1)(m)
Taansa éygb-skoro€ > O
(6»
p Ne w'>") - ute »

AoBefieHHsl. Hacnigok BunnvBae 3 TOro, o BLUboMy Bunagky N(u)< (€ +1)(t? + 1) n

Hexah T > 0 — pgesika cTtana, doyHKUiA ((X), X € [Q 1], — Taka HenepepBHO AUNMepPeH-
uirioBHa dhyHKUis, wo q(x) > Q {x,t), x € [Om], t € [O T], — BNGIPKOBO HEMepepBHE 3
iMOBIpHICTIO 1 BMNaaKoBe Mnone.

Po3rnsiHemo nepluy KpawoBy 3agady A1 HEOAHOPIAHOrO rinep6oniyHoro piBHSAHHS 3 Hy-
NbOBUMU NOYATKOBUMU Ta KpalioBMMN YMOBaMm

A2 a2 )
-i{x,i), x€[@Qn, te€[QT] 7)
\t=0 = 0 du =0;
U\t=0 = ) - Y 8
dt g @

'|jx=0 — 0/  ul\x=n — 0. 9)

PosrnsaHemo 3agavy LLTypma-Jliysinnsa
d2x
dx2

X(0) = X(tr) = 0. (11)

gX + \X = 0, (10

Hexai Xn(x) — opTOHOpMOBaHIi 3 Baroto p BnacHi oyHKUiT Liel 3agadi, a JIn— BignosBigHi Bna-
CHi 3Ha4YeHHs. bygemo BBa>kaTu, W0 JIN 3aHyMepoBaHi B NOPSAAKY 3pOocTaHHs. 3aBasiky obme-
YKEHHSIM Ha ( BCi BlacHi 3Ha4YeHHs AoAaTtHi i HyNb He € BNaCHUM 3Ha4YeHHsM [12].

MosHaummo uyn = A, B(x,y,t,s) = E, NN B), (x,y,t,8) € [0,7]2 x [0, T]2. Mpu-
nyctumo, wo B(0,y,t,s) = B{n,y,t,s) = O,y € [0,#],t € [0, T], s € [0, T]; B(x,0,f,s) =
B(x, T,t,s) = 0,x€[0,M],t €[O0, T], s€ [0, T].

O nsa KOXXHOI hikcoBaHoT napu (t,s) € [0, T]2 npogoB>Xnmo hyHKUito B(X, Y, t, S) 9K oyH-
KUi0 Bif X,y Ha BCHO NowunHy R2 Tak, W06 BoHa byna nepiognyHoro (PyHKLUIE 3 nepiogom
27T noxTanoy iwob BUKOHYBaUCb TOTOXXHOCTI B(—x,y, t,5) = —B(X,y, f,s) = B(X, =, t,s).
BHacnigok Halloro npunyLeHHs Take NpPoAoBXeHHSA MOXX/IMBE.

Mo3Haunmo

.
Bif(x,y,t, §) = _A-I_IP’B(X’ yt,s), 0<ij<2
ax.ay

RA<EB(X,y,t,s) = B(x+ Sby + 02t,s) - B(Xx + 5\\y, t,8) - B(x,y + 02t,s) + B{x,y, t,s);
AXB(x,y,t,s) = B(x + S,y,t,s) - B(x,y,i,s);
AllsB{x,y,t,s) = B(x,y + 9,t,s) - B(x,y,i,s);
B(x,y,t,s) = B(x,y, t,t) - B(x,y,t,s) - B(x,y,s,£) + B(X,y,s,s).

Teopema 2 ([10]). Hexaiiy (7) &(x, £ — ueHTpoBaHe cTporo Opnivese BMNagKoBe nose 3 Npo-
cTopy Lu(Cl) BubipKoBO HenepepsBHE 3 iIMOBIPHICT0 ognHuuA, U 3a40B0JIbHSE g-yYMOBY (TO6TO
320> 03K > 034 > 0Vx > z0Vy > zq: U(X)U(y) < AU(Kxy)). Hexaln @(A), A > O, —
HenepepsBHa 3pocTatua yHKuid, @(A) > 0 npu Bcix J1 > 0, @(A) —m oo, J1—00,Taka,

wo dyHKLUiNA -€ 3pocTaryo Nnpu A > Vg gectaiai’'o > O. MpunycTuMo, WO MAPUBCIX
XxX€[0onmM,y€|[on],te€[0T],s € [0T] icHye HenepepBHa noxigHa lJ ™ B(x,y, f,s) Tagns
NesiKuX HenepepBHUX PyHKLUiIN 1(d-[,02), O\ > 0,02 > 0, TaT(d), d > 0, Takmx, o 1(61,02) > 0

npué\ > 0,2 > 0, (0, &) = (™1, 0) = 0, I(™X,2) MOHOTOHHO 3pocTacno raizZt(™) >0
npnd > 0,1(0) = 0, 1(d) MOHOTOHHO 3pOCTAaE, BUKOHYO TbCA YMOBW:

- 3biraloTbcApaAan

00 00 T IiK 4An 00 00 T (1
S X AfL-qiiim2<oo, £ £ A N @r2e(nd < oo,
fcd m=l fcol el

oo o0 j- (IL\ o0 00 4

2 <°0 %2 2

k=\ m=I k=\m —I

- ONa AoBinbHOro € > 0



- Anda BCiX 0 < i,j < 1iCHYIOTb Taki KOHCTaHTUCy» > 0, C2ij > 0, CUj > 0, wo

rTc
/ VA (X, vy, t,9) ldxdy < CuM 51r d2),

&<t< --ft J=10

s<T

m/rn

sup / if  \AEBAZ(x,y,t,s)\dx)dy < C2nT(5),

<t<TJo \J-n J

<s<T

sup | | \AIABA/] (X,Y,t,s)\dy) dx < C3ii;T(0);
o<kt Jo J-m ' J

0<s<T

ANs BCIX0 < i,j < 1iCHYHOTb Taki KOHCTaHTUMjj > 0, wo

r7i o N

yo J B3jj(x,y,t,s)dxdy <
Vi(hn +70)

Togi psag
w \ rt
u(x,t) = vV x n(x)—1 / sinpyn(t u)lL,n(w)du, (13)
“ Ln Jo
Ae
i = 5 Z(X.:nX,.(X)ax, (14)

36iracThbCsi PiBHOMIPHO 3a MMOBIpHIcCT0 B 06nacTi [0, M\ X [0, T] (T > O — pgesika cTasa), piB-
HOMIPHO 3a MMOBIPHICT0 36iraloThca paan, oTpumaHi 3 (13) noYsieHHUM AndpepeHLitoBaHHSAM
OAVH TajBa pasuno ti ogmH Tagea pasm no X, Ta3 iMOBIpHICTO0 ogmnHnus 3agada (7)-(9) mae
pO3B'A30K, AKUI MOXXHA 300pasnTuy BUrnagi pagy (13).

Nema 1. Hexaii BUKOHYOTbhCA YMOBU TeopeMin 2. Mo3HauynMmo

@ J (
vn(*/0= E  Xk(x)— Sinf/Jt(f - u)Ck(u)du. (15)
k=N+I vk JO

Togipgna scixh > Onpux,y € [0, 1], t,s € [0, T], N > 0mae Micuge HEPIBHICTb

sup {EAWN(x,t) - VN(¥,s)]2)1/2 < DN— r-1-—-y, (16)
i*-yi<n o\1 + vo
ae
/ © 1 \ 172 \
Dn= Tmax{L,2Cx} E E —— €K@\ + vO)@(pli+ 00)
\ b=N+I m=N+1 /

( E EOO — (4T 2Ap/™ vo)<p("w+Yo)+2TTax{l,2Ti<p(™ + i;0PE1 + Y0

k=N+1m=N+I
. \ 1/2
+2Tmax{l,2T}(p(/im+ 0o)p(l + Vqg) + (Tax{1,2T})292(1 + ¢0)) J

L, CX — KOHCTaHTW, BU3Ha4eHi B 1eMi 2po6oTu [8], Q m= supO<f<r |EEXH)Cm(s)].
0<s<T

NosepeHHa. Ona 6yab-akux i,i/ € [0,7r], t,s € [0,T], N > 1, maemo

T\1/2 / ~ 1 rt
NWN(x,t)-VN(Y,S\ ) = E J] — (Xfc(x)-Xfc(y)) / Ck(u)siniik(t-u)du
J " jfeeNH WK Jo
172
IL:D 1 / o fs )
+ 7" X*Y) / Ck(u)sin}ik(t-u)du - &(u)sin”™(s - u)du < fi+ N,
k=N+ 1 Hk \J0 A0
ne

172
(€ 9) J .t

Ai= E E —(XKk(x)-Xk(y)) Ejfc(w)sin/<*(f- u)du
k=N+I1 Vk

1/2
~1 1 /15 o /s .
n2 E -~ Xkfy) I /7 Cjt(«¢)sin?jt(i-M)</M- / »(M)sin”(s - u)du
k=N+1 1k \J0 A0

MosHaunmmo Rkm(t,s) = f f sinuj.(i —w) sinuw(s —v)ECk(u){m(v)dvdu. Togi
im 20

a (e o) 1

AXK (X ) - X k(Y)NAXm( x ) - Xm(y)\\Rk,m(t"t)\-
fe=N+l m=N+lI

3nem 2,3 poboTu [8] BUnmBae, wo |X*(x) —Xfc(y)] < max{L,2Cx} N . Kpim TOro,

IKEm*S)] < Q,mf f Ismuk(t- i0sin//,,,(s - u)]dz,du < T2CH,.
70 70

OTXKe,

@ @ -2

A? < T2(max{L,2Cx})2 E E ~~TCKT + +»0) (V (™ ,+ ~0
( { 2 It=N+l m=N+l WiAT kTU ) ( S/I* ~M

o @ 1 1 /f -8

A2< E B TT- IGUIDOO E A& sinpitf-u)du- £A(u)sinA(s - Udu

fQCm(v) Sinp,1(i - v)dv -J ~mu)sin//m(s - V)dv
Hexali onga BusHayeHocTi s < t. Togi
I Ck(u)sinp”™ —u)du —f ™) sinp”™g —u)du
Jo Jo

J () (sinp™Np —U) —sinpu™0 —u)) du +  Zk(u) sinpk(t —u)du.

ao ao J

OTxKe, <C|] E E e
fc=NH m=N+I t kT

<Ikm (S/ 0 J k(u)(sinpk(t —u) —sinpk(s —u))du +  N(w) sin”(i —u)du

X Cmw)(sinf/m(f-i;)-sin A m(s-i;>))dv + ¢,,(V) sin”m(i - i;)du



Mpwn goBegeHHi nemm 2 3 poboTK [8] 6yno nokasaHo, Lo
dk,m(s/i) fiCfcm(4T cp(pk+ vo)u{lNnt + vq) 2T wax{1,2T}<p(™ + (>o)o(l + ug)

+2T max{l,2T}cp(fim4-vo)p(l + vq) + (Tax{l,2T}292(1 + y0)) - — -mmmmmmmv —

P2{\™"\ + W
OTXKe,

00 00 |

E 2 CKT— — (“"T2(p(uK + l'o)e(unt +7'0) + 2T max{l,2THp(uk+ vO)@(1 + vO)
JE=ENH MmN+ rkpm

+2T max{l,2T}@(u,n+vO0)cp(l+v0) + (max{l, 2T})2p2(1 + y0)) ~— — -
ANGETAI + Ko)
L]

3ayBaxkeHHs1 1. 3 nemu 1po6oTwu [10] BUNAMBaE, L0 3ayMOB TeopeMu 2 Npn K > 1 1am > 1
Ma€e MicLe HEPIBHICTb

r sc -Y - *(CvM t£t'm) . [2 IC2,T(f) i2LC3iAT(£) CcG; 4
4 » <4 m- n N 87 +yr— 4m + - 4A---—-+ b T I (17)
pell = sup \gX\ Cc,,j= L272 max |Ri2/(*/V,i,s)].
0<K<T Ac,Ye[o, ]
fsefOT]]

Teopema 3. Hexaii BUKOHYIOTbLCA YMOBU TeopeMu 2. Tofi oNna AoBiibHOro e > 0 Mae micue
HEepIBHICTb

A\ -1
P sup WN(GH\ <lu u - - 18)
xe[0,n\ I V. \Bv{O)
{te[o,T}
ne
o= ((11E)>
(19)
cooéar
?t»0N -
O(tax{a,l'} +yo)
n / @ @® 4 \ /2
Dn = rmax{L,2Cx} £ £ AN o KN (pl + vo)e (ua + e0)
\A:=N+Im=N+I
@ [e0) 2
E L. "KmW ~{"12(P(™ + vo)o(uni+ Oo)+2Tmax{l,2T}(ptyk+ Oo)<p(l + Oo)
=N+ 1m=N+I MI-1™

+2Tmax{l,2T}cpm+vO)(p(l + vo) + (max{l,2T})2(p2(1 + vo)) Y /2,

ChO — KoHCTaHTa 3 03HavyeHHsA cTporo OpniveBoi cim'i BUNagKoBUX BEIUYNH.

AoBepieHHs1. TMoknagemo B TeopeMi 1io — (0,0). Toai \\Xto)\\u = 1IYKr(0,0)Lin = 0. B Hawiomy

Bunagky b — m, d—c — T, a(h) = \, h > 0. Tomy cr(~)(u) = --—-- L - Yy, m> 0.
y W(t,+vo)

YmoBa (5) HabyBae BUrnsigy

A (W) =)

i BUKOHYETbLCS, 60 BUKOHYETbLCA YMOBa (12). 3ayBadKuUmMOo, L0

VvQ o+ 1 < 00

Wg = i7(max{7r, T}) = — e y = Won
v max(m,f} + v°)

Kpim Toro, 3a nemoto 1Ta 3ayBa>keHHAM 115 BCiXx A > O

sup [IVn(*,0 - VN(y,s)l lu
max{ | x—y\\t—s| }<Al

/ TALR
< Cg sup (E(VN(x,t) - VN(y,s)) ) <cr(h).
max{|x-y[,[f-s[}<h

Tomy TBEPAXKEHHSA TEOPEMM BUNMBAE 3 TeopeMm 1Ta Hacnigky L O

2 MNpuknagwu

HaBegemo npuknag BunaakoBoro nonsi £(x, £), ANsl AKOro BUKOHYIOTbLCS YMOBU TEOPEMU 2,
a, OT™Ke, i ouiHKa TeopemMu 3.

Mpuknag 1. Hexaint U(x) = N\, 10610 LU{0) = | p(Q), Nnpn p > 4. PosrnsaHemo BUNagKose
none {(x, t) € Lp(Q), p > 4, wo Mo>KHa NpeacTaBuTNy BUTNALI

00

= E Wfk(x)9k(t):
k=1

ge nk/ k > 1, — ogHaKOBO Po3MN0fifieHi He3aneXkHi LueHTpoBaHi cTporo OpiveBi BUNaaKoBi
Be/iMUnHU, 0 < X < 7,0 < t < T, fk(x) — ABiYi HenepepBHO aAndepeHUinoBHI, (pk(t) —
HenepepBHi yHKUiT, ak— gesaki ctani, fk(0) = fk{n) = O, B2 = m2 Ejk= 0.

Topai KoBapiauiiHa yHKLiS Mae BUrNs

00

B(x,y,t,s) = EE™X,N{N,B) = m2 Y7 akfk(x)fk{y)cpk{t)(pk(s).
k=1

HexaiiVO < r< 1, /> 1 MaloTb MicLie HEPIBHOCT

\<Pkt\ < Dfk;

VE@a+i)-/fwi<d A *>2ft 1/ f'W1 2 Dfin
Taana Beix 0 < i,j < 1 36iratoTbcapagu

00 00
E akD2kdflk max{dfjk, Dfjk} < oo; N akRdIkDTIKD fijk < oo.
fe=I fe=I



BisbmMemovO = 0; @(A) = AB, A > 07- < B < ~(p > 4);1(dv d) = (did2a, 1(0) =

o0, a > 2B. Toni

00 @O T (m m\ ooco

CcCOooo N

00 00
2 Z - a*E E < »,
00 00 Y (TN 00 00 el
DT oPtPnMt = I T kR oPmi+-2f <
fc=Im=1 norm *=Im =1 K P
00 00 il 00 00
—_ — N “
PR SIS =& W5 ‘“‘2[3 <

Ockinbkn U(X) = W\, X ER, p> 4, <p() = 5 A >0, " < B < 10 li(_1)(X)

, X >0 @™ (X) = A?, A> 0. TogiYe > Onpup > |

Cp= (W™ <

PosrnsaHemo B2rZ{x,y,t,s) = m2" a R* 2\ x)/{2)( t)(pk{s). lNogi

b=l

00

b2h#P2i%{x,y,t,s) = M2£ fl22fc(0 A((//i2)(* + M) -A (2)(X)) (n@N(y+ Q) - 1§ 2

00]
bxjBA2j(x,y.t,5) = M2E AA[<PILS)AR) (x+ ) -fk 20)(x))Fk2)(y)

00

by,sB2ii2j{x,y,t,s) = m2 E f2<Pfc(0<Pfc(s)ARI)W (/T 7)(y + ) - fl2\y)) ,

@
BAJ{x,y,t;s) = m2 £ akf~\x)f{2){y) (PK(t) - K(s))2.

Jfc=I

00 00

3a Hawmx ymoB VO < i,; < 1 £ aRD\kdfikmax{dfjk, Dfjk} < oo; £ a2d2 DfikDfjk < oo.

fc=1 b=i

Topi
04]
AW 2%2/(*,y,f,s)] < (0182 am2 % aRD 2kdfikdfjk/
k=1
@®
IAV B2/ (x/HT/s)| < <~ 2 £ aRD 2kdfikDfjk,
k=1

[AY~%2/(x,y,f,8)| < SA2E akD 2KDfikdfk,
k=1

~ m

1%2/(x,y,f,5)] < \t-s\Pm2Y j aRd2kDfikDfjk.
k=1

OmxKe;,

rm rn
sup / / 14307"Br/p0x,'/,i,s)jdxdy < 4rw akD kdfikdfjk - (<M2)“
OK&T jj ~ACj) —m k=1
O<s<T
n/ jn \ @

sup AXB2/21(X,y,i,s) Idx ) fy < In2m2 £ aRD 2kdfikDfjik mda,

0<t<TJO k=1

0<s<T

pn
sup IABR2I2/ (x,y,i,s)| dy) dx < 2m2m2 £ aRD 2kDfikdfjk =5\

O<t<TIV n / o=
0<s<T
I_I N 1
Ba4(x,y, t,s)dxdy < Tm2 E aIdIkDfIkijk, 5
o=
|f-s
TakuM 4YMHOM, YMOBUW TeopemMmn 2 BUKOHYOTbCA ana Vo = 0; <p(/) = h < B <
1{0X,02) = (OM2)\ 1(d) = 5¢, 0 > 2/3
a (00]
Clly = 4m272 E al DIkdfikdfjk, C2ij = In2m2 £ 4 D\kdfikDfjk,
k=1 fcd
00 0
C3ij = 2n2m2 £ a2D 2kDfikdfjk, My = mup £ akRd2kDfikDfjk.
k=1 k=1

Bunbepemo Tenep KOHKPETHUI NpoLec £(X, i), AN s «oro BUKOHYHOTLCA YMOBU NpUKnagy 1

Mpuknapg 2. PosrnsaHemo {(x, t) € L5(Q) Ta ogHakoBo po3nofisnieHi He3aneXkHi cTporo Op-

nidesi Bunagkosi BenuunHu tik ana akmx ER - 1, Ew, — O. MpunycTumo, W0 BUNaaKoBuii

00]

— r]kr]] sinkxcoskt, ge0< x < MO0 < t< T.
k=1 ~

m = 1, fk{t) = coskt, fk(x) = sinkx, fk2A\x) = (sinfcx)" = (kcoskx)' =

npouec {(X,i) 3anmcyeTbcay surnagi {(x, t)

TobTop = 5,ak=

—k2sinkx.
3ayBavKMMO, L0 OCKiNbKN VX € XK [sinx] <

M < Ixp;ana K > L Jsinx] < 1< x|\ 10670 |sinx]
Moknagemo B —n,a= L Togi | < B < \,a> 2B

XL Tonpu ] < B<jana M < 1 |sinx] <
< XP*npux e IR

/KA X) = (-1)'~AAsin/rx, 0 < i < 1

J1Z0\ X + &) —MA\®) —)'k2sin/c(x + §) —(—)'fc2 sin/cx

k6 k(2x + d)
= K |sinA:xx(x + 8) —sin/&q = 22" siny €0S—— ——-

<282 sin 'O < oo™ = t1e2i:
/) (x) = rerfsin/ex] < A%
kit —s) .. k(t
it —s) i (t+s)

| ~(i) —<Ptis)l = lcoskt —oosAs| = 2 sl --=7s =

K(t —s)
<?sm——-= C?
2 “ &



. k(t- . k(t + .o k(t-
Zsm——(——éi)lsm—(—z—s) < ? sm (t-s)

2

\<PK(t)\ = 1cos kt\ < 1.

Ooke,

dfik = kI+2t) dok= 27K7) Dfik = k2t =1

Ockinbkun ak = p , —I'Ol'lpl/|0< i,j < 1

E akDIkdfik ™ x{dfjkDfjk} = E ----- p— < E N < °°
Jt=l k=1 Kk=1*
O 22 n 27kh2ka 4 ~1
E akdgkDfikDfjk =F -------- pnr 27T E TITT < 00

/A o= fcelk 7

3
i YMOBU TeopemMu 2 BUKOHYKOTbhCA ANns @(A) = A7, 12~1,7) = <Mr; T(®) =

BucHoBKU

3a YMOB iCHyYBaHHS pPO3B'A3KYy rinep60oiyHOro piBHSAHHA 3 HY/LOBMMMK MOYaTKOBUMU Ta

rPaHNYHMMN YMOBamMmM Ta CTporo OpniveBo0 BUMNaAKOBOK MPaBok YacTUHOW Yy BUINA4I piB-
HOMIPHO 306i>KHOro 3a MMOBIPHICTIO pAAy 3HaAEeHO OLHKY po3noginy cyrnpeMymMmy po3B's3Ky
piBHAHHA. HaBegeHo npuknagm ctporo OpniyeBMx BUNaLKOBUX NONIB, L0 3a40BO/IbHAOTL L
YMOBW.
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We consider the hyperbolic equation with homogeneous initial and boundary conditions and
Orlicz right side. An estimate of supremum distribution of the problem solution is obtained in case
of existence of a solution in the form of uniformly convergent in probability series. Examples of
strictly Orlicz random fields that satisfy these conditions are showed.
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PaccmaTtpuBaeTcs rmnep6onmMyeckoe ypaBHeHve ¢ 04HOPOAHLIMU HaYalbHUMUW U TPAHUYHUMU
ycnoBusiMu 1 OpanyeBoit Npaeoii YacTbio. B yCnoBUsIX CyLLIECTBOBAHUS PELLIEHUS B BUAE PaBHOMeEp-
HO CXOAsiLLLerocsi No BEPOATHOCTU PsAAa MofydeHa OLEeHKa pacrnpefencHus cynpeMyma peLleHus
TaKoii 3agaun. MNpurBeaeHb! NpuMepbi CTporo OpnnYeBbix CayvaiiHbix noser yAoBneTBOPSIOT 3TUM
YCNOBUAM.

Kntouesbie cnosa u dpasbi: runepbonnueckoe ypaBHeHWe, pacrnpefeneHue cynpemyma, Opnamnye-
BOE CiyyaiiHoe rnorne.
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Pa6oTa nocBsilleHa nepevncneHnio pasbreHnii HEKOTOPbiX K1accoB MyNbTUMHOXECTB, U-Bep-
LUMHHbIX PETYNSIPHUX rpacdhoB BTOPON CTeneHU 1 6UTpaHcBepcanei KBagpaTHUX MaTpuL, U-ro no-
psgka.

KnioueBbie cnosa n hpasum: maTpuua, buTpaHcBepcanb, OCTOBHbIM 2-rpad), perynsapHuii rpad,
MY /b TUMHOXeCTBO.
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E-mail: romazz@rambler .ru (3aTopckuii P.)

BCTYIMJEHUWE

MepeuncanTenbHbie MeTOAbi KOMOMHATOPHO MaTeEMATUKMN ABASKOTCA UCTOPUYECKN Mep-
BbiMU U LLEHTPaNbHUMW MeTOAaMM KOMOMHaTOPHOM Teopuu [1]. OHM oanHaKoBO 3hNEKTUBHO
MPUMEHSAIOTCA B Pa3/IMUHbIX 061acTAX OUCKPETHON MaTeMaTMKU. B HacTosLel cTaTbe nlydae-
TCS CBA3b MeXXY HEKOTOPbiMU KOMOMHAaTOPHbLIMM 3a4a4aMmu Teopun rpacos, Teopun mMaTpul,
M TEOPUU MY/IbTUMHOXKECTB.

Knaccuueckoii 3agaveri KOMOMHaATOPUKN MHOXECTB SIBASETCA 3ajada O nepeyumcieHnm nx
pa3bueHuii Ha NogMHOXKecTBa [2]. AHanornyHbie 3agaym ans MynbTUMHOXXECTB MOYTU He UC-
cnefoBaHbi. Mo3ToMy M06bie, XOTA 6bi YaCTUYHbIe, pe3ynbTaTbi B 3TOM HarnpaBieHWiA Uccne-
JoBaHWN BadkHbl. OQHOM U3 TakMX 3afad ABNSEeTCA 3afjada nepevncneHmns Bcex pasbueHuii
MYNbTUMHOXeCTBa \X2, X\,..., X2} BCYMMY ABYX31€MEHTHNX MHOXXECTB.

MepeunicneHne Kanu [3] n3omMepoB HacbHLEHHbLIX yrnepogoB CnH2mH2 v nccnegoBaHue
Kunpxrocom [4] 3neKTpudecknx Lernei npm noMmowiy tTeopmu rpadoB cbirpanm BaXKHY0 pob
B XMW N30MEPOB U TEOPUN 3NIEKTPUYECKUX Lenel. CnefoBaTenbHO, BadKHbIM HarpasieHU-
€M KOMOMHATOPHOM MaTeMaTUKN SIBASIETCA NepeymncrieHne pasNnyHbiX KnaccoB NoMeYeHHbIX
M HenomMmeYveHHbIX rpados [5], Hanpumep, 3aga4va 0 NepeyncreHnn BCex PErynapHmnx A-Bep-
LLUMHHbBIX MOMeYeHHbIX rpadoB U My/ibTUTpadoB CTEMNEHN 2.

Mpn NOCTPOEHUN PA3TNUYHBIX PYHKLUWA MaTpUL, MPUXOOUTCH UMETbL A0 C NepevyncieHu-
eM pa3NMYHOro poga TpaHcBepca/ei. Hanpumep, npu NocTpoeHnK, Tak HasbiBaeMbix, buae-
TEPMUHAHTOB N BUNEPMaHEHTOB KBaApaTHMX MaTpuL, aHaNorMUYHbIX eTepMUHAHTaM U nep-
MaHeHTaM BO3HMKAaET 3adayva 0 nepe4vmcneHnm Beex (a) 6uTpaHcBepcaneil KBagpaTHbIX Ma-
Tpuy, — Habopa 25 3N1eMEHTOB KBagpaTHOW MaTpuubi S-ro nopsigka, B KOTOPbii BXOAUT MO
OBa 31eMeHTa U3 KabKAOM CTPOYKU M KadKAOro ctonbua 3ToM MaTpuupi. 3Ta 3agada nmeer

© 3artopckuii P., Meinkinue B, Nynbka C., 2013

ONVHHYI0 nctoputo. B 1966 rogy nHamiickme matematuku . AHaHg, B.C. Aymup n I'. F'ynta
[6] nonyunnun peKyppeHTHOe COOTHOLLEHWE

T[n) = " ((2n - 3)r(a - 2)+ (A - 2)2T(a - 3)),

KOTOpoe B pa6oTe [7] monyuwnno Bng T(N) = 1,2 ti(2MN (8 —1) + (a —1)T(a —2)). B. Tapaka-
HOB [8] monyuunn BbipaxkeHWe T () C MOMOLLbIO HEYNMOPSAAOUYEHHbLIX pa3bueHnin HaTypaibHOro
umcna a :
TGN\ = T ("2
1 j  2A2+3N3£"+5Mu=« W =2 Ar!(2r)A"

a/l. KHyT — acumnToTuyeckyto hopmyny T(a) ~ ly/nn2n+e~2n-",

BuTpaHcBepcaim KBagpaTHbIX MaTpUL, MHTEPECHH TakXke TEM, YTO C X MOMOLLbIO MOXXHO
CTPOUTL ABaXKAbi CTOXaCTUYECKUE MaTPULLH.

B cTaTbe n3y4aroTcs CBs3U GUTPaHCBepCcaiel KBagpaTHbIX MaTpUL, C peryisapHuMm rpaga-
MW BTOPOIA CTEMEHU U HEKOTOPbIM K1acCoOM My/IbTUMHOXKECTB. Tak>Ke MofyYeHO BbipadKeHue
umcna buTpaHCcBepca/e KBagpaTHOW MaTPULH Yepes naparnepMaHeHT TPeyrofbHoW mMaTpu-

ubi.

1 [llpeanBaputenbHbie cBeneHun

HanoMHMM HEKOTOPHE MOHATUA U YTBEPXKAEHUSA HEOOXOAMMbie AN MOHMMAaHUS CTaTbu.

11 TpaHcBepcann U MaTpulbi. NMapadyHKLUNN TPEyrobHUX MaTpul

MoHATUE TpaHcBepcanu SIBASIETCA BadKHbIM MOHATUEM KOMOUMHATOPHOro aHaimsa. B o06-

wem cnyydae nog (fi, t2 = -, in)-TpaHcBepcas1N0 YNOpPsA04EHHOro cemelicTsa S = (Si, S2, mmm, Sn)
nodMHOXKeCTB MHOXKeCcTBa A @ O, HasbiBalOT ynopsigoveHHoe cemericTBo T = (Ti,Ir,...,TIN
MOAMHOXKECTB 3TOr0 MHOXKECTBA, YA0B/IE TBOPSIHOLLMX YC/IOBUSM:

TIiC Si, \I\N=tu i=1,2,.. .89; TiNr; =0, 1<i<j< s

Ecnn B 3TOM onpegeneHuUn nonoxuts fi= 2 = mm= tn —1, TO NONYyYNUM OObIKHOBEHHYHO

(1,1,..., 1)-TpaHCcBepca/b, KOTOPYIO B NUTepaType HalbiBalOT CUCTEMOWM pasNnyHbIX npeacTa-
BuTenein. Ecnn, Kpome 310ro, nonoxknteb S- = {au,a2 mmAdmy/i = 1,2,..., 5, T.e. paccmaTpu-
BaTb HEKOTOPYIO MaTpuLy
/a9y N2 - m\
_ A21 ~22 ... «2n
3 . /

\dnl dn2 =m- dnn/

npuyemMm cUUTaTb, YTO BTOpPbie MHAEKCH 3neMeHTOB B (1,1,.. .,1)-TpaHCcBepcan He AO0/MKHbI
coBnagatb, TO MOMy4YUM Habop A 3M1EMEHTOB, B3ATUX MO OAHOMY U3 KaXKA0W CTPOUKU U Ka-
»KO0ro crtonbua maTpuuH. Takoii Habop Ha3biBalOT TPaHCBEPCA/IIIO MAaTPULLH.

OnpegeneHve 1.1. Habop 3n1eMeHTOB KBaapaTHOM MaTpPuLbi, B3ATbiX N0 ABa U3 Ka>KAoW CTPo-
UKN N KaXKA0ro cTonbua, HazoBeM BUTPAHCBEPCA/VIO s o 1 MaTPULbI.


http://www.journals.pu.if.ua/index.php/cmp

OTMETMM TakkKe, UYTO MPU NOCTPOEHUN PYHKLUWUI TPeyronbHbiX mMaTpuvl, (MapageTepmu-
HaHTa 1 NapanepmMaHeHTa) UCMNob3yeTCs MOHATUE MOHO TPaHCBEPCA/IN.
MycTb K — HEKOTOpPOE YMCNoBOE Mone.

OnpepaeneHne 1.2. TpeyronbHyw Tabnmuy

/a1 >
a2 a2

\«nl An2 '-- Ihin) n

yncen ymcnosoro nona K HasoBem TPeyrosibHoV MaTpuueit, 3neMeHT d\\ — BEPXHUM 3/1eMeH-
TOM 3TOW TPEYrosibHoM MaTpULUpi, & YNC/I0 N — ee NOPSAAKOM.

Kaxkgomy 3neMeHTy a(; TpeyronbHoi maTpuubi (1) noctaBum BcooTBeTcTBUE (i —j + 1) 3ne-
MeHTOB atk k € KOTOpbie Ha30BeM MPOU3E0HLIMU 3/1eMeHTaMn TPeyronbHOM MaTpu-
Ubl, MOPOXKAEHHbLIMMN K/IHOYEBLIM 3/1IEMEHTOM ujj. K/HOUeBOW 3NeMeHT TPeYronbHOW MaTpulbi
OHOBPEMEHHO fAABNSAETCA U ero npon3BogHbLIM 31eMeHTOM. NpounsBefeHme BCceX NPOU3BOAHbLIX
3N1EMEHTOB, MOPOXXAEHHbIX KNOYEBbIM 3/1IEMEHTOM aij, 0603Ha4YnM 4vepes {f/y} n HazoBem ha-
KTOPHaUTbHLIM MPOH3BEAEHEM 3TOr0 K/IKOUEBOro 3/IEMEHTA, T.e.

|
{«.,/} = 1 Jaik
k=j

OnpegeneHne 1.3. Ecnn A — TpeyronbHas MaTpuda (1), To cnpaBen/iMBbi paBeHCTBaA:

ddet(A) = t 2 (-1 r IrT\iaP\+-+Ps,Pl+-+Ps-I+|}'

r=1 p\+...+pr=n s=1
n r
pper(A)=£ £ n { fIPi+-+Ps,Pi+...+ps 1+i},

r=1Pi+ —+Pr=n S=1
rae CymMmMmpoBaHME MPOU3BOANTCA MO MHOXXECTBY HaTypPas/lbHUX PeELUEeHU ypaBHEHUs
pi+... + pr=1T11

OnpegeneHve 14. Kaxkgomy 3nemeHTY Uj 3agaHHOM TpeyronbHOM MaTpuubi (1) nocTasum
B COOTBETCTBME TPEYro/IbHYI0 MaTpuLy C 3TVM 3/IEMEHTOM B JIEBOM HUXKHEM YTy, KOTOPYH
Ha30BEM YI/I0M 3aJlaHHOW TPeyrofibHoM MaTpuLbi 1 0603HauMM yepes Rjj(A).

OueBnaHo, uTo yron Rij(A) siBnsieTca TpeyronbHoW martpuueint (i —j + 1)-ro nopsigka. B
yron Rij(A) BXOAAT TO/IbKO Te 3/IEMEHTbI ars TpeyronbHom maTpubi (1), MHOEKCbI KOTOPbiX
YO0BNEeTBOPAKOT COOTHOLUEHUAM j N s ™ r N .

Hwu>ke mbi 6ygem cumtartb, 4YTO

ddet (Rqi(A)) = ddet (AVAL(1)) = pper(KG (J1)) = pper(KWMH(A)) = 1

Teopema 1 (Pazno>keHue napadyHKUMIA MO 31eMeHTam nocneaHen cTpoyvkun). Cnpasennimebi
cneaytolime TOKIECTBA:

ddet (A) = ]P (-1)w+3{n,5 -ddet (Rs u), pper(/l) = {a,5 -pper(Rs_u).
s=1 s=]|
Bonee geTanbHO C3TUMM U APYTUMUW MOHATUAMU U YTBEPXKLAEHNAMU TeoprUn PYHKLNIA Tpe-
YroNbHbIX MaTPUL, MOXXHO NO3HAKOMUTLCA B [9].

,u
(J)

12 TIpadbi U uUKIbI. MynbTUMHOXeCTBa N X pasbueHuns

pad Ha3biBaeTCs MOMEYEHHbLIM, EC/TN BCE €r0 BEPLLUVHWN OT/IMYAOTCS OfHA OT APYroi Kakum-
MU-TM60 pas3NUYHHMU MOMETKaMU, HanpuMep, NepeHymMepoBaHbi MepBbiMyU HaTypalbHUMU
ymcnamu. B npoTUBHOM criyyae rpag Ha3biBatoT HENOMEYEHHbLIM.

3ameuyaHune 1.1. NomeueHHbI rpad npu NoBopoTax N CUMMETPUAX HE U3MEHSIETCSI.

Ecnu Bce BepLUMHM rpadia MMeoT 04UHaKOBYIO CTEMEHD I, TO TaKOW rpad) HasbiBaloT pery-
NSApHUM rpadooM CTeneHwu T.

OnpeaenerHne 1.5. MynbTUMHOXXeCTBOM A HasbiBalOT 110601 HEYMOPSAA0YEHHbI Habop 3ne-
MEHTOB HEKOTOPOro MHOXeCTBa [A], KOTOpOoe, B CBOK 04epelb, HasbiBalOT 6a31McOM MyNbTU-
MHOXKecTBa A.

OnpepgeneHve 1.6. Ecnu Mynb TUMHOXXECTBO A COCTOUT M3 K\ 3/IEMEHTOB a\, K2 3/lEMeHTOB a2,
..., K, 3/IEMEHTOB ar, TO CYATAa0T, YTO 3TO My/Ilb TUMHOXKECTBO MMEET MepBrHHYHO creumdukaumio
S(A) = [aWflj2/- - - /on"} n anaynobcTBa My/Ib TUMHOXKECTBO A 3annCbiBatOT B KAHOHUYECKOM
Buge A = {«j1,i22...,i?n"t Ymcna kj, i = 1,2,...,n, Ha3biBAOT MNoKasaTe/ I\ IM1 NepPBUUYHOM
cneymdmKaymn My TUMHOXKeCTBa A.

Mopg cymMmMoin ABYX MyNbTUMHOXECTB A = {XNXA2 - . Xnnt u B = {Xj1*22 ---,Xn'} noHn-
MatoT MY/IbTUMHOXXECTBO

A+ B = {xal+b\x“2#2/. .. fxarbny.

B cBA3M C onepauuveit cyMMbi My/Tb TUMHOMXKECTB BO3HMKAET 3ajada MepeymncieHns Bcex
pasbueHnii Myib TUMHOXKECTBA Ha ee MoAMY/bTUMHOXKeCTBa. 3Ta 3adada 0606L,aeT aHa/Ioru-
YHYIO K/lTaCCUMYECKYI0 3a4a4y 0 pa3breHnsiX MHOXKeCTBa Ha NMOAMHOXKeCTBa.

2 TMepeuncieHne N-BepPINHHbIX PeryisapHbix rpagos cteneHu 2

OueBNAHO, YTO M-BEPLUNHHLIN perynsapHbii rpag creneHn 2 cOCTOUT U3 OAHOI0 NN He-
CKO/IbKUX LMKIIOB 6e3 06LmnX BepLlUnH. CnefgoBaTte/ibHO MeXXAy BCEMU HENOMEYEHHUMU pery-
NAPHUMUN U-BEPLUMHHUMUN rpadamun CTeNEHU 2 U LeNINMUN HeoTpuuaTenbHbLIMU peLleHUaMn
ypaBHeHWsA

3A3 “b4Nl4 -(---- -bH\Y = T,

roe Ai — KOMMYeCTBO LMKNOB AAUHBT i, CyWecTByeT B3aMMHOOAHO3Ha4YHOe COOTBETCTBME. Ha-
npuMep, CyLlecTBYeT YeTbipe HENMOMEeUYeHHWEe perynsapHbie rpadu cTerneHn 2 ¢ A4eBATbIO Bep-
LLUMHaMW: UMK AAVHBT 9, ABa uMKna AnvHbl 31 6, aBa uukKna givHel 4 1 51 Tpy umkna gnvHsl
3 3TM perynapHmum rpadam CoOOTBETCTBYIOT YeTbipe Lesme HeoTpuLaTelbHMe peLueHus

A3=Jl4 = A5=J16 = Ay = As=0,A9= 1,
= A= 1,AMd=JI5 = A7= Ag= A9 = 0,

A3=Ay = N7=AB= 9= 0,A=As= 1,

A3 =3 4= N5= JI6 =N7 =Ag=/19=0



ypaBHEHUA
313+ 414+ 5715+ 6A6+ 717+ 8/AD 4 9M19 = 9. 2

Ecnun >ke paccmaTpuBaTth Takke HermoMeudeHHbIe perynsipHbie MynbTurpadbi, To ypaBHe-
Hue (2) cnegoBano 6bi 3aMEHUTb YpaBHEHVEM

2M2+ 33+ 4714+ 5715+ 6J16 + 7Ay + 8/184-9/19 = 9

N K NepevyncneHHbiM Bbille HabopaM LMKAOB cnegoBano 6bi AobaBuUTb Takke Habopwu, coo-
TBETCTBYHOLLME PELLEHUNAM:

n2= A7

1,A3=Jl4= A5 = JI6 = As

5

A2 = A3

M= 1,05= 6= Ay = Ag

I
B
I
=

A2= 2,As = 1,A3 = 14 = AN, = Ay — Ag = Ng,
Ar= 3JA3= 1,J4A= A5= A6 = A7T= As = A9 = 0.
Mpepno>keHne 2.1. CyuwlecTByeT
n\
21m2(N2)!131a3(A3)! ... -nIA'(A,)!

pa3InyHbiX pasbueHnin NnefeMeHTHOIrO0 MHOXKECTBA Ha J12 nogMHO>KecTBa MOLLHOCTM 2, A3 no-
OMHO>@KecTBa MOLLUHOCTU 3 1 T.4. A,, MOAMHO>XXECTB MOLLHOCTM I.

Ou4eBNAHO, YTO ECIN YUUTbIBaTb NOPALOK 3/1IEMEHTOB, TO KaXK0MYy TaKOMY NOAMHOXXEeCTBY
MOLLHOCTU K,K > 3, MOXXHO COMOCTaBUTb HEKOTOPbIN rpady, ABNAOLWUACS LUKIOM OJAUHbI K

MoacunTaemM Ko/MYeCcTBO MOMEYEHHbIX LUKIOB AAUHbI K. 3athuKcnpyem HEKOTOPYHO Bep-
WMHY UMKNa 1 npunuiem e nomeTky 1. OcTanbHbie (K —1) BepLUMHbI MOXXHO MOMETUTb
(k —1)! cnocobamn. OgHaKO cpeam NoayyYeHHbIX MOMEYEHHbIX LUKI0B, B CUY 3amedaHus 1.1,
6yaeT poBHO (K —1)1/2 oguHaKoBbixX Nap. TakM obpa3om, cripaBeginsa

Teopema 2. ABYXBEPLUMHHbIM LMK MOXXHO NMOMETUTbL 0AHUM CMoco6oMm; k-BEPLUNHHbIN LKA

(BUHBT K, K> 2) MOXXHO NMOMETUTDL pa3nnyHbLIMK criocobamu.

CnepoBaTtefibHO JIKUMKIIOB O/IVHLI K, K > 2, MOXXHO MOMETUTb & pasMyYHbLIMM CNOCOo-
6amMu 1 cnpaseg/imea

Teopema 1. Uuncno perynsapHbix N-BepLUNHHbLIX MOMEYEHHbIX rpacdoB cTeneHn 2 paBHo
vy, 1\ 2UB3UH ... «(n — D)IN"
3n3+H4AN . +NAME, N1313UB - -+ - JI.nJIn 2n3+14+...+a,,

Y - ®)

3B+ . +«N,=nMNr=3 Ar!(2r)ar- >

3ameyaHue 2.1. C yyeTOoM My/bTUrpados dopmyna (3) npumeT BUA

\Y ni2x2
2A2+43A3K , A, -»M ;=2 A,1(2 T )A- (4)
3amevaHue 2.2. O4eBUAHO,UYTO UMCO (3) peryasipHbiX N-BePLUNHHbLIX NOMeYeHHbIX rpados
cTerneHn 2 coBnagaeT C YMC/IOM OCTOBHbIX PerynsipHbix noarpadoB cTeneHn 2 NosiHOro n-
BEpPLUMHHOrO rpada.

3 [TepeuncneHune 6muTtpaHcBepcaneli KBaapaTHOW MaTpuUubi N pasbueHni

MYABTUMHOMX>ECTBA {x\, x\,..., X2} HA ABYX3NEMEHTHbLIE MHO>XECTBA

B npmBeaeHHON HKe MaTpULE 31EMEHTbi GUTpPaHCBEpPCanN BbifeNeHbl >XMPHbIM LWpud-
TOM

(an di2ais M4 A5

~21 «22 023 a24 a25 a26
«31 332 a33 «34 «35 «36
«41 342 «43  *44 45 46
«51 «52 «53 354 *55 JBB
\«61 «62 «63 «64 365 366/

BbLUMLLIEM MOCTPOYHO MOCNeA0BaTENIbHOCTb 3/IEMEHTOB BbifeNeHHO GUTpaHCBepcanu

(«11/ «13/ «21/ «26/ «32/ «33/ «42/ «44/ 54/ 55/ «65/ « 66)-

OueBNAHO, YTO NPU MOCTPOEHUN BUTPaHCBEPCAIN NOCNeA0BaTeNlbHOCTb NepPBbiX NHAEKCOB ee
371eMeHTOB MOXXHO 3admkcuposaTts B Buae (1,1,2,2,3,3,4,4,5,5,6,6). Torga Kaxkgast butpaHc-
Bepcanb 3TOW mMaTpuupbi 6yaeT B3aMMHO O4HO3HAYHO CBA3aHa C ynopsAoYeHHOM nocnefoBa-
TeNbHOCTbLIO LLECTU Map BTOPbiX MHOEKCOB ee 31eMeHTOB. [1159 BbifeneHHOW Bbillle TpaHCBep-
ca/in NoNyyYnm ynopsgovYeHHYIo nocnefoBaTe/lbHOCTb HeYrNnopAaAAoUYeHHbIX ABYX3N1eMEHTHbIX
MHO>XeCTB

({1,3}, {1.6}, {2,3}, {2.,4}, {4.5}, {5,6}),

CyMMa KOTOpbiX paBHa MynbTUMHOXeCTBY {1 2,22,32,42,52,62}. Kakgasa napa onpegensieT gsa
pasnnyHbie 371eMeHTbi HEKOTOPOW CTPOYKMU.

Ecnu, Bo6LWEeM cnyyae, umcnam 1,2,..., N coNocTaBUTb BEPLUMHLI rpada, a napam uncen —
pebpa rpada, To Nony4nm Habop UMKNoB. [encTBUTENbHO, BCEM O4MHAKOBbLIM NMapam AByX3ne-
MEHTHbIX MHOXXECTB COOTBETCTBYIOT ABa NMapasnefnibHbie pebpa. Ecnm >xe cpean ocTaBLUMXCA
nap 6onbLUe HET 0AMHAKOBbIX, TO OYEBUAHO, YTO Ka>KAOM OCTaBLUeNCA BEPLUMHE NHLUMAEHTHbI
ABa pas3nnyHbie pebpa. Tak KakK cTeneHb KayK[ol OCTaBLUEWCS BEPLUMHbLI paBHa ABYM, TO OHU
o6pasyloT onpeaeneHHbIn Habop UMKI0B. TakKuM 06pa3oM, cripaBeanvBa cneaytoLas

Teopema 3. Ynco pasnnyHbix perynsapHbix n-eepLUMHHbIX MOMEYEHHbIX rpadoB 1 MynbTu-
rpadpoB CTerneHn 2 paBHO YNCTY BCEX PA3/TIMYHbLIX HEYMOPSAA0YEHHbIX pasdneHnii MynbTUMHO-
>ectBa {l 2,22, ..., N2} B CyMMY ABYX3/IEMEH T HbIX MHOXXECTB, CPeau KOTOPbiX AoMYyCKaloTCs U
OAMHaKOBbie ABYX3/1IEMEHTHbIEe MHOXXECTBA.

Mpn nomMoLwy 3TUX HeynopsaAo4vYeHHbIX pasbmeHui MynbTUMHOXecTBa {12,22, ..., n2} Ha
OBYX3NEeMEHTHbIE MHOXXeCTBa MOXXHO MOCTPOUTbL BCe BUTpaHCcBepcann KBaApaTHOM MaTpuLbi
n-ro nopsigka. Ans 31oro 4octatovyHO 06pa3oBaTh BCe pas/NyHbie NnepecTaHOBKN KOMIMOHEHT
3TOro pastueHusi. Tak Kak Bce KOMIMOHEHTbiI pa3bueHuid, 3a UCK/oUYeHneM A2 rMap KOMMOHEHT,
pasnnuHbi, TO ANs MONyYeHUN ymncna Bcex buTpaHcBepcanen B hopmyne (4) Heo6xogMmo ao-
6aBNTb MHOXXUTENb -LL,. TakuMm 06pa3om, cripasesmsa

Teopema 4. [8]. B kBagpaTHOI MaTpuLe N-ro nopsaka CyLecTBYeT BCEro
ni
2n2+303+...+unu=mnr=2 Arl(2r)Jr

pas3ninyHbIX U TpaHcBepcasiei.



Teopema 5. Uncno 6unTpaHceepcanen T(n + 1),n = 2,3, .. KBagpaTHOW MaTpULbi paBHO

2-3
\ 3-4

0 f  4-5
T(n+ 1) - . 2 . : (5)

[ n(n i ]‘)Jn—l

AoKazaTeNbCTBO 3TO TEOPEeMbi HEMOCPEeACTBEHHO BbiTEKAET U3 Pa3/oXKEHUS napanepma-
HeHTa B paBeHcTBe (5) Mo 31eMeHTaM rocnefHelr CTPoUKN.
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Bctyn

[iothaHToBI YyMOBM PO3B'A3HOCTI YacTo 3yCTpivaroTbCs B TEOPIT KpaoBMx 3agad Ans pie-
HSAHb i3 YaCTUHHUMUK MOXIAHNMMN B 06MEXKeHUX 06nacTsaX (30KpemMa, Ha Topi) Yepe3 Tak 3BaHy
npo6nemy mManux 3HamMeHHUKIB (auB. [7, 17, 19]). 3 maTemMaTU4YHOI TOYKK 30pY LA Npobiema
MPOSIBNSAETLCS B TOMY, LLIO Y PO3B'A3KKM 3ada4, sIKi 300parkatoTbCca y BUMNSaai pagis ®yp'e, Bxo-
OVTb 6e3Ni4 uneHiB 3 KoedilieHTaMy, 3HAMEHHUKUN AKX MOXXYTb OYTU SIK 3aBrogHO 6/1M3bKU-
MW [0 HYNS, WO 3YMOBOE PO36IXKHICTb UMX pagiB. [ns nogonaHHsS npobnemmy Mmanmx 3HaMeH-
HUKIB ePEKTUBHMM BUSIBUBCS METPUUHWIA Nigxia [2, 4, 9, 10], sKniA nonsirae y BUBYeHHI Mipun
MHO>XUH MapameTpiB 3agadi (KoeduilieHTIB PiBHAHHS, KOoeqiLieHTIB KpaiioBux (30Kpema, He-
NIOKanbHMX) YMOB 4/ napameTpiB o6nacTi), Ana Akmx giocaHToBi BNacTUBOCTI (giodaHTOoBI
HEPIBHOCTI) BUKOHYIOTbLCS, ab0 HE BUKOHYHOTbCS 6€e3Mi4 pasiB.

B ocTaHHI pokun 6arato po6iT NpucBsA4YeHO BUBYEHHIO rNo6anbHOT rinoeninTUYHOCTI i pos3-
B'A3HOCTI NMiHIMHNX AMdiepeHLialbHUX ONepaTopiB Ha KOMMaKTHUX MHOroBUAaax, Hanpuknag,
Ha Topi (avB. [1, 5, 6, 8, 13, 14] i NnocnNaHHs B HUX), e TaKOXX BUHUKAaE npobnemMa Manumx 3Ha-
MEeHHUKIB, AKi € noniHomamun L(k), k € Z p, 3i cTanmn KoedpijieHTamn. 3oKpemMa, Yy poboTi
[8] mokasaHo, Wo gndepeHLUianbHUIA onepaTop 3i CTaAMMU KoequiliieHTamMn rnobanbHO rino-
eninTUYHWIM ToAi i TiNbKM TOoAi, KONW MOro rnoBHUIM CMMBON 3a10BO/bHSIE AiohaHTOBI YMOBU
TNy 3irena. OgHak, y 6inbLocTi 3 uyx pobiT chopMyNb0BaHO TBEPIPKEHHS, B AKMX NPUCYTHI
akciomaTnyHi ymosu Bmnrnagy \L(K\ > c\K\~O Ha mai 3HaMeHHUKW.

2010 Mathematics Subject Classification: 35G15,11K60.
Aocnig>XeHHs yacTKoBo nigTpumMani Jdd [ YkpaiHn (npoekT Ne 54.1/027)
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B po6oTax [3,11] npu BigwyKaHHi NepiognyHMX Po3B's3KiB AN piBHAHHA L pegiHrepa Ha
OBOBUMIpPHOMY TOpPi Ta A5l XBUIbOBOrO PIBHAHHA Ha (M + 1)-BUMIPHOMY TOpi y BCiii NOBHO-
Ti 3acTOCOBaHO MeToAWM Teopii yncen (AioaHTOBUX HabNMXKEHb) A5 BCTAHOBMEHHSA OLiIHOK
3HU3Y Ma/IMX 3HAMEHHWUKIB, SIKi Mann BUINa4 KBagpaTudHmnx dpopm. MepiogmnyHi 3agadi i3 3a-
CTOCYBaHHSAM METPUYHOIO Nigxoay TakoXX BMBHanimcb y poboTtax [12,15,16,18].

1 OCHOBHI nosHaueHHSs. MNocTaHOBKaA 3apgadyi

Hexah Q[ = (JR/2nZy — TOp, XX= (X\,... ,XV) €EQ”", KE'EP, (K, X) = KM\ + ... + KpPXp,

D — BekTOp gndepeHLuitoBaHb 3 KOMNnoHeHTamn D \ , ,Dp, ge Dr= ——, i —>/—1
an,j

Uepe3 Dsu no3Hauumo miwaHy noxigHy DM... Do, a yepe3 ks — fo6yToK K ... Kb, fe
S= (si,...,Sp) —Hab6ip UJ/INX HeBig'emHNX umncen, gl = Si+ ...+ R

Hexalh CT(1; IR) — npocTip AiicHO3HaYHMX T pasiB HernepepBHO ANMePeHLINOBHUX Ha Bij-
pi3ky | dyHKuUil, a C'n(l;C) — npocTip KOMMNEKCHO3HaUYHMX (PyHKUIiA, ge T > 0. Hexaii
W [/i,..., fm] no3Hayae BpoHCKiaH OyHKLUIN /i, ..., /1u3 npoctopy CT(l;>K).

3anpoBagnmo WwkKany rinkbepToBux npoctopis Hi = H,AQiN.) ans q € 1R ge co60n1eBCbKUIA

npocTip Hg oTpumaHo nonoBHeHHsAM MHOX/HA v (x)= JWVkexp(ik, X) 3a Hopmoto I ||HY LLO
K

nopoaykeHa CKansipHUM gobyTkom (v,u)n,,= E K2ZVKUK, B AKOMY K=/ 1 + (K,K).
ke W
Mo3Haunmo yepe3 meas A Mipy Jlebera BUMipHOT MHOXKMHM A ¢ R, a depe3 M — Bigpi3oK

KpuBOTy npocTopi Cp, AKWi yTBOpPOOTh Touku b(t) = (b\(T1),..., bp(T)), Akwo t € I.
B obnacTti Q@n po3rnssHemMo 3agady npo BigwyKaHHA 27T-nepiognyHoro (3a BciMa 3MiHHU-
MW) PO3B'A3KY U = U(X) ANA NIHINHOro PiBHAHHA i3 YHaCTUHHUMMW MOXIAHUMM

Lji(D)u(x) = E asDsu(x) + E bjAD*'u(x) = f(x), x € Q"r, Q)
Isl<n =1
Ta CTa/IMMMN KOMNIEKCHUMU KoedilieHTamn asTa b;, ge / = f(X) — 3agaHa 27r-nepiognyHa
dyHKUidA, nopsagku n\,...,MNp noxigHMX He NepeBULLYIOTb n, a KoeduilieHTN b\,... ,bp € KOM-
MNEKCHUMN PyHKUiaMN B[ (T), ... ,bp(T) napameTpa T Ha Bigpi3Ky | giricHoOT npsaMoi.
OcHoBHa mMeTa po60TV — BCTAHOB/IEHHA YMOB €4MHOCTI Ta YMOB iCHYBaHHS pO3B'A3KiB pPiB-
HAHb (1) y npocTopi CoboneBa y TepMiHax AiopaHTOBUX BnacTuUBOCTEN PYHKLUIN bj(T).

Mpn LbOMY BUKOPUCTAHO METPUYHUI Niaxig i 4oBeAeHO TEOPEMY MPO KOPEKTHY PO3B'A3HICTb
3afaui Ansl Maii>ke BCiX 3HA4YEHb NMapamMeTpa Te .

2 EANHICTb PO3B'A3KY

Po3B's130K 1 — 1(X) 3agaui LWyKaemMo y npocTopi 27M-nepiognvHnx PyHKLin HA, Tomy BiH €
Takum pagom dyp'e:

U(X) = £ ukei{k'x). (2)
kezP

[Ans BU3HauYeHHs1 KoemilieHTIB LW, 04ep>XYEMO HU3KY anrebpnyHmX piBHSAHb
Lr(k)uk= fk Ke ZP, 3

ne fk— koedbiuieHTN Pyp'e hyHKUiTf(X) = I fhkel(KXK
kezP

Beenemo 419 T € | MHOXUHY = Z{(1) HyniB pyHKUIii LT(k) 3a popmynoto
ZJ(t) = {kezZP: LT(k)= 0}.

Ana dikcoBaHOro T KOXKHe i3 piBHAHb (3) Mae €auHUA po3B'aA30K uk = fK/LT(K), AKuWwo
z;=2zj(r)y=0.

Akwo ~ 0 ans pikcoBaHOro ymcna 1, To AN Uboro T po3B'A30K PiBHAHHSA (3) icHye
aona TMx i TinbKM TnX dyHKUin /, ana akux fk = 0 ana Bcix K € Zg. Tenep po3B'sA3kaMu
piBHAHHSA (3) € foBiNbHI cTani nk = nkio 4N K€ Zg i uncna vk —fk/LT(K) gna K€V \Zg.

3 unx TBepO>KEHb CPOPMYHOEMO ABi TEOPEMU NPO EAMHICTb PO3B'A3KY 3adadi.

Teopema 1. [Ans eguHOCTI (3a doikcoBaHoro napameTpa T € |) po3B'A3Ky piBHAHHA (1) y npo-
cTopi Hi}, ge 4 € R, HeobXxigHO i gocTaTHLO, W06 anre6puyHe piBHAHHSA LT(K) = O He mano
PO3B'A3KIB Y UiINX uncnax K\,... ,Kp, To6toZg = 0 .

Teopema 2. Adkuwo fk = 0ana K € Zg, To ABa Po3B'A3KU pPiBHAHHA (1) y npocTopi H,j Mo-

>XyTb Bigpi3HATMCA OANH Bif OAHOIO CYMOK s ukfie'(k'x] A€ UkO — KOMIJIEKCHI CTani, AKi
keZ%

33/I0BO/IbHA T HEPIBHICTb 5 Y, 0ei{Kx) = Y K*Kol2< °°.
HY KeZ"
3ayBaXKeHHSA 1. AKLLO0 LWWYKaHWi po3B'saA30K MignopsaKyBaTM yMOBI — 0 pna Bceix

BeKTOpiBK € zg, TOBYMOBax TeoOpemMmn 2 PiBHAHHA (1) HE MO>XKe MaTUABOX Pi3HUX PO3B'A3KIB
I3 npocToOpy Hq.

P03B'A30K 3agaui icHye, AKWwo An4a Bcix kK € z p piBHAHHA (3) € po3B'A3HUM, a pag (2) —
PO3B'A30K PIBHAHHSA (1) — HaneXXuTb 4o npocTtopy HA.

MpunycTtmmo, Wwo ana BCix K e zg BUKOHYETbCA ymoBa fk = o. Togi 3aranbHuin1 po3B's30K
n(x) 3agadvi hopMasibHO MO>XKHa 306pasnTn PsALoMm

®) = E ukeky+ E Tiine(Kx) o)
KeZ B kezP\zQ ™~

ne UkQ— AoBinbHI KOMMNNEKCHI cTani.

3 MeTpuuHi oyiHkwM

CumBon LT(k) onepatopa LT(D) BnnmBae Ha 36i>KHICTb pagy (4), 9KniA BU3HA4YaE HOPMY
pO3B'AA3KY pPiBHAHHSA (1) Y HQ, OCKiNlbKM MOXKe SIK 3aBro4HO LWBUAKO HabnmKaTucs 4o Hynst gns
MHO>XMHM BEKTOPIB K € ZP. OTXKe, iCHyBaHHS 27 -nepiognyHoro po3B'sa3Ky U 3agadi rnos'sizaHe
3NpobaeMor0 MaNnX 3HAMEHHUKIB.

Ana BupiweHHA uiel Npo6ieMy CKOPUCTAEMOCS METPUYHUM MigXo40M A9 OLiHOK 3HU3Y
Mannx 3HameHHUKIB LT(K), ae K € Z p, NocnigoBHICTIO 3i CTENEHEBOIO MOBEAIHKOK i BNacTu-
BICTHO N-HOPMa/IbHOCTI MHOXXUHW. Peanisauisi Uboro nigxogy syMarae BCTaHOB/IEHHST OLLiIHOK
3BeEpPXY ANl Mip BUHATKOBMX MHOXXUH MMagKnx OyHKLLiNA.

Ana goBinbHOro S € K BBeAeMO MOHATTS «“-HOPMa/bHOCTI KPUBOI M, W0 BU3HAYAETLCS
KoeqoiyieHTamn b\,...,bp piBHAHHA (1).



O3HayeHHs. KpuBa M Ha3nBaEThCsA d-HOPMaUIbHO LL0A0 PiBHAHHSA (1), AKLLO iCHYE Taka cTa
na Co > 0, W0 Ana Mmaiike BCixX (CTOCOBHO Mipu Jlebera B XK) ToO4OKT € | HEPIBHICTb

\LT(K\ > COk~s (5)
BUKOHYETbCS A/151 BCix BeKTopiBkeZP\ Zj,ne Z[ = Z p(r) — cKiH4eHHa MHO>KUHa.

I3 BnacTtmBoCTi N-HOPMa/IbHOCTI KPMBOT BUNAMBaE (PpearonbMoBiCTb Po3rnsagyBaHol 3agadi
Ans mMali>ke BCiX TOUOK Bigpi3ka .
Cchopmyntoemo i goBefgemo Teopemy Npo yMmoBm N'-HOPMabHOCTI KpnBoi M.

Teopema 3. AKWO PYHKUIiTb], ...,bp HanexxaTb 40 npocTopy CP+1(l;C) i BAKOHYETbCS Xo4ua
6 0aHa 3 4BOX YMOB:

(i) win W TReb\,..., Rebp,i] (1) 1 O,

e
(i) min IW[Ilwb\,..., lwbp,iT (1) I ¢ 0,

re/
TONpud > p2—uy KpmBa M € d-HopMaUibHOW, e W —Tin{nb ..., np}.
AoBefeHHs. MpmnnycTuMo, L0 BUKOHYETLCA YMOBa (i) Teopemun. BBefieMo MHOXNHM
Bk={Tel:\ReLT(k)\<ek}, k€ Zp,

i MHOXXUHY B TMX TOUOK T € |, 4na akmx 6e3nid pasiB Ha XKp cnpaBmyKyeTbCA OLiHKa

[RelT*)l <tk= 2(p+ iy «”~S

[Ana ouiHOBaHHSA Mipy MHOXXMH BKchopmyntoemMo BiAMoBigHY Tepemy i3 po6oTu [20].

Teopema 4. Hexaii F(1,0) = /\{)(A+ ... + /7T(T)rT, gez = (zb...,zm € CT, a Takox
{7 i, . C CINI;K). dkwo BpoHckiaH W[fi,... ,fm dyHkuin f\,..., fmBigaMiHHNA Big
Hyns Ha |, Togns Bcix z € Cw\ {0} i goBinbHoro € € (0,Ci|z]|/2) BUKOHYETbCA OLiHKA

meas{r €1 : |F(t,z)] < €} < C2 mM\Je/N\2\
be k= I+ ... + \an\ gogaTHi cTani C\ i C2 Bu3Ha4atoThb hopmMyu
1 / m m y-i
i=1 j=1
C2=4(72+ I)(im - 1)C»*/1 m(meas| max W/AJcvir + Q).

Mo3Haummo m —p+ 1, gk—Re ¥ a¥si anuwemo Bmpas Re LT(k) y Burnsgi cymum
Isln

ReLT(k) = Reb-i~k"1+ ...+ Rebp(T)kpv+ gk.

Akwor = (fc", ... ,kpP,gK), fj(r) = Rebj(T) gna] —I,.,.,pt /p+1(T) = 1, TO 3 N0O3HaA4YeHb
TeopemMun 4 BUNINBaKOTb PiBHOCTI

F(t,z) =ReLT(fc),  W\fi,...,fm\= W[Rebb ...,Rebp,\.

OckKinbkun ] > 1ana Bcixk € 'EP \ {0} i BUKOHYIOTbCS HEPIBHOCTI

O<u< WTTy k<™ H=" Neil +---+W +

TO Npu KOXXHOoMY K b 0 3a ymoBOtO (6) 3 TeopeMun 4 MAeEMO TaKi OLiIHKK Ans mipn Bk
meas Bk < C2 m-tfek/\A\ = C2™ KN\ < C3~"+n/p, C3= C2(™ ) /P

Ana BubpaHux & pag b2 meas BK Ma>KOpyeTbCcA 36iKHUM psagom C3 2 K~"N+n°>P,
Ke ZP\{0} kezZP

ToMmy 3 nemu bopens-KaHTenni Bunameae, Wo mMipa Jlebera MHOXXUHM TOYOK T i3 |, w0 noTpa-
MASAKTb Y HECKIHYEHHY KiNlbKiCTb MHOXXUH BK A0PiBHIOE HYNHO, TO6TO meas B = 0.

Toai npn 6 > p2—Ib ana maiixke BCiX (CTOCOBHO Mipwn Jlebera B E) uncen 1 € | HEPIBHICTb
| ReL(r, K\ > €eKBUKOHYETbLCA N5 BCiX (KPIM CKIHUEHHOrO 4ucna) BEKTOPIB K 13 03Ha4YeHHs
-HOpMaJIbHOCTI Ta HEpPIBHOCTEN

IMUl > IReLT{t)] > = Coi-0

BUMMBAE, W0 KpuBa M € N-HOPMa/ibHOR 3i cTanumun & > p2- W, i Co = Ci/2(p + 1)’o/2.
AKWO BUKOHYETbCA ymoBa (ii) Teopemun, To BisbMmemo /,(T) = IT bdx) gnaj = 1,...,p.
[ani pesynbtat oTPUMYEMO aHaorivyHo. TeopemMy AoBeAeHo. O

4 ICHYBAHHSA PO3B'A3KY

TBepmM>KeHHA [0BefeHOI TeopeMn 3 BUKOPUCTOBYEMO A/ BCTAHOB/IEHHA TaKOl TeopemMu
iCHyBaHHSA pO3B'SA3KYy PO3rnsigyBaHoil 3agadi.

Teopema 5 Hexaiid > p2—Ibi koedpitieHTN b\,..., bppiBHAHHSA (1) 3240BO/IbHATb YMOBMU
Teopemun 3. Tofi ANA KOXKHOT PyHKLUIT/ € Hg+Ss sika 3a0B0J/IbHAE YMOBY OpPTOrOHa/IbHOC T
fk = 0, akwo k € Zq, ana maike BCix (CTOCOBHO Mipu Jlebera B IR) uncen 1 € | icHye 210
nepioguYHUn Po3B'A30K U PiBHAHHSA (1) i3 npocTopy Hy, AKUA MOXXHa 300pa3snTnNy BUTNALI

pAAy (4).

AoBefieHHs. 3a ymoBamu TeopeMun Kpmea M € N-HOpManbHOK BHacniokK Teopemu 3. Lle o3Ha-
yae, W0 AN Maii>Ke BCiX (CTOCOBHO Mipu Jlebera B R) TOUOK T € /€ iCTUHHUM TBepA>KEHHS

(W/c € Zp\Zq) \LT(K\ > C 4k~s, (7
peC4= Cj(t) = min{Co, min KoLT(k)\, Z? = Z?(r) — CKiHY4eHHa MHOXXVNHa eNeMeHTIB
kez{\zg

k € Z p, 4na AKUX He BUKOHYETLCSH HEpPIBHICTb (5), TOMy Zg C Z{. 13 dpopmynu gns HOpMu B
npocTopi HqoTpnMyemMo TaKy OLiHKY KBagpara HOPpMW PO3B'A3KY (4):

IMIH, = 2 ~gqukR2< 2 ~gqukoR+c42 2 Mg < s+ csw/wh
kezP fcezf keZP\Zp

pne Cs= C~2,aBenmmunHa S = T k] ukfOR € CKiHY4eHHOIO CyMmOoto, TOMY S < 00 AN A0BINbHUX

uncen ukQ€E C . O1xke, |IMH < °°/ To6TO U € H({/. Teopemy [0BeAeHO. O



3ayBaXKeHHS 2. AKLL0 B yMoBax TeopemMu 5 418 AKOrocb T MHOXXMHA Zg (T) € NOPO>KHbLOK, TO
pPoO3B's30K (4) NnepiognyHOl 3aga4i gna piBHAHHA (1) icHye Ana Ko>KHOT yHKUiTf € Hn+to 1a
EANHWNIA.

3ayBakeHHsA 3. nagkicTb npaBoi YacTuHU f piBHAHHA (1) B yMOBax pO3B'A3HOCTIi 3pocTaE
pa3om i3 po3MipHICTIO p Topa Q{m i cnagae 3i 3pocTaHHSAM MiHiManbHOro 3 umicen ri\,..., np.

3 OCTaHHbLOT TEOPEMU BUMIMBAE PPeAroibMOBICTb PO3rnaayBaHol 3agadi Ana Mal>xe BCixX

(ctocoBHO Mipun Aebera B 1IR) TOUOK T € |, OCKiNbKKY gns umx T 3agadva Mae CKiH4eHHOBUMIpHe
A4P0 Yy npocTopi i KiNIbKICTb YMOB OPTOroHanbHOCTI (/*. = 0) fopiBHIOE PO3MIPHOCTI sapa.

BucHoBKU

Y po60Ti BCTAHOBNEHO YMOBUW EANHOCTI Ta YMOBM iCHYBaHHSA 27 T-nepiognyHoro po3B'a3ky y
npoctopi CoboneBa AnA NiHIMHOIo 6e3TUNHOro AndepeHLiabHOro PiBHAHHSA (1), KOMMIEKCHI
KoequilieHTN b\,...,bp AKoro npu hikcoBaHMX He3MilLaHUX NOXigHUX (NopsAAKiB W ,..., Np
BiZINOBIAHO) 3aneXkaTtb Bifg AiicHOro napameTpa T.

YmoBamu (6) ansa 6 > p2 —«0 BU3HAYEHO Kac N-HOpPMalibHUX KPUBUX

M = {(bi(T),...,bp(1)), T € I},

ONns SIKOro Mae Micle po3B'sI3HICTb po3rnsayBaHoi 3agadi y npocTtopi CoboneBa Ansd mavi>ke
BCiX (CTOCOBHO Mipwu Jle6era B npocTopi 1R To4oK T i3 Bigpizka I.

OTpuMaHi pe3synbTaTu MOXHa MOLUMPUTU Ha BUMALOK BifLLUyKaHHSA MNepioguyHuUX pos3-
B'A3KIB 32 3MiIHHUMW XI,.,.,XP 3 BEKTOpPOM nepiodiB w = (w\,...,wp) ANA PIiBHAHHA
Lj(D)u(x) = 0, ge x € lNw, Y%, — BigNoBigHWIA Top.
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ON EXTENDED STOCHASTIC INTEGRALS WITH RESPECT TO LEVY PROCESSES

Kachanovsky N.A. On extended stochastic integrals with respect to Levy processes. Carpathian Mathe-
matical Publications 2013, 5 (2), 256-278.

Let L be a Levy process on [0, +00). In particular cases, when L is a Wiener or Poisson pro-
cess, any square integrable random variable can be decomposed in a series of repeated stochastic
integrals from nonrandom functions with respect to L. This property of L, known as the chaotic
representation property (CRP), plays a very important role in the stochastic analysis. Unfortunately,
for a general Levy process the CRP does not hold.

There are different generalizations of the CRP for Levy processes. In particular, under the Ito's
approach one decomposes a Levy process L in the sum of a Gaussian process and a stochastic in-
tegral with respect to a Poisson random measure, and then uses the CRP for both terms in order
to obtain a generalized CRP for L. The Nualart-Schoutens's approach consists in decomposition
of a square integrable random variable in a series of repeated stochastic integrals from nonrandom
functions with respect to so-called orthogonalized centered power jump processes, these processes
are constructed with using of a cadlag version of L. The Lytvynov's approach is based on orthogo-
nalization of continuous polynomials in the space of square integrable random variables.

In this paper we construct the extended stochastic integral with respect to a Levy process and
the Hida stochastic derivative in terms of the Lytvynov's generalization of the CRP; establish some
properties of these operators; and, what is most important, show that the extended stochastic inte-
grals, constructed with use of the above-mentioned generalizations of the CRP, coincide.

Key words and phrases: Levy process, chaotic representation property, extended stochastic inte-
gral, Hida stochastic derivative.
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INTRODUCTION

Let L = (U)te[o,+00) be a Levy process, i.e., a random process on [0, +00) with stationary
independent increments and such that Lo = 0 (see, e.g., [6, 26, 28] for detailed information
about L6vy processes). In particular cases, when L is a Wiener or Poisson process, any square
integrable random variable can be decomposed in a series of repeated stochastic integrals from
nonrandom functions with respect to L. This property of L is called the chaotic representation
property (CRP), see, e.g., [23] for more information. The CRP plays a very important role in
the stochastic analysis (in particular, it can be used in order to construct extended stochastic
integrals, see, e.g., [16, 33, 15]), but, unfortunately, for a general L6vy process this property
does not hold (e.g., [31]).

There are different generalizations of the CRP for Levy processes. The first one was pro-
posed by K. It5 [14] (see also [7]) and consists in the following. By the Levy-Khintchine formula

© Kachanovsky N.A., 2013

a Levy process L can be decomposed in the sum of a Gaussian process and a stochastic inte-
gral with respect to a Poisson random measure, then one uses chaotic decompositions for both
terms in order to obtain a generalized CRP for L.

Another generalization was proposed by D. Nualart and W. Schoutens [24] (see also [29]),
now one decomposes a square integrable random variable in a series of repeated stochastic
integrals from nonrandom functions with respect to so-called orthogonalized centered power
jump processes, these processes are constructed with using of a cEdI£g version of the initial
Levy process.

One more generalization (for a Lévy process without Gaussian part) was proposed by
E.W. Lytvynov [22], his approach is based on orthogonalization of continuous monomials in
the space of square integrable random variables.

The interconnection between above-mentioned generalizations of the CRP is described in,
e.g., [22, 2, 30], one more example of a generalized CRP is given in [10, 9].

Let from now L be a L6vy process without Gaussian part and drift (it is comparatively
simply to consider such processes from technical point of view). In order to construct an
extended stochastic integral with respect to L, one can take any generalization of the CRP
described above. Namely, in the case of the "ItO's CRP" the construction of this integral is
analogous to the corresponding construction in the Poisson case, cf., e.g., [10] and [15]. In
the case of the "Nualart-Schoutens's CRP" one can use term by term integration of a Nualart-
Schoutens decomposition for an integrand with respect to a random measure corresponding
to L. In the case of the "Lytvynov's CRP" one can construct the extended stochastic integral as
in the Meixner case [17] (see also [18]); with use of a "special symmetrization" for kernels from
the Lytvynov decomposition, or as the conjugated operator to the Hida stochastic derivative.
The reader can find more information about extended stochastic integrals with respect to Levy
processes in, e.g., [3, 21,10, 8,11, 25, 9], for a general information about stochastic integration
on infinite-dimensional spaces see, e.g., [1].

The main aims of the present paper are to construct the extended stochastic integral with
respect to a L6vy process and the Hida stochastic derivative in terms of the Lytvynov's gen-
eralization of the CRP; to establish some properties of these operators; and, what is most im-
portant, to show that the extended stochastic integrals, constructed with use of three above-
mentioned generalizations of the CRP, coincide.

The paper is organized in the following manner. In the first section we introduce a Levy
process L and construct a convenient for our considerations probability triplet connected with
L; then we consider in details the above-mentioned generalizations of the CRP for L. In par-
ticular, we prove a statement about interconnection between the Ito's and Lytvynov's gener-
alizations of the CRP for L. In the second section we introduce extended stochastic integrals
in terms of the above-mentioned generalizations of the CRP and prove that these integrals
coincide; then we introduce a Hida stochastic derivative in terms of the Lytvynov's general-
ization of the CRP and establish that this derivative and the extended stochastic integral are
conjugated one to another operators.
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1 Levy processes and generalizations of the chaotic representation

PROPERTY

11 L6vy processes

Denote R+ := [0, +00). In this paper we deal with a real-valued locally square integrable
Levy process L = (Lf)teR+ (a random process on R + with stationary independent increments
and such that Lo = 0) without Gaussian part and drift. By the Levy-Khintchine formula such
a process can be presented in the form (e.g., [10])

Lt= f xN(du,dx), (D]

I.I

Jo JR
where N(du,dx,-) is the compensated Poisson random measure of L; and the characteristic
function of L is

IE[eanlf] = exp Lt JR (e'ux —1—iux)v(dx) 3 (2

where v is the L6vy measure of L, which is a measure on (R, £>(R)), here and below B denotes
the Borel o-algebra, E denotes the expectation. We assume that v is a Radon measure whose
support contains an infinite number of points, v({0}) = 0, there exists € > 0 such that

x2eeK (d x) < oo.
/R

and
ﬁXZV(dX) =1 (3)

Let us define a measure of the white noise of L. Let V denote the set of all real-valued
infinite-differentiable functions on 1R+ with compact supports. As is well known, 'D can be
endowed by the projective limit topology generated by some Sobolev spaces (see, e.g., [5]). Let
V' be the set of linear continuous functionalson V. Forw € V' and ¢ € V denote w(¢p) by
(w, @); note that one can understand (-, ® as the dual pairing generated by the scalar product
in the space L2(R+) of (classes of) square integrable with respect to the Lebesgue measure
real-valued functions on IR+. The notation (m,m) will be preserved for dual pairings in tensor
powers of spaces.

A probability measure p on (V,C{V")), where C denotes the cylindrical cg-algebra, with
the Fourier transform

(W )u(dw) = exp (e x—I —iw(u)x)duv(dx) , PET>, 4
(v € L.JR+xR
is called the Livy white noise measure.

The existence of p from the Bochner-Minlos theorem (e.g., [13]) follows. Below we will
reckon that the g-algebra C (V1) is augmented with respect to , i.e., C (V) contains all subsets of
all sets O such that u{0) = 0.

Denote (L2) := L2(V,C('Dr), y) the space of (classes of) real-valued square integrable with
respect to p functionson V ; letalso 'H := L2(R+). Substitutingin (4) ¢ = tip, t ER, Y €V,
and using the Taylor decomposition by t and (3), one can show that

(0,)2u(dw) =J (iMu))2dw (5)
v R+

(this statement follows also from results of [22] and [10]). Let/ €' Hand D 9~ 4 /in'Has
— oo. It follows from (5) that {(o, f k)}k>i is a Cauchy sequence in (L2), therefore one can
define (o,f) := limfc_>00(°/ tk) € (~2) (the limit in the topology of (L2)). It is easy to show (by
the method of "mixed sequences") that (0,/) does not depend on a choice of an approximating
sequence for / and therefore is well-definite in (L2).
Let us consider (o, l[0,f)) € (L2), t e R+ (here and below |4 denotes the indicator of a set
A). It follows from (2) and (4) that ((o, 1[Gf))) f( R”~can be identified with a Levy process on the

probability space (V ,€{T>"),u), therefore from now we will identify Lt with (o, Ip,/)):

Remark. In this paper we work in the framework of the so-called "L2-theory of stochastic
processes”. In particular, it means that it is sufficient for us to understand L/t € R+, as
an element of (L2) (i.e., as an equivalence class in (L2)), and, correspondingly, L is afamily of
elements from (L2). Butin the probability theory oftenitis necessary to consider modifications
of random processes with some special properties. For example, one can prove that there
exists a cAdMg modification ofL (i.e., arandom process, which is stochastically equivalent to L
and has right continuous with finite left limits trajectories), and the random measure N from
representation (1) can be constructed with using of such a modification (e.g., [26, 6, 28,10]).

12 Generalizations of the chaotic representation property for Levy processes

Let N = (Nt)teu+ be a Poisson random process. Then, as is well known, any square inte-
grable random variable F (square integrability means that E|FR < 00) can be presented as a
series of repeated (Ito) stochastic integrals from nonrandom functions with respect to N (see,
e.g., [23] for details). This property of a Poisson process is known as the chaotic representation
property (CRP) and plays a very important role in the stochastic analysis. In particular, it is
simple to construct an extended (Skorohod) stochastic integral if we use the CRP ([15]).

Unfortunately, for a general L the CRP does not hold (e.g., [31]). Therefore there is a natural
question: what can be an appropriate analog of the CRP? There are different answers on this
question. The first one was given by K. Ito [14] (see also [7]) and consists in the following.
Denote by ® a symmetric tensor product. Fornmn €N and fn € L2(A® v)®” (here L2(A 8>) is
the space of square integrable with respect to A ® v real-valued functions on R+ x R, A is the
Lebesgue measure on R +) set

'.(/ )=/ fn(ub x1;...3UnXxnN(dui,dxi)---N(d un,dxn), (6)
J(R+xR)«

where N asin (1), let also lo{fo) := fo for /o €R. Denote Z + := N U {0}; L2(A ® vV)®° := R.

Theorem. ([14]) LetF € (L2). Then there exists a unique sequence ofkernelsfn € L2(A 9v)®n,
n € Z+, such that

co

F=EUfn) @)

/r=0

n [e]e]

EIFI2 = |Flfw = IFMIVOiw) = I nlIIMINAB,)B>"-8>

Ju n=0
Moreover, forfn € L2(A 0 v)®nandgm€ L2(A ® v)®m n,m € Z+,



Another approach to a generalization of the CRP was proposed by EW. Lytvynov [22].
This approach is based on the orthogonalization of continuous polynomials in (L2) (a suitable
procedure of orthogonalization is described in [32]). Note that in the case when a Levy pro-
cess is a Poisson one, the repeated stochastic integrals from the chaotic decomposition of an
element from (L2) can be identified with so-called generalized Charlier polynomials that are
orthogonal in (L2). LetV = VCD') be the set of continuous polynomials on V', i.e., elements
of V have aform

A
Flcv) = £ (0®n,/("), w €V ,NFEZ+, /<) EV®n ™ @0,
=0

here Np is called the power of a polynomial F, (0w ®°,7(°)} := y(°) € T>®° := R. Since the Levy
white noise measure p has a holomorphic at zero Laplace transform (this follows from (4) and
properties of the measure v, see also [22]), V is a dense set in (L2) ([32]). Denote by Vn the
set of continuous polynomials of power < n, by V nthe closure of Vnin (L2). Let for n € IN
Pn  Vn® Vn-x (the orthogonal difference in (L2)), Po := Vq. Itis clear that

L2 = 0_Pn.
(L2 n=0

Let /(") € V®n, n € Z+. Denote by : (o®”,7(")): the orthogonal projection of a monomial

(o®«,/W) onto P,,. Let us define scalar products {-,-)ext on V®n, n € Z+, by setting for
f(n)'g{n) e pdn

</("M),?2(")>« = ¢ Jv T ('3, E<S) [, <(*y), (10)

and let |- let be the corresponding norms, i.e., \f*\cxt = y {f*"n\f*)ext- Denote by 7/",,

n € Z+, the completion of V®n with respect to the norm |- ext. For /(") € define
(0®«,/("): = (L2 - lim :(o®",/,(nN)where D®" 9 f[n -> /(") in (one can easily
k- >co k-¥ oo

verify the correctness of this definition). Since, as is easy to see, the sets {: (c®nAin)) :rf(n) e
V /n} are dense in P,,, the following statement is fulfilled.

Theorem. LetF € (L2). Then there exists a unique sequence of kernels /(") € w, x],n € Z+,
such that

@
F= £:<0®»,/1»>): (1)
=0
and o)
EIFR = |HR2) = \F(cv)\2}i(dcv) = J > I\fM\&xt (12

Moreover, for/M € H”l andg(m e H”~, nnm€E€Z +/
E[:(0®",7(")::(0®rRgH )]

= T :<a@un/(a)>: v{daw) = Snmn\(f*,g") ext. (b)

Remark. It was shown in [22] that in the space (L2) :( o = (o®°,/7(°)) = f(°) and
m.(0jid): = (o,7("). Butforn > 1:(0®«,/(»)) :is not a continuous polynomial, generally
speaking. Moreover, in this case the elements :(0®«,y(»)): are continuous polynomials (and
even generalized Appell polynomials, or Schefer polynomials in another terminology) if and
only ifour Levy process L belongs to the so-called Meixner class of random processes, see [22] for
details.

o A\ A\
Remark. LetText -= O o% extti\ be the weighted orthogonal sum of the spaces H ext. The space
n=

T ext is called an extended Fock space. This space has important applications in the "Levy analy-
sis", see, e.g., [22,4]. The foregoing theorem states that there exists an isometrical isomorphism
between Text and (L2), this isomorphism is described by (11).

One more generalization of the CRP is proposed by D. Nualart and W. Schoutens [24] (see
also [29]). Now one decomposes F € (L2) in a series of repeated stochastic integrals from
nonrandom functions with respect to special random processes generated by acMIdg version
of L. Here we describe a modification of this approach offered by E.W. Lytvynov [22]. Let

p,.(X) := xn+ alm iXn- 1H--—-+ an/ix, af €R, /€{1,...,n- 1}, nEN, (14

be orthogonal in L2(R, v) polynomials, i.e., fornm €N ,n¢e m, fRpn(x)pm(x)v(dx) = 0. For
n € N we define random measures y (nX4A) on B(R +) by setting

v()(A) = | | A(u)pn(x)N(du,dx) = 1i(lApn). (15)

,/R+ xR

Note that the random processes (y/1»= Lt) from [24] are connected with the measures
Y(")(A) asfollows: Y~ —Y N ([Ort}).

Proposition. ([22]) Foreachn €N and € T>@n we have

K, 1§,Sjgbiz j=\,....k, A>/2>->7t, s1- * +Sk*(h*)sl * - {k*-)Sk
h s\+ ""+lksk=n
/MSl+.#+5./ ~ (u\, ---/ub - - /WSI, ..., WSI, ..., MSI4— .., U$lL-mmm hsj) (16)
JR1 K YR Ay . v
h h K
Xy (™)(du\) - - - Y{h\duSI) mmmY {k\duSI+...+Sk).
One can show that formulas (16) hold true for /(") € therefore substituting (16) in

(11) one obtains a variant of the Nualart-Schoutens decomposition for F € (L2). Moreover,

substituting (16) in (10) one can obtain the explicit formulas for the scalar products in n g)?l
Namely, for fn € L2(A ® v)®n, n € N, denote by [fn]Sm the orthogonal projection of /,, onto

L2(A 0 v)®n (i.e., roughly speaking, the symmetrization of fn(-1, t;...; -n,-n) by pairs of ar-



guments (-i, 1), (-2,*2) etc.). Further, denote by | |V the norm in L2(1R v). Since (see (15))

fs_Ef A R N R s us+ .4 Y{h)(du\) mmmY J1)(duei+...+8K)
R’ * 4--—--- v ' ' n /
h Ik
=1 AU\, .-, U\, L, USKH i-si./ - ZWgi-— NP ) - - -
J(R + xR )si+- +sk [S— Y A— . . . . (7
h Ik [u>
XN(dui ,dx\) mmaN (duSI+_.+45k,dxSI+_.+K)
= isid—-\K( X NjI/ - - 1/me - /3siH-—beY - - /si-l—NR) Ph (* 1) * 7 Pijfe(*sH-—- ") sym)”
h " X '

the next statement from (9) follows.

Proposition. ([22]) Forf*"n\g”™ € V®n, n € N, we have

(/“l_/\* - z ; N (/\ r " |(/\ r
U ;-s-€EN: /=1....k, /1>/2>">/*, 1" I *
1jS-jH \-JkSk- n
V| Ssi+A/ (M)(Mi,..., Wi,..., M, ..., WS, ..., NBI+..4St, ..., »s1+.+s] (18)
m+
X§ (<17 /M- /Mg, . .., B & S VAR Y-\ N E— IS RIUmN * * * (In$i~\--—- Fict
h h h

In particular, forn = 1 (/(1),g(1)et = (/(1),9(1)); in the case n = 2 we have (f(2),g{2) et =
(/2/£22) + 4 ™ IR+fW(u,u)gW(u,u)du; in general (f*"n\ g ™) et = (f{nKg{n)) +--—-

As is easy to see, formulas (18) hold true for fA"n\ g~ € 'H/}.
It follows from (18) that = 'H = L2(R+): by (14) pi(x) = x and therefore by (3)
lpillv = i; 19

— (N\
and for n € N\{1} one can identify 'H®" with the proper subspace of 7 gxt that consists of

"vanishing on diagonals" elements (i.e., /W (u\,..., un) = Oif there exist k,j € {1,..., n} such
that k & j but uk = iij). In this sense the space is an extension ofH®n (this explains why
we used the subindex ext in the designations 'H:,"/, (-,-)edt aggl |- ). (As a consequence, the

extended Fock space Text is an extension of the Fock space 0 0 Um n\)
n=

Remark. A random process L of form (1) is a Poisson oneif its Levy measurev(A) = & (4), i.e.,
ifv is apoint mass at 1. This measure does not satisfy the conditions accepted in this paper,
nevertheless, the next statements are fulfilled.

1) Itd decomposition (7) holds true and can be interpreted as the "classical" CRP: now we

have fn (u\, xi Un, Xn) = /() («i, ---, un)xi - - - xnand (see (1)j

Wn) =7 rr ri1 wmmm[ f /<»>(«! ...... un) X1...Xn
Jo JRJo JR Jo JR

XN(du\,dxi) == N(dun,dxn) (20

2) Decomposition (11) holds true, now : (o®n,f{n)) f(n) € (") _ w"&/n ™ +/ are the
generalized Charlier polynomials that can be identified with repeated stochastic integrals (20).
3) The original Nualart-Schoutens decomposition [24] (see also [29,10, 9]) holds true, now
=LandYW=0 ifl > 1.

pik(xsiH-TEd) 4) Polynomials (14) are not uniquely defined ifn > 2; nevertheless, for any "version" of pn,

n > 1, we have \\m\v — 0. Therefore one still can define "versions" of the random measures
Y1'1(A), butrepresentations (16) takes now the form

VAC) ] (R u,,)YW(dUI) mmmy Ne (*,,,)
= n\f o/ fAN\ul, ..., un)YA(diil)---Y w (dun
o Jo o )Y ( ) (dun)
foo fU,, ru2 .
= n[Jo Jo Jo (u'i'---"un)dLul ---dLun

(all another integrals from (16) are equal to zero in (L2)).
5) Formula (18) becomes

(fW,gW)et = IMnfA(ul/...,un)jgN(ul/...,undul m mdun = (f {n),g(n)),

and this is natural because now ='H n.
Finally we establish the following statement (cf. [2]).

Proposition. The kernelsfn € L2(A ® v)/An, n € IN, from Itd decomposition (7) for F € (L2),
can be presented in the form

f . A\ bsi 4 | /A
Ynglll*ll---/‘«/ n; =— / (
Kj.SiE0l-. jol,... .k, /i>mm>/v, ST Sfc-(Al)SI 0K 'Y K
sX+ --+sk=n
______ Jitsife) /. oL . . . 21
v STV A A e g g nj @)
h I\ k

XPIA1)-PIA-*1)---PIA-N)}isym

(the equality in L2(A @ v)®n), wheref N € A e N, are the kernels from decomposition
(11) for F.

Proof. Formally one can obtain (21) by direct calculation with use (7), (6), (11), (16) and (17), but
we have to show that the series in the right hand side of (21) converges in L2(A ® v)®n and can
be integrated term by term by N(dui,dxi) mmsN(dun,dxn). Fixn €N and for M € N set



It follows from the Nualart-Schoutens decomposition for F and (15) that

3 (L2 —lim /

M —00J (R + xR)"

SM(ui,Xxi;...;un,Xn)N(dui,dxi)---N(du,,,dXn)

~

Therefore L is a martingale with respect to the flow (Tt)teR+ with a Doob-Meyer decomposi-
tion L2 = mt + At, t € IRt, where m is an .Ff-martingale and A is an increasing nonran-
dom function [12]. One can easily show that now At —t, thus, L is a locally square integrable
normal Tt-martingale. Therefore one can consider the 1t6 stochastic integral with respect to L
Jr+ °(u)dL,, : (L2) 0 'H — (L2) with the domain

domf Jf|R+ o(udLu\ = {F € (L2) 0 'H : Fis adapted with respect to {Tt)teu+}. (22)

y1 MM m+mm-'+
« ,m i-fa trtl*{I("1O» - (<»h)"
S|H— H*=H
X [ 1f(hs\+-+ksk)(MI/Z..., WI/..., M ..M e, Uy, ..., un)
JR+xR)" 4* ‘4
y| A Ik
xp/ZAxi) - PA(*8) - - PAC*)]ayTW(rini,ixi) - - - N(du,,,dx,,).

Further, since (/ (R+xR)nSm(mi/”i; - -;u,,,Xn)N(dui,dxi) smsN(dun,dx,,)j ” is a Cauchy

sequence in (L2), by (6) and (9) (Sm)MEN is a Cauchy sequence in the space L2(A0 v)®",
therefore

3l 2(a0 II) " - Nf-m;cosm(‘i’*i;'-.'rr],'r]) = SOO(_beI 11r]’r])
vi (Asi + -+ /S
>l gl m-olNe D) -mm('»1)"
Ay ¢ ) (1)
AT LY VARV - VA2 VA " R
h h 'k

XPhM ®-P/,K) ---Pi*(*s)]8T-

Again by (6) and (9)

I (Soo(N1/M, -, MO VIGNVAWVA JAEN))!
JiR+xR)H
2
XN(du\,dx\) mmmN(dun,dx,,)
therefore f(R+x]R), Soo(wi,-ti; -. .;u,,,X,,)N(dui,dxi) msmsN(dun,dx,,) can be calculated term by
term, thus the statement of the proposition is proved. O

More information about described above generalizations of the CRP and about the inter-
connection between them is given in [22, 2, 30]. Of course, another generalizations of the CRP
are also possible, see, e.g., [10, 9] for a corresponding example.

2 Extended stochastic integrals

21 Constructions and some properties of extended stochastic integrals

Let Ai be a family of all sets O € C(V) such that u(0) = 0 (we recall that the u-algebra
C{V) is augmented with respect to p); Tt = cr(Lu : u < t) be the cr-algebra generated by the
random process L up to a moment of time t; Tt uI'I>tT uUA/". Then (Jf)ieR+ is a flow of

o-algebras. It folows from the definition of L, its representation in the form Lt = (°, I[o,t))’
and (13) that L is a locally square integrable random process with orthogonal independent increments.

\V:

V-

But since the class of J-radapted functions is a comparatively narrow subset of (L2) 0 'H,
it is natural to try to extend the notion of a stochastic integral to a more wide class of elements
from (L2) 0 'H. An idea of such an extension can be the following. Let F € (L2) 0 'H. Then by
(7) F can be presented in the form

0]

H-) = E WnA
n=0

fn, e L2ZA0 v ) -0 U. (23)

Since the integration by the random measure (see (15)) is an extension of the integration
in the Ito sense by the L6vy process L (Lt = Y~'QO, f])), and since by (15), (6)

L In(fnuyw(du)= _ InfnAxN(du,dx)

=/ fn,u{w, Xi; --; UPrx,,)xN (dui, dxx)---N (du,,, dx,,)N(du, dx
SRoxya UL XN ( )<= N IN(du, dx)

=/ [f,,Aui>Xxi;---",Un, Xn)x]<suMN(dui,dx1) sesN(dun,dx,,)N(du,dx)
R+xR)"H $m

= In+l(fn),

where fn := [/«.(mi, -1;...; n -« /" e L2(A0 v)m+lI, it is natural to define an extended
stochastic integral fR F(u)dLu € (L2) by setting (cf. [10])
/ F(u)dLu:= £ 1,+1(f,). (24
“R+ «=0
The domain of this integral, i.e., of the operator JR+ o(u)dLu : (L2) 0 'H — (L2), consists of
F € (L2) 0 'H such that (see (8))

ir ~ 2 n
I,/r+ F(“)dL“II(L2) = + 1) W 2*A®V)N < “ . 5>

Let t\,t2 € [0, +00], ti < t2. We define an extended stochastic integral J*2o[u)dLu: (L2) O
'H — (L2) by setting

£ o(u)dLu:=J~ o(u)l[tlih)(u)dLU (26)

i.e., instead of F € (L2) 0 'H we integrate the element FIjfl~ € (L2) 0 'H. The domain of
integral (26) depends on t\ and t2' now the kernels in estimate (25) depend on fi and t2 Note
that by analogy with (26) one can define an extended stochastic integral fAo(u)dLu : (L2) 0
'H — (L2) for any Borel set A C R +: it is necessary to use I instead of 1[tbt2y

The next statement follows directly from results of [10] (see also [9]).



Theorem. Let F € (L2) O 'H be integrable by Itd (i.e., F satisfies (22)). Then for any ti, 12 €
[0,+00], ti < t2 F isintegrable in the extended sense and

[ 2F(u)dLu= f' F(u)dLu. (27)
Jt\ Jti

Remark. For convenience of a reader we describe an idea of aproof of this very important
theorem. In the first place, by the Nualart-Schoutens decomposition one can show that for an
integrable by Itd function F the kernels n € N, from decomposition (23) satisfy equalities

fn, ('1/ *1'/-w'/ 'n/ 9n) — fn,- (1/ *1/ -/ ’«/ -n)1[0,)" ('1/ - m-' 'n):

Since under this conditions fR+In(fn,u)Y”~(du) = In(fnu)dLu, n € Z +/ equality (27)
follows directly from the construction of the extended stochastic integral. In the second place,
since L is anormal martingale, for F satisfying (22) we have

2
therefore condition (25) forFI[fbf2 is fulfilled.

Another idea of an extension of the Itd stochastic integral is based on term by term integra-
tion by ¥ (I\du) of the Nualart-Schoutens decomposition for F € (L2) 0 'H. Namely, by (11)
and (16) we have

F() = +Y y _
h\ j=bx h>->ik si!" o skkh'-)9 ' m(Kk'-Yk
hsl+""+1ksk-n
X Ls,+ -+skf-n)(“1/---"UV mm-/usl+ -+ Sk, mm-, USI+...+Sk) n28
JR.1 K e |VZ— 4 .

XY (,1)(rfi<i) - - - YMRADUSI+..+3), f[n) €745 ®

therefore it is natural to define an extended stochastic integral fR F(u)dLu € (L2) by setting

- idLu-1-
R F(u)dLu 97R+f| dLu-I nZ:| . 2 e 21*\...3,\(L\)sl ...nV‘\f‘:\/sk
Jd+"+ )=
X‘}Ri...ﬂﬂfu ](<<___1/_1/y_|§/|y- : '12’9+---+3V'E/" I\/BI+—+$ u"

XY (/1)(d»i) - mY ((iiiiSl+..+s] Y (1) (du).

In order to describe the domain of this integral, denote

Then the domain of fR o(u)dLu: (L2) 0 ‘H (L2) consistsof F € (L2) 0 'H such that

f  F(u)dL,, 2 = f \flo)Rclu
JR+ (L2) JR+
T T AT e E AR « A L4 1 Ik\ )
Asl+——/j.sfEn (30)
X JRIA+-+skH \fls (*1/ - 711/ - - -, HstH-—hst/ - - -/ MsiH——hy U
h

xdu\ mmmduSIA— \ddu < 0o,

the representation for JIRM"F(M)dLM] | can be obtained by direct calculation with use (15),
(6), (9), (19) and the orthogonality of polynomials (14) in L2(R, v), see also Lemma 4.1 in [22].
Theorem. The extended stochastic integrals jR o(u)dLuand fR o(u)dLuy, given by (24) and
(29) respectively, coincide.

Proof By definition, for F € (L2) 0 'H, F(u)dLuis the result of term by term integration of
Ito decomposition (23) for F by YW (du); and fR F(u)dLuis the result of term by term integra-

tion of Nualart-Schoutens decomposition (28) for F by Y~ (du), if the results of such integra-
tion belong to (L2). Therefore it is sufficient to show that for eachn € N fR In(fn,u)Y” {du)

is the result of term by term integration of decomposition (28) for In(fn,:) by Y~ (du).
Fix n € N. By (the proof of) (21), (6) and (15) decomposition (28) for In(fn,) can be pre-
sented in the form
(N\S\ + - - m+ ZcSo)

n . Slim - N’ eemW-T>

s H----\-s"=n

c(/iS1H  hlksk)
K

X By i/ LM rani L M)

V| A
X Pix(x1) =P h M mmmPik(xn)]symN(du\,dx\) - - - N(dun,dxn).

L(R+xR)n I

For M € N set

/iSi H-—- + /&3
Sm('i/-t/ - /'nf-«/ W) ;= . ( o
k.1, SiEN : wssissse, SII ---sfd(Zil)s --- (/fc)s*
BlH— =W
/1ISH-- .
ne FARE SRV TTI L VENT - WAL
i h

X PA(*1) Ph(*si) -’ -P/Oe«)] syme L 2(A0 y)®'10 H.
Then by (6), (9) and (3)

{fn,u{u\N,x\-,...-,un,xn) - Sm (mi,~i;- . . H «))

IR+ xR)" +1

XN(dui,dx\) mmmN (dun,dx,,)xN(du,dx) -
- (n+ D1/, [SMdsym| ﬁ_z(AOI/)§,,+i < (a+ Dm- - SI\/||i2(Aei/)s«sH 0}



therefore

/ Sm (u\,*i; - mrun,xn,u))N(dui,dxi) smaN (dun, dxn)xN (du, dx)
7(K+xK)',+

> / M«(p,* .. mun X, i)N(dui,dx\) - - N(dun,dxn)xN(du, dx)

M —00 i (R +X |R)"+Il

= JfR+ In(fn,u)Y{1) (du)

in (L2) (see (6), (15)). But by construction

/ Sm (ui, xq; ...; un,xn; u)) N (du-, dx-i) msmmN (dun, dxn)xN (du, dx)
J(R+x R)" +1

tends in (L2) to the result of term by term integration of the right hand side of (31) by Ytl) (du)
as M — oo, thus the necessary statement is obtained.

Finally, the domains of integrals (24) and (29) coincide because both these domains are
given by the condition: the result of integration is an element of (L2), see (25) and (30). O

By analogy with (26) for t\, t2 € [0, +00], t\ < t2, set

[ o(udLu:= f o(u)NMtht? (u)dL,, (32)

J N\ JR+

then Jtizo(u)dLu — f[20(u)dLu. In what follows, we denote integrals (24), (29) by /R+ o(u)dLu,
integrals (26) and (32) by fj* o(u)dLu.

Remark. Let F € (L2 © 'H be such that the kernels from decomposition (28) € Hen®

'H C FC'll ® H (the inclusion in the generalized sense described above), n € N, i.e., all f:11*
"vanish on diagonals". In this case (28) has aform

F() =70+ > _ f (“b---"'wqy(1)(dwo --my(1)(dun)
n=1"R+

(33)
=7 + Exr r -r / (A)(«...... »n)dLUI-d L Un;

(23) reduces by (31) to

f(-) = /o0,+ E | /im\ur, ... ,u,,)xi mmmxnN(dui,dxx) smsN(du,,,dx,,)
, NN K +XR)"

@ /
=/o,+ E / / (wi,....M,)y(@®(dui)-- Yw (dun)
n=I1 =R +
(see (14) and (15)j; and the extended stochastic integral can be constructed as in the Poisson
analysis: by (24)

F(u)dL,,
/R,

E / co, UNHE)*T - xne\N(dui,dxi) mmmN (dun+i,dxn+\) m\
“ 07(R+XR)"+i v o

wheref-') € W ntl C 'H ~ I\ n € Z+/ are the symmetrizations of f: r» by all arguments
(more exactly, the projections of €'HPN® 'H onto ' H®NHA).

Finally, by (11) any F € (L2) ® 'H can be uniquely presented in the form

00

F() = E :<®@/W>»  €n[rg®n, (35

)z=0
therefore it is natural to construct an extended stochastic integral that is based on this decom-
position and correlated with the structure of the spaces 'H.[RL In the case when L is a process
of Meixner type (e.g., [22]), such an integral is constructed and studied in [17]. The idea of its
construction is the following. Let at first the kernels from (35) f! '> € HON®H C HfYl © 'H,

n € Z+. Then by (16) decomposition (35) reduces to (33) and the extended stochastic integral
can be defined by (34) that now can be written in the form

/. 00
/ F(u)dLu= £ :(0®',+1,/W):, € H®"+1. (36)

n'K + /7=0

Of course, general elements of 'H[R\® 'H can not be projected ontol; nevertheless, by

/w* € H[R\® 'H one can construct kernels € that can be used in order to define
the extended stochastic integral by (36). For aL6vy process L that we consider in this paper, the

situation is quite analogous. Namely, letf:n € 'H.LLL® 7i, n € N. We select a representative (a
function) € f' n) such that

£ (Wi, un) = Oifforsome k € {1,....n} u—uy 37)
Let /(") be the symmetrization of by n + lvariables. Define™ € as equiva-
lence class in generated by f(n\
Lemma. For each € HY\® H, n € N, the element € 'Hy’#l) is well-definite (in
particular, does not depend on achoice of arepresentativef (r> € satisfying (37)) and
=V "1
Proof. Let ~ € ®T-L,n € N, and /!In1 € f'.n be a representative of/.(,!) satisfying (37).
Without loss of generality we can assume thatfin\ - i s asymmetric function by the
arguments -i,..., therefore
f (M (u\,..., un U) = fln)(ui,un)
(39)
+Hu,, w,m1,...,M,-i) + --m+ No (U2, ..., u,,u)

Denote /(") («!,...,m,,m) := fu (u\,m ,un). Using (18) and the well-known inequality



< PEf,1N 2 we obtain

/()i = e (+1)! Aipzlingi PNKWAZK
(N)l«i = klj,geN be> ->lk sx..-sdV hi ) VA

I1sl +---+lksk=n+1

X fR4+-+sk ¥ (A)(Mi/ - - -/ »L/ w- - [ MSi+-+st/ -y [Usx+-+sB Rdui mm-duSl+...+sk

h
A\PhIlv>2a  (Whw 2k n+1
< oz VARV Vo IK\ ) (tt+ 1)2
Uj,s(eN: j=1l..k, lj>--
fisl+ --+/ Jtsk=n +1
JR c L 100 (mi, L Miy L WS sk, m- m, WS)H-FEN2dUN mamduBIA---fs*
1 k  — v-—-" B e e
h Ik
[ i \Fn) (VS E—— as/wl/ - -/ UNEmE /fs*r - . - /Wsj-f-—-—He*)!  dIIN  m-mduSdg.
T k — -
M h k1
+ ...+ I 1/(n) («1,...,U\,..., USI4—p5®, ..., USI4-ft Ui)]2dwi m- - dttSIH-———- fs/t
ST * 4———AV—I———/ " '

(arguments over are absent). It follows from (37) that if Ik > 1 then all terms in square

o]
brackets [ - W] are equal to zero; and if Ik— 1 then for afixed collection k I, s. all nonzero terms

in square brackets [ - -] coincide and the quantity of such terms is equal to sk. Therefore we
can continue our calculation as follows:

y ! flip/iM s (WvhJIASA
W iLi E H H H H ]
SN e apr. SIT— sifcilgik — 1) NN ) \ #1 /
/jSjH-———-f-(s"-1)=n
X /,+ +, \ftn\ui,.../Ub ... rUs+ ...+s +b...,Usl+...+sk)\2dU i---dUsl+..+5sk
IIT K — =
/ Mpi[ llV\Zi , lift;, 114
KI- v/ (A
IA+-+IKski-n
XA S +pHL AL (1 - 7V - INs>+ -+sN/ - - NI+ -+ s )l 2rfMI - - dus[+-+s'Kdu
1 1

= \f(n)\2

(here we used (19)), hence

is fulfilled.
Letg(n € be another representative of f.  with property (37), g{nl be the correspond-

ing element of HI,"f-1). Then, obviously, h[n) = /(") - € 0 € ?4"f ® 'H satisfies (37) and
hwW = /W - £<q) = 0Oby (38). So, /W does not
depend on a choice of a representative /.~ € f {n). O

generates an equivalence class f (> € 'H~ +1 and estimate (38)

the corresponding to li{n) element of

For F € (L2) ® 'H we define an extended stochastic integral JR F(u)5Lu € (L2) by setting

/. [ele]

F(u)iLu := E : /<> € (40)
/R+ »=N
where /f0) =

® 'H fromdecomposition (35) for F. The domain of this integral,i.e., of the operator
Jr+° («Ne {(T2) &H — (L2), consists of F € (L2) ® 'H such that (see (12))

€ 'H = 'H™l, and fAn\ n € N, are constructed by the kernels fl~r» €

2 (00]
Agy FU)SL® ,1.,2-,7 E("+ i)!rl__/QW il< ~ . <«)

Theorem. The extended stochastic integrals fR o(u)dLuand fR o(u)6LW given by (29) and
(40) respectively coincide.

Proof. LetatfirstF(:) = :(0o®",/.(n)): € (L2 ®H,/n) €EH['i ®” n e N UsinS (40yV (16/
the construction of the kernel /W € (in particular, (39)) and (29) we obtain

|
f F(u)5Lu= :(0®"+1, /N"); = £ (n+ 1)!
IR4- FIG N eindi=r 0 irsos ik, S10 0t Sfe-(A1-)SI U k*) Sk

Hsl+ ~+lksk=n+1

X Jsi+—skf  (“b-—/M/- -/ H—FgY - /NbH—IB)

XY (/D)(rfML) - -- Y (#) (iiuSI+...+5¢)
y-1 »I(« + 1)Sfc

V¥N, =4. /5.5 1 - - - DIs’/iNG - - (& 1)Si(n + 1)
Rl +-+(ske)+l /e« (1, -y JUV -/ VBl4—~ i, .., USA— N i)
h

XYM(dux) mmmY N (duSI+™+id 1)) YW(du)
:j_|4.°®",/i")):v,1|(rrn) :i F@]LI

In a general case the result follows from the obtained equality, (40) and (29); the domains
of integrals (29) and (40) coincide because both these domains are given by the condition: the
result of integration is an element of (L2), see (30) and (41). O

By analogy with (26), (32) for t\, t2 € [0, + 00], t\ < t2, set
JIf\ZF(u)GLu = I</R+F(u)l[tIA2)(u)SLU (42

then ff*F(u)OLu = J”~F(u)dLu. In what follows, we denote integrals (40) and (42) by
JR+ F{u)dLu and f"2F(u)dLu respectively. Of course, the domain of integral (42) depends

on t\ and t2 and can be described by (41), where the kernels f*n\ n € Z+, are replaces by the
kernels €'H"+1) constructed with use of F(-)Ijfbf2)(-) instead of F(-).



Remark. Sinceintegrals (32) and (42) coincide with the extended stochasticintegral (26), these
integrals are extensions of the Itd stochastic integral. Note that for integral (42) this fact can be
proved bv analogy with the corresponding proofin the "Meixner analysis" [17] (see also [19])
with using results of [4].

2.2 A Hida stochastic derivative and its interconnection with the extended stochastic inte-
gral

As is well known, in the "Poisson analysis" the extended stochastic integral is the conjugate
operator of the Hida stochastic derivative. In the "Meixner analysis" the situation is analogous
[17]. Now we will show that this result holds true in the "Lévy analysis".

In order to define a stochastic derivative on (L2) we need some preparation. Let gtre> € 'H\ILJ,
nEN, g’> € be a representative of g(nh We consider g~ (-), i.e., separate one argument
of gin), and define g{"H-) € ® % as the equivalence class in ® ™ generated by

g(n)():
Lemma. For each g(") € H[R\ n € N, the elementginH.) € 'H] ™ 8>H is well-definite (in

particular- g{n)(-) does not depend on achoice of a representative g(*) ¢ 9(n) and

IsCY(>l<r®w £ FIf 43)

Proof. Without loss of generality we can assume that gW is a symmetric function, therefore
one can separate the last argument. Using (18) and (19) one can write

lg@l2 1= |~()21= B ABOINE  Awvhwiaes
S>>/ S| sk\ hi J \
d=n
X b ——-I8/- -/ Usi+—+sk\2du\ mmmd
J.
h
™ (IPh1INZL  iWPKWvy
L VIS A VEIE- | \ WA ) I Ik\ )
INSi+ -t fksk=n
X Shets. \gN)(ui,- -+, W, .., UBI+...+sk>- mm U \\20UN mmmd S ek '
h
(n —1)In ANPINWAZX \\PhjW\
t e j:\”_z_,k, L sil - -msjt_il(sk- I)sjt K hi > { lk_iv )
/1s14——-t-;jt_ 1sd_1+ (sd-1)=n -1
2
X JR+-+(ski)+\ (D) (“!'m e Bt 41/ - VBB 1)

h
xdu\ - - mduSI+..Msk_1}du > JENC) 12 (,,-1)_ - Is{,D(:)!2 (»-i)

because n > Sg hence g-'2 () generates an equivalence class gfr>(-) € Hgdt ™ ® 'H and estimate
(43) is fulfilled.
Let /(") € g{n be another representative of g™\ f ("4') be the corresponding element of

® 'H. Then hin} := g{n — € 0 € 'H™ and the corresponding to hir> element of

WiIxt ®Hh”(-) —g(n\:) —/(")(-) =0by(43). So, g™\ ‘) does not depend on achoice of a
representativegM €g ™. O

Remark. Note thatin spite of estimate (43) the space 'H[K], n € N\{1}, can not be considered
as a subspace of 7ig® ™ ® 'H because different elements 0iTi[x] can coincide as elements of

fe w

Let t\, t2 € [0, +00], f\ < t2. We define a Hida stochastic derivative | |(,,2)(-)a.G€(L2)®W
for G € (L2) by setting

co

=E (()Fl + 1):(0®", " +1>()1L..M)():, 44

where g(n+V e 'H[R®IN\ n € Z+, are the kernels from decomposition (11) for G, in point as

elements of 'HSR ® 'H. The domain of this derivative, i.e., of the operator (L) -f
(L) ® 'H, consists of G € (L2) such that

= 22> ASDIC F DIPCH) OG0 < (45)

Theorem. For arbitrary t\,t2 € [0, +00], t\ < t2/the extended stochastic integral ) 2o(u)dLu :

(L2— (L2) and the Hida stochastic derivative 1[tbt?)(')d- m(L2) — (L2) ® 'H are conju-
gated one to another:

Jt °(u)dLu= (I[f0)(-)c))*0/  1jtiR()d. —»  odAJ . (46)

In particular, ff2o(u)dLuand I[fl,f2(:)"- are closed operators.

Proof. First we note that the operators (1,20)”:)* and ([ ‘2odL)* are well-definite because
the domains of I[tut? ()~ and f”~20(u)dL,, are dense sets in the corresponding spaces. Further,
let us show that for F € dom( Jf2o(u)dLu) and G € dom (I[fiA2)(-)3.)

(F*F(u)dUG)m = (F(),W -)a.G )(2eH. 47)

By (42), (40), (11) and (13)
nl7? . \
U fin)inc)(m=x >+

where g\n+1™e N 1T AN n € N/ are the kernels from decompositions (40) and (11) for
ft2F(u)dLuand G correspondingly. On the other hand, it follows from (35), (44) and (13) that

[e]e)

(F(0.1IhA)(-)3-G)(14e*=E (»4-1)iy <*).i<*+I](01 [hA)(-)) K(.W
n=0 et



where € %\R\O H, n € Z+, are the kernels from decomposition (35) for F, €
‘H[RV), n€ Z+, are the kernels from decomposition (11) for G, in point aselements of
'H[R\O'H. Therefore in order to prove (47) it is sufficient to show that for each n€ Z+

The case n — O is trivial, so we consider thecase n € N. Letf*n\-i,mmmmn) €/  be arepre-

sentative of satisfying (37) and symmetric by the arguments ..., -,, g("+1) € be
a symmetric representative of Denote/[f" ) (ui,- - -,u«,W) =/« (Wi/ - /w)I[fLA(M '
andlet  bethe symmetrization of f\*t2 by all arguments. Then, obviously, € f\N2y

Using (18) and (19) we obtain

Af[h,t2y sin+l))ext = (fltl]tzy g {n+1)u

_ Yy, (N+2)r 7upi,wv\2s ( \\pik \\y\ 23k
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Now in order to prove equalities (46) it remains to show that the domains of the corre-
sponding operators coincide.

1) Let us show that dom ((I[fl b)(-)3.)*) = dom( ff* o(u)dLu). By definition, F belongs to
dom ((Ijfl 9)(:).)*) ifand only if F € (L2) @H and

(L2) D dom(I[f>2)(-)3.) 3G  (F(:),I[I/i2)(-)9-G)(L2)0Ow
is a linear continuous functional. By the Riesz's theorem this means that
(F(-),1[ntt (-)d-G){LAm = (H,G){L2
with some H € (L2). But it follows from uniqueness of representation (11) for elements of (L2

and (the proof of) (47) that H = j~2F(u)dLl i.e.,

FEdom ((I[M2(-)a.)*) «H € (L2 4P J 2F(u)dLn€ (L2 FGdom(j 2o(u)dLu
(see (41)).
2) Let us show that dom”( fj* odL)*j — dom(I[fl ~(-)g ). By definition, G belongs to

dom~(J2odL)*n ifand only if G € (L2) and

(L2 ®4 Ddom( o(udLy 9 F h (| 2F(u)dLug) ~

is a linear continuous functional. By the Riesz's theorem this is possible if and only if
(4 2F(u)dLu, G) 127= (F, H)(L2)@" with some H € (L2) ® 'H. But it follows from uniqueness

of representation (35) for elements of (L2) 0 'H and (the proof of) (47) that H =
i.e.,

GEdom ((Mi20ifL)*) <>H € (120® N & 1[M2)(-)d-G € (L2) G € dom (I[i#f2) (-)9.)

(see (45)). O

Note that equalities (46) can be used as alternative definitions of the extended stochastic
integral and the Hida stochastic derivative.

Remark. Equality (47) can be written in the form

2F{u)dLu,G) = f 2(F(M),a,G)Edu = | “(3£f(m), G)(L2)rfu,
J N\

" (b ) AN
therefore it is natural to write the operator J*2o(u)dLuformally as

/rh ( )c/i\L ftl . (wd
o(u u= mo (u)du
Ju Jh A



(/. [17]), here nXis theformal operator conjugated to the Hida stochastic derivative at the point
u (ci. [27, 20]). Strongly speaking, now for fixed u € IR+ the operators du and @ are not well-
definite (e.g., for G € (L2) d,,G is not uniquely defined), but such operators can be defined on
suitable spaces of test and generalized functions respectively; a detailed presentation will be
given in another paper.

Let us say several words about possible simple generalizations of the results of the present
paper. In the first place, instead of the Lebesgue measure on R+ one can use a non-atomic
measure ¢ that satisfies some additional assumptions (cf. [22, 17]). In the second place, one
can consider a complex-valued Levy process, define (L2) as the space of (classes of) complex-
valued functions, and obtain "complex versions" of results presented above (cf. [17]). In the
third place, one can consider the operators /g 0(u)dLt and 1A(: jd. for any measurable A C iR+
using 1A instead of I[tbt2 in the corresponding places. Finally, it is possible to construct and to
study the extended stochastic integral and the Hida stochastic derivative in the case when one
uses instead of R+ a much more general space (cf. [22]).

Remark. Since the extended stochastic integral and the Hida stochastic derivative are not
continuous operators, it can be some problems with their applications. For example, the Itd
stochastic integral has the following property: for any t\, ti, t$ € [0, +00], \ < 2 < t",

J[t\ o(u)dLu+ J|£2 o(u)dLu-Jé o(u)dLu. (48)
This property, in particular, plays an important role in the theory of stochastic differential
and integral equations. Formally the extended stochastic integral also satisfies (48), but since
the domain of this integral depends on the interval of integration, the application of (48) in
some situations can be impossible. In the forthcoming paper we will consider the extended
stochastic integral of form (40), (42) and the Hida stochastic derivative of form (44) as linear
continuous operators on suitable riggings of (L 2).
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KauaHoBcbKuii M.O. Mpo po3wnpeHi cToxacTUYHI iHTerpany 3a npouecamu flesi // KapnaTcbKi maTte-
MaTU4HI nybnikayii. — 2013. — T.5, Ne2. — C. 256-278.

Mo3Haummo 4vepes L npouec fleBi Ha [0, +00). ¥ YaCTUHHUX BUNagKax, Konu L — BiHEPIBCbKUIA umn
MyaccoHIBCbKUI npouec, 6yAb-aKy KBagpaTU4HO iHTErPOBHY BUNAAKOBY BEIMUNHY MOXXHA pPO3Kna-
CTNYy pAf 3 NOBTOPHUX CTOXaCTUYHUX iHTerpanie 3a L Big HeBMNagKoBUX PYHKLiA. Lia BnacTmBicTb
L, BigoMa SIK BnacTuBICTb XaoTU4YHOro posknagy (BXP), Bigirpae ay>ke Ba>knimBy po/ib y CTOXacTu-
4yHOMY aHanisi. Ha >kanb, B3arani Ka>ky4u, npouec JleBi He Bonogie BXP.

ICHYlOTb pi3HOMaHITHI y3aranbHeHHs1 BXP ansa npoueciB fleBi. 3okpema, npu nigxoai ITo npo-
uec JleBi L posknagaloTb y CyMy raycCiBCbKOro npoLecy Ta CTOXaCTUUYHOro iHTerpana 3a rnyaccoHis-
CbKOK BMMNaAKOBOK MIpOH, Micnsa LbOoro BUKOPUCTOBYOTbL BXP Ans 060X fofaHKIiB 3 METOK OTpU-
MaHHs y3aranbHeHoi BXP gnsa L. Migxig Hyanapta Ta CKoyTeHca nonsirae y po3knagi ksagpaTtuyHo
iIHTerpoBHOT BUNaAKOBOI BEIMUYNHU Y PAL, 3 NOBTOPHUX CTOXaCTUYHUX IHTerpanis Big HEBUNAAKOBUX
PYHKLi 3a TaKk 3BaHMMW OPTOroHani3oBaHMMUW LIEHTPOBaHMMUM MpoLecaMn CTEMNEHIB CTPUOKIB, Ui
npotecu nobygosaHi 3 BuKopuctaHHam cidldg sepcii L. Migxig /IMTBMHOBaA 3aCHOBaHUIM Ha OPTOro-
Hanisauii HenepepBHUX MONIHOMIB Yy MPOCTOPI KBagpaTU4YHO iIHTENPOBHMX BUMAAKOBUX BETNUYMNH.

Y uiii cTaTTi M1 6yayeEMO po3LLIMpPEHNIA CTOXaCTUYHUIA iHTerpan 3a npowecom JleBi Ta cToxacTu-
YHY noxigHy Xign y TepMmiHax y3aranbHeHol BXP, 3anponoHoBaHOi /IMTBMHOBMM; BCTaHOB/IHOEMO
LesKi BNaCTUBOCTI LMX orepaTopiB; Ta, W0 € HanbinbL BaXKIMBUM, MOKA3YEMO, L0 PO3LLUMPEHI CTO-
XacCTUYHI iHTerpanm, nobyaoBaHi i3 3acToCcyBaHHAM BULLIe3ragaHux ysaraisHeHb BXP, cniBnagatoTs.

Kniouosi cnosa i opasu: npouec JleBi, BNAaCTUBICTb XaO0TUYHOIO po3Knagy, pPo3LMPEHU cToXa-
CTUYHWIA iHTerpan, ctoxacTnuHa noxigHa Xigu.

KauaHoBckuin H.A. O paclinpeHHbIX CTO0XacTMYeCKMX MHTerpanax no npoueccam JSlesn // Kapnarckue
MaTemMaTumueckme nybnmkaummn. — 2013. — T.5, Ne2. — C. 256-278.

O60o3Haumm yepes L npouece JleBn Ha [0, +00). B yacTHbiX cny4dasix, Korga L — BUHEPOBCKUiA
W/IN NMyacCOHOBCKMWIA npouece, 00y KBaAPaTUYHO MHTErPUPYyeMyIo CiyyariHyo BENUYUHY MOXKHO
pPasnoXXnTb B PSS U3 MOBTOPHbLIX CTOXAaCTUYECKUX MHTErpanoB Nno L oT HecnyyanHbiX PyHKUMiA. 3To
CBOICTBO L, N3BECTHOE KaK CBOMCTBO XaoTMU4YeCcKoro pasnoxkeHus (CXP), urpaet o4eHb BaXKHYO PO/b
B CTOXacTmnyeckomM aHanmse. K coxxaneHuto, Boobue roBopsi, npougece JleBn He nmeetT CXP.

CyllecTBYIOT pasnmyHbie 0606uweHnsa CXP ans npoueccoB JleBU. B yacTHOCTM, Npu nogxoge
MT0 npouece JleBn L packnagbiBaloT B CYMMY rayCcCOBCKOIO Mpougecca U CTOXacTUYeCcKoro nHTerpa-
na ro rnyaccoHOBCKOW cny4dariHoli Mepe, 3aTeM Mcnonb3yoT CXP ana o6omx cnaraembix C Lenbio
nonyyeHmsa obobuieHHoro CXP ana L. Mogxoa Hyanapta n CKoyTeHca COCTOUT B pas/fiodKeHUu
KBaApaTU4YHO UHTErpupyemoii cnydyaHoli BeNMUYnHU B psif U3 MOBTOPHbIX CTOXaCTUYECKUX UHTe-
rpasoB OT Hecny4arHbiX (PyHKUNI MO TaK HasbiBaeMbiM OPTOrOHanM30BaHHbLIM LEeHTPUPOBaHHbLIM
rnpoueccam cTerneHel CKavyKoB, 3T MNPOLLECCbi CKOHCTPYUPOBaHbI ¢ ncnonb3oBaHuem cidldg Bepcuun
L. Moaxon JinTBMHOBaA OCHOBaH Ha OPTOroHaAn3auMM HenpepbiBHLIX MOAMHOMOB B MPOCTPaHCTBE
KBaZpaTU4yHO MHTErpmpyemMbix cnyyanHbiX BENUVH.

B 3T0ln cTaTbe Mbi KOHCTPYMPYEM pacLUMpPEeHHbI CTOXaCTUYECKNI MHTerpan no npoueccy flesn
M CTOXaCTUYeCKYH MPOn3BOAHYI Xnabi B TepMmnHax 0606weHHoro CXP, npeano>XeHHoro JIMTBUHoO-
BbiM; yCTaHaB/MBaEM HEKOTOPbie CBOMCTBa 3TUX ONepaTopoB; 1, YTO Hanbonee BaXKHO, NOKa3biBaeM,
UTO pacLUMpeHHbie CTOXacTUYeCKNe MHTerpasbi, MOCTPOEHHbIE C UCMONb30BAHMEM BbillleyNnoOMSAHY-
Tbix 0606LwWeHN CXP, coBnagatoT.

Kntouesbre cnosa 1 pasbi: npouecc JleBu, CBOMCTBO XaOTUUYECKOr0 pasfnoXXeHUs, paclunpeHHbIn
CTOXaCTUYECKUI NHTEerpaJsl, crtoxacTuyeckas nponssogHas Xugpi.
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NONYWAHCBKNN A.O.

PErYNAPHICTb PO3B'A3KIB KPANOBUX 3AAAY O/1A
ONDY3IMHO-XBW/IbOBOIO PIBHAHHA 3 Y3ATAJIbLHEHUMUN ®YHKLUIAMU B
MPABUX HACTUNHAX

NonywaHcbkuini A.O. PerynsipHicTb po3B’si3KiB KpalioBMX 3afay ANns AWdY3iliHO-XBWALOBOTO PiBHSAHHA 3
y3arafbHeHUMUM PYHKLiSMK B NpaBMx YacTuHax // KapnaTtcbKi maTemaTu4Hi nyb6nikayii. — 2013. —
T.5, Ne2. — C. 279-289.

JloBefieHO 04HO3HaUYHY PO3B'A3HICTb MepLUOT KpaioBoi 3agadi Ans piBHAHHSA
<Pp)-a (HHuxx = F(x,t), (x,t) € (0,7) X (0, T],

3 Apo60BOIO0 NOXigHOO Pimana-fliysinns nopsagky [3 € (0,2), gogatHuM rnagkumM KoedilieH-
TOoM a(t), ysaranbHeHMMMN PYHKLIAMM B NpaBMX YaCcTUHAaxX Ta BCTAHOB/EHO AesKi foCTaTHi yMOBU
perynsipHocTi ioro po3B'si3Ky 3a 3MiHHOIO t.

KntwouoBi cnosa i hpasn: moxigHa ApoboBOro Nopsaky, ysaraibHeHa (yHKLiS, KpaioBa 3ajava,
BeKTOpP-PyHKUiA piHa.

MpuKapnaTcbKNii HauioHaNbHWI YHiBEpCUTET iMeHi Bacuna CTedaHnka, |BaHO-PpaHKiBCbK, YKpaTHa

BcTyn

Y [aHii cTaTTi BCTAHOB/IOEMO OfHO3HAUYHY PO3B'A3HICTb NepLUOT KpaoBoi 3agadi Ans piB-
HAHHS

niB - aftjux = F(x, 1), (x, 1) €(0,2) x 0, T\, 1D

3 gpo6osoto noxigHoto uf”r PimaHa-/liyBinna nopsgky B € (0,2), gogaTHUM rnagkum Koegi-
uieHToM a(t), ysarabHEHUMMN PYHKLISAMN B MpaBUX YacTMHaX Ta 3HaXogMMo AesiKi gocTaTHi
YMOBW PErynsipHoOCTi pPO3B'sI3KY 3a 3MiHHOIO t.

Bigomo [12], w0 y3arasbHeHi pPo3B'A3KM PIBHAHb 3 YACTUHHUMUW MNOXIAHUMU Ta CTa/IMMU
KoedhiyieHTamMn y BuNaaKy npasol YacTuHM F(Xx,t) = Fg(x) mS(t) (S(t) — penbTa-thyHKUiNA
Jipaka, KpankKor no3Ha4vyeHo NpssiMnin 4o6yTOK y3aranbHeHUX OyHKLin) € HeCKiHYeHHO ande-
PEHLIA0BHMMM 3a 3MIHHOIO t B y3araibHEHOMY CeHCi: 3Ha4YeHHS i«(-, t), @(-)) po3B'A3Ky U(X, t)
Ha AO0BiNbHI OCHOBHIVM OYHKLT cp(X) € HECKIHYUEHHO AndepeHLLiioBHOK PYHKLIE 3MiHHOT t.

Ha npuknagi gndysiiiHo-XxB1UNbOBOro piBHAHHS MOKA3yeEMO, L0 NoAi6HOK BNacTUBICTHO BO-
NoAitoTb PO3B'A3KM KpaoBUX 3ada4 AN piBHAHb 3 A4P060BO0 MOXiAHOK 3a 3MIHHOMO t:y BU-
nagky ysaranbHeHol pyHKUiT F(X,t) = Fg(x) -g(t) perynsipHicTb 3a 3MiHHOIO t y3arajibHeHOro
pPO3B'A3Ky MepLUOoi KpaioBoi 3agadi gns piBHAHHSA (1) BU3HA4YaETbCS BNACTUBOCTAMM OYHKLLI

© NonywaHcbknin A.O., 2013
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a(t) Tag(t), 3okpema, Npu HenepepBHUX a(t) Ta g(t) po3B'saA30K U(X, t) 3aaui TaKoXX e y3arasb-
HeHO (PYHKLE, HENEPEPBHOI 3a 3MIHHOIO t.

Lleii pe3ynbTaT BUKOPUCTOBYBAETLCA AN A0BEAEHHS PO3B'A3HOCTI AeSAKNX 06epHEHUX Kpa-
MOBUX 3afa4y AN51 TaKOro PiBHAHHSA 3 3a4aHVMU y3aralibHEHUMN (PYHKLISMM Yy NpaBUX YacTu-

1 OCHOBHI nosHaueHHsA Ta bopmMynrBaHHSA 3apgavyi

BukopuctoByemo Taki nosHayeHHsi: Qo = (0,/) x (0, T], C+[0, T] — Knac HenepepBHUX
Ha [0, T] Ta 06MeXXeHUX 3HU3Y AodaTHUM ymcnom dyHkuinm, C+[0, T] = C°°[0, T] MC+]0, T],
S(IRiV) (N = 1,2), 2)(0,1), S[0, /] — npocTopu HeCKiHYEHHO ANdEPEHLINOBHNX DYHKLNA 3
KOMMaKTHUMM Hociamu BignosigHo B RN, (0,7), [0,/] [10, c. 13], £5(Qo) = {v € C°°(QO) :
Bt)k\\t=j = 0, k= 0,1,...}, 2)'(RN), X>'(0,/), 2Y[0, /], £>'(Q0) — npocTopu NiHIAHNX He-
nepepBHUX (PyHKLUiOHaNB (y3aranbHeHMX oyHKLin) BignoBigHo Ha S (R N), XHO,/), X)[0,/],
D(Qo), (F, ®) — 3HauyeHHA F € 2Y(KM) Ha ocHoBHIW hyHKUiT @ € 23(RN), a Tako>XX 3Haue-
HHA F € WO, I) Ha @ € £5(0,/), F € ©[0,/] Ha ¢ € 5)[0,/], F € 3>'(Qo) Ha € D(QO0),
©'(Qo) NCI0, T] —{F € D'(Qo) I(F(x,), ®(x)) € C[0,T] Wp € 2)(0,/)} — Knac y3arasbHe-
HMX PYHKLUIN i3 ©'(Q0), HenepepBHUX 3a 3MiHHOW t € [0, T] [12].

Mo3HaumMmo 4yepes * onepawito 3ropTKU y3arasbHeHoT PyHKLiT g Ta OCHOBHOT OYHKUIT @
[10, c. 111], To6TO (g*(P)(X) = (Q(£), Y(X + £)). Hexahi f *g € £>'(R) — 3ropTKa ysarasnbHe-
HUx doyHKuin f,g € D'fIR), Wo Ha KOXXHYy OCHOBHY dyHKUit0 @ € D(R) gie 3a npaBunom
(/*8 ) = f(x) 'g(0 € D'(R2 — npsmMuin obyTOK y3aranbHeHUX PYHKLUin f,g €
0'(R), TO6TO y3aranbHeHa (pyHKLifA, L0 Ha KOXXHY OCHOBHY (hyHKUit0o @ € S (R 2) gie 3a npa-
Bunom (/ mg, @) = (/(x), (9(t), @(X. 1))).

3ayBaxknmo, Wwo y Bunagky g € L\ (0, T) maemo

T T
(/9,0 = {f(x)'fO gWtp&W?*) =JQs(0( /7 ( * ) / v<pes(R2.

Bukopuctaemo doyHKUito (auB. [12]) /o € S+(R) = {/ €D'(R) :/ = Onpn f < 0}:

/n(0 = 6Y(n) npm n>0

i/0(0 = N1+n(0 npn 1 < 0, ge /1) — rama-thyHKLisA, 8(i) — oanHMYHa hyHKLiA XeBicaiiga.
MpaBWNbHI HACTYMHI cNiBBIAHOLWEHHA /4, * /;, = /A+U,/A\* /Yy —/A+1

Haragaemo, w0 noxigHy (x, t) Pimana-NliyBinna dyHkKUii v(x, t) nopsgky B > 0 Bu3Ha-
yaloTb 3a OPMYOL0

VIB\X. " =7/ -B(N*v(X.i);
perynsipmsoBaHy noxigHy gpo6osoro nopsaaky [1],[2] 3a coopmynamu:
PROGH = Feal gy ¥e (EUTHEE T Frateylracde [ g™ 0P
=Vv[B\Xx.n - 71_B(nv(x.0), npn BE (0,1),
Df4*0O = [(2%) J0 (7 ~"~Fidl = il Ax") -Zi-js(iM*/0) ~/2-B{Av{(x,0),
npn B € (1,2).

Hexain CtyiQo) = {v € C(Qo) \WX¢OpRv € C(Q0)}. BBeagemo onepatopu
L: (Lv)(x,t) = VIB\X,n -a(qvxx(x.n, (x,t) €Q0, o € £5(Qo)/
Lrog: (Lrebv)(x,t) = OBv(X,N - a(t)vxx(x,t), (x,t) € Q0, P€E C24(Q0),
L: (LV)(x,t) =/_B*v(x,n - a(t)vxx(x,t), (x,t) €Q0, » e 3(QO0),
Ta QYHKUIMHWIA NpOoCTip
X(Qo) = {ye2 (W :0(0,0 =0, v(I,0=0, t€IOT].
Ak y [9] nokasyemo, Wwo ana y € C22(Qo), P € X(Qo) npasunbHa opmyna lpiHa
f oy maipy.dydt = T (Lrsv)y, Tipty. TdydT
JQ® JQo

yin
+J ao(t)[v(0,)ipv(0, t)-v (L1)ipv(L1)]dT

+f v(y,0)dy | Zi-B(D)yun,1)at +j vT(y,0)dyj Z2B(1)g”,1)dT.

Po3rnsiHeMo NepLly KpaoBy 3agaqy

«(0,0 =0, (((/,0 =0, f€ [O,T], (2)
n(ar,0) = JFI(x), x € [0,/], (3)
Uf(x,0) = F2(x), x € [0,/], (4)

ana pisHsHHA (1) npu B € (0,2) (ymoBa(4) BigcyTHS y Bunagky 3 € (0,1]) 3a o4HOro 3 HacTy-
MHUX NPUNYLLEHb:

(A) A€q°[0,T], Fe D'(Qo), § €3¥0,/],; = 1.2,

(B)a € C+[0, T], F(x, 0 = F(x) mgy(f), g € C[O, T], F; e D'[O, /],; = 0,1,2.

Po3B'A3koM 3agadi (1)-(4) 3a npunyuieHHs (A) (abo (B)) HasmBaeTbca oyHKLiIA 1 € 2}'(QO0),
L0 3a0BO/IbHAE TOTOXKHICTb

2 i
ulip) = (F,y) + E fe f fj-Bitiip(-,t)dt)  V @€ X(Qo). ()
/50

2 BnacTtuBocTi cnpaxeHux onepaTtopis Fpiha

O3HauveHHA. BekTop-thyHKuis (Go(x, t,y, 1), Gi(x, f,y, r), G2(x, t,y, 1)), Taka w0 npun gocrar-
HbO rNagKnx go, gx, gi hyHkuia

€ Knacu4Hum (Knacy C244(Qo)) po3B'si3KOM MepLUoi KpainoBoi3agadi

DfU —a(t)uxx = go(x, 0, (x/0 € Q0 x (0,T],
/(0,0=0, u(l,0 =0 x€[0/]f€]oT],
M(x,0) = gi(x), Mi(x,0) = g2(x), Xe [0./],

HasnBaeTbCA BEKTOP-PYHKLUieto MpiHa u i€l 3agadi.



3 03Ha4YeHHA BUMNIUBAE, L0

{LGa{x,t,y,T) = S(x-y,t-T), (x1),(y,T) € QQ

Gj(0,i,y, 1) = Gj(l,t,y, 1) =0, ye€(0,/),fte (0,T\,j =012
Gi(x,0,y,0) = d8(x —y), ~G2(x,0,y,0) =d8(x-y), Xx,ye(0,/).
Ak npn goBegeHHi nemmn 1i3 [9] nokasyemo, L0

Gj{x,t,y,0) = n-B(n * GO(x, t,y,0), (x,t) €EQo, ye (0,/), j=0,1,2. )
Teopema 1. Mpuae C+[0, T] BekTOp-yHKLisA ['piHa nepLuoi kpaliosoisagaui (1)-(4) icHye.

AosefieHHs. Bpaxosytoun dhopmyny (7), 4OCTaTHLO JOBECTM iCHYBaHHSA rofoBHOT PYHKL I'piHa
Go(x, t,y, 7). Ak y [4], [7] pna 3agavi Kowi Ta y [5] ana 3aranbHUX NapadbonivyHUX KpaoBux
3afad, 1l iCHyBaHHA MO>XHa [0OBECTUM MeToAoM J1eBi, BUKOPUCTOBYHOUU BigoMunin oyHAaMeH-
Ta/lbHUI PO3B'A30K AAHOr0 PiBHAHHSA 3i CTayiM KoedilieHToM 4 [3].

IcHyBaHHA byHKUT Go(X, t,y,r) MO>XXHa TaKo>XX foBecTU meToAoM psigiB dyp'e. Cnpasgi,
BUGMpatoun y doopmyi I'piHa 3a yHKLIT ipk € X (Q 0) po3B'A3KM PiBHAHbL

(MY /70 =<rM,y,T),

[ie NoCniAoBHICTL (E(X, t, Y, T) (£— 00) € AenbTa-BUAHOI, i3 opmynu 'piHa Micns rpaHNYHOro
nepexofy npu ft -> oo ofep>KyemMo 306padkeHHSA (6) po3B'A3Ky 3agadi (1)-(4), ge Go(x, t,y, 1)
(rpanmnua nocnigoBHocTi Pky ©'(SR2)) Ak oyHKLIA (Y, T) € po3B'SA3KOM 3ajadi

(Ly,TGO) (X’ f’ Y, T) = ﬂx_ Y, t- T)’ (X’ t)! (y! T) € Q01

Go(x,f,0,1) = Go(x, f,/1) = O, GO(x, f,y, T) = GOx(x,i,y,T) = Q. ©)

LLlykaemo Goy BUrnaai
y y pi )

Go(x,f,y,T)= E Sm(x,i,T)o;m(y), 9
m=l

e o;u(y) — opToHOpMOBaHi BnacHi hyHKL,iT cTalioHapHOI KparoBoi 3agadvi
AQu AiMMnN—0, y € (0,/), ovm(0) - com(l) —O.

MigcTtasnatoun (9) y piBHAHHA 3a4adi (8), Matumemo

® @
z [f-p{r)*smx,t,T) + Ama(T)Sm(x,t,T)jJu>m(.y) = Z(d (X - Yy),com(y))cvm{y)O(t - 1),
m=l m=1

3BiAKW, BpaxoByrouu, Wwo (6(x —y),tom(y)) —ovm(x) , ogep>kyemMo 3agadi ansa Smx, t, 1):
/-g(nN?Smx, f, 1) -f Ama(z)Sm(x, f, 1) = omXx)<S(f - 1),

Sm(x,t,T) = SmI(x,t,T) =0, m= 1,2,.... ( =

Ko>kHa 3 3agay (10) 3B0ANTbCA A0 NiHIMHOIo IHTErpaibHOro PiBHSAHHS

Smix, i, T) + AW/ (T)*(fFI(r)Sm(x, i, r)) = Zjj(i-r)w mx). (11)

MeToAoM MOCNiAOBHUX HabNMXKeHb 3HAX0AUMO MOro po3B'A30K Yy BUMNA4I PIBHOMIPHO 36iXK-
HOro npu x € [0,/],0< 1 < i< T,pagy

30Kpema, y BUNagKy a(t) = = const > O MaTUMEMO

()
(-e AmP/(p+)p (f-T)a mMm(x)

=0

sSm(x, t, 1)

he

(i-1)0.1 % = (i-"r_IEA (- flAm (i-T)N)a;w(x),

ae EB(0) = EBR-1(,B) = Z 1(pBtB) — dyHKuia Mittar-leconepa [2], wo npu Benukmnx K|
Mae ouiHKy EB(0) < -w, C = C(/3) — peska gogaTHa ctana. Togi 36i>kHICTb psagy (9) Bunnveae
3 piBHOMIpHOI 36i>XKHOCTI psgy
C_ £ |™M.Man,(y)l_ [01]] o< T<t< T
- T ,to A«
B 3aranbHOMy Bunagky, npu so < a(t) < Jlo gna secix t € [0, T] ouiHOEMO Yy Bupasi ans

Sm(x, f, T) cymMmy ABOX CyCigHiX AOAaHKIB:

AW/3T)* (A(T) (Z73(1)* (- - - A(T)/73(1)* ~ (1) /B(i
%
Acrrg(r)y<(a(T) (/B(T)* (... a(r)/B(T)* (a(r)/pa- T
2fcH
—Aﬁzrﬁ AR/ (2cHDN(i - T) - AU/ (2242) A - T)

STNK A (MY B({- T) - AMC2i+l/ @I2)(* - T)

RO ASTKOMY € < TR BEX Aw 2 M2 gy - AATRw  uf YRR, -

yBa>KMUMO, W0 3rigHo 3 [11, c. 67] "MB+B) = 0(2/c/3)N ana Benukmx k Toai npu BENMKNX
ANt —1)P maTumemo

Ian(x,i, 1)1 < (i - O~ _1ER(—cAMi - DY@, XE[0/], O0<t1<t<T.

OTxKe, Npu a1 € C+[0, T] MatmemMo aHa/orivHy 40 BUNaAKy cTanol yHKLiT 9 OLiHKY po3B'a3-
Ky piBHSAHHSA (11) npuv Benmkux Aw(f —T)”, a3Bigcm piBHOMIpHY Mpu X,y € [0,/],0< T < i < T,
36iXKHICTL paay (9). MonosHa yHKLiA 'piHa 3apaui (1)—4) icHye. O

Hacnigok 1. MNMpaBubHi OLiHKN
\Gi(x,t + AE,y,T,5) - Gf(x,i,y, T,fl)] < M;(x£y,TAIAEI7, (X.0), (y,x) € QO, (12

e 0 < 7 < 1, HeBig'eMHi doyHKUiT M(X, i,y, T,q) MaoTb Tak X OUIHKN; 9K G,(X, t,y, T,0),
i=0,1,2, BigN0oBIigHO i3 3aMiHOO B HA B —7 .

AoBefieHHs1. BuKopucToBytoUun 306paykeHHs (9), MaTtumemo

()]
GO(x, i 4 Al,y,T,a) -Go(x,i,y,T.fl) = INSm(x,i + Ai,r,fl) - Sm(x,i,T,«)]a;m(y). (13

w=1



Ons dyHKUin Zm(x, t, T, At, ) = Sm(x, t+ At, T, 1) —Sm(X, t, T, a) 04ep>KyEMO iHTerpanbHi piB-
HSAHHS

Zm{x, t, 1, At, @) + \nfB(T)*(a(t)Zm(x, t, T, At,a)) = [/Ni+ Ai-1) —/jg(f —T)]wrm(x)

urnagy (11). OckinbKn/B(i + At - 1) - /Ni- 1) = *fy+\(t+ At- 1) - /B+\(i - T)],
nMl—B < A < L akwo B € (0,1), TaN< 2—f,9kwo B € (1,2), Maemo B+ A —1=j €
(o4) TaB —7 = 1—A > 0, TO BpaxoByr4M HEPIBHICTb

N7

[(i+ A@_ t)7 _(i_ 1)7] = (i_r)tl(i+_"Ni_) 1] < |Aip,

00EPXKYEMO
/B + AE - T) —/B(i - D] < /1A - DIAIIY= /B_1{i - D]Ai]y.

AK B AoBefeHHi TeopeMun 1 3Haxogmmo pyHKLUIT Zm(x,t,y,r, At,a), Wo MaTUMyTb TaKi X
OLIHKN, SIK PO3B'SA3KN PiBHAHBL (11) i3 3amiHOO B Ha B —7 Ta MHO>KHUKOM JAi]7. BpaxoBytouun
306paxkeHHs (13), ogep>KyeMo ouiHKy (12) npn / — 0. IHLWWI OUiHKN B HaAcCNigKy O4ep>KyeMO 3
Taknx cammx MipKyBaHb Ta BPaxoByto4u criBBigHoWweHHS (7). O

BukopucToByBaTUMEMO Hagani rno3HayveHHA Gy(X, t,y, T, &) 3amicTb Gy(x, t,y, 1), j = 0,1,2.
3rigHo 3 meTogoMm JleBi, Ana yHKUin Go(x, t,y, T, 1) Ta Gy(X, t,y, 0, a) NpaBUbHI TaKi > OLjiH-
KW, 9K Anga napameTpukcie G(x —y,t —t1,a(1)), Zy-~(i) * G(x —y, t,0,4(0)), /= 1,2, Bignosia-
Ho [4], [7], [8].

3rigHo 3 [3], dyHaameHTanbHa pyHKLia G(x,t,a) onepaTtopa L 3i ctanMm KoediLlieHTOM
a > 0 mae Burnag

G(xta) - n~-v2*p 1H20 {/4at? @'g\ (172,1) ;"

79 Ynin ((&/L};\I; E’L‘)ﬁ/gﬁ)) H-chyHKuis dokca [6].

BukopucToByto4un BnactuBocTi H-pyHKUin ®okca (AK y [9]), meTop JleBi Ta BpaxoByOUUn
pesynbTaTu [13], 3HAXOAMMO OL{iHKM AN KOMMAOHEeHT BEKTOP-(PYHKLT I'piHa Ta iX MoxigHWX.
Mpwn [a(0]-1 ™ jRana Beix t € [0, T] maTnumemo

N GO(x,t,y, T,a) <CIRk"N(t-1) ™ 1\ |x-ypR<4(f-1Yy/R

\» _
CAY oty T.a) < CKit- DB —yQ > 4(i —1)P/R, k= 0,1,2,...,
\ x-y K+l
(5) Citoty.08) KGRI 1 (keVi, - N2 < UG/R,
Y
. Ly

T4 ¥yvix. ty.0.a) <CJI4>\R\X'y\B4 - < GKR~*V Ix-y f 1-~ tH +A

YORY2H T Ixylv ar J oyt !

-y\2>~/R, /=12, c= {2-B)BNe-P\
Cfc,c*, €Ep C*KCjk(j = 1,2,ft= 0,1,2,...) — pgesKi gogartHi ctani.

BMKOPUCTOBYBATMMEMO CrpsiXeHi onepaTtopu 'piHa
©osp)ym = | drd GQu.ty.T.a)<pix
. H jl
Gj<p)(y) = ] dtJ Gj(x,t,y,0,a)<p(xft)dx, @ EL£(QO), /= 1,2.

AK Y [9] AoBOANMO, wo ansa kKoxHoi @ € X(Q0)

(Co(1™M))(y,T) = (Y10 e Oo,
(0 -ty = f M {t)\p(y,t)dt, ye[Qfl}, /= 1,2, 14
JO
anpmnae€ C~[0, T
00 : CD(Oo) -> X(Qo)/ @J:®(Qo) C~[0,/], /= 1,2 (15)

Teopema 2. 3anpunyLeHHs (A) icHye eanHNIN po3B'A30K U € 3Y(QO0) nepLuoi KpaoBoi3agadi
(1)-(4). Po3B'A30K BU3HA4YeHW 3a hopMYI0H0

{u, @) = (F,00p+ 0*7" V € S (Qo): (16)
}=i

Teopema [OBOAMTLCA 3a CXEMOK A0BefileHHsI TeopeMun 1y [9] i3 BUKOPUCTaHHAM HaBedeHUX
BULLIE BNacTMBoCTel (14) Ta (15) cnpsixkeHux onepaTopis 'piHa.
BBenemo onepartopu

GO<pIY.ET = | GO(x,t,y,T,a)(p(x)dx,
(Gj<p)(y’t) = Gj(X, t,y, O,C()(p(X)(f(X, j =12, oe 'I)[011]'

Nemali. Hexaria € C+[0,T]. Toginpn max [c?()]-1 < R,A0BiNbHNUX0 < T < t < TnpaBu/bHi
f6[0,T]

OLLIHKW
d}k(G0<p)(y,i.r)I < colleplle™o - (i-r)™ 22 VK + (i —m)/R32L
dy;
(17)
(¢) (8)(.y,i) < QWW\(Qi] -t \ /= 1,2, k=0,1,2,...,
a TaKoK
(4 ) (Go<p)y,i,nl < c™I<pllcy P4 (t-T)P/2 \
(18)

(¢) (Gi<p)y,0 | <i~llc-[o,/]1-[* LpR+T & /=1, k= 1,2,..

o,c* (j = 0,1,2) — pogaTHI cTani.



AoBefieHHsl. BUKOPUCTOBYIOUM OLLIHKM FON0BHOT pyHKLiT 'piHa, npn @ € C[0, I] ansa Beix t €
[0, T] 3Haxogmnmo

Jo GO(x,£,y,r,a)@(Xx)ax

0(x,t,y,T,a) dx + 0(x, t,y,T,@) dx) ®\§XCo,i]

INANS2(t—T)P2AR G
Co(t —1)P 1

T/I2(i—) 2R ¢

< CARA(L-T)N 4 X +

dxyl .
x-y\<2{t-T)P'2/s/R U~* V ot Ny | >2(f—=) N 2/ VR ) "A\|>I<C[Q’/V|

< (2Cg(i- T)A 1+ Zy v*R(i - 1)~ 2 1) |KIHVA < colMigo,/] - (t- t)E_1[>/R+ (t- 1)§],

cO= const > Oinpnf G C[0, /] anda Bcix (y,T) € QO t € [0, T] dyHKLUIiT (GOP (Y, i,T) (Y € [0, /],
0 < 1 < f < T) € HeENepepBHUMMN.

Ockinbkn  Jo “Go(x,t,y,T,a)(p(x)dx = JgGotxJ™"Njcp'ixjdx npu @ € C1[0,/], T0 3
rnornepegHbOT OLLIHKU 04ePXXYEMO

G°(x,i,y, T,f)<P(x)dx < Q@IKHCI[0] - (i-1)8§ + (E- 1)?], (19

inpn ¢ € C1[0, /] ans Becix (y,T) € QO0, t € [0, T] pyHKUiT (G 0<p)(y,i,T) (y €[0,/],0< 1 <
t < T) e HENEepepPBHUMM.

3iHwWoro 60Ky, 3aCTOCOBYHOUM OLiHKY MoxigHOT pyHKLiT Go(X, t,y, T,a), npu @ € CQ, I] ans
Bcix t € [0, T] maTnmemo

J ("Go(x,t,y,T,a)(p(x)dx

< _CIR(t -T)~Ildx+ f e\t —1)P 1dx) mIMigo,/]
x-Y\<At-t)P'/VR~L" K MINSA{t-T)A/VR  I* ~ YI2 ’
< OWR\\p\\do,i] - (t- T)T~\ b= const > 0.
(20)
I3 ouiHOK (19) Ta (20) 3a 4ONOMOroK0 iHTerpyBaHHs YacTUHaMy 3HaxXo4MMO BiAMoOBiAHO OLLiH-
Ku (17) Ta (18) gna Cop.
Mpn ¢ € C[O, /],j — 1,2, ouiHMO

lo (¢) ~ . VL0, 0)WOOAaX\ < ) y*l% C*kR N 1
Yy L y_:?F
CIK ~1+&

| 202 1 I 2 dx <
LY\ >7~r RMxy-x\I+~ o/

1T+t ¥ \\PN\qal,
c¢k= const > 0,k —0,1,2,..., a, oTKe, Npu @ € C[0, /] dyHKLUiT (G/@)(y, T) HenepepBHi B QO,
7= 1,2.

BukopucToBytoumn ogep>kaHi OuiHKM nMpm K = 0 (K = 1) Ta iHTerpyBaHHs YyacTMHaMU, SIK
BULLIE, 3HAX04MMO ouiHKU (17) (BignoBigHo (18)) ona Bunagky j = 1,2. O

Im Ic M

Teopema 3. 3anpunyuleHHs (B) icHye egnHNII po3B'sa30K u € 3Y(QO0) M C[0, T] nepLuoiKpaiio-
BoT3agaui (1)—4), BiH BU3HA4YeHU1 3a hOPMY/1010

«.£),<?()) = £ g(T) (Fo(-), (Go<p)(; t, 1))at + £ (Fj(-), {Gi(p){; t, 1))
Jo j=i (21)

V<pGS[0,/7], fe€[0T].

AosepeHHs. Tenep F(x,t) = Fq(x) -g(t) — npsmmii 4o6yTOK y3aranibHeHUX OYHKUiK Fo €
X>[0,/], g € C[O0,T]. AcHo, W0 Taka y3araibHeHa (QyHKLUiA HanexxuTtb 3Y((20) (HaBiTb F €
3Y((20) n CJ[0, ], ockinbkmn gns g € C[0, Il TagoBinbHoT @ € D[0,l] doyHKUis (Fo(x)-g(t), <p(X))
= (fo/ Y)g{t) e HenepepBHOtO Ha [0, I']). Tomy 3a Teopemoto 2 npn a € C+[0, T] icHye egnHNI
pO3B's130K u € 3Y(<20) nepLuoi KparoBoi 3agadi (1)-(4), BU3HadeHWin 3a hopmynoto (16). Mo-
Ka>kKeMo iCHyBaHHS po3B'A3Ky u € 3Y(QO0) M C[O, 'l uiel 3agauvi 3a npunyLweHHa (B) Ta wo gns
HbOro NMpaBwUbHE 306pa>KeHHSA (21).

Y3aranbHeHi oyHKLiT B 06MEXXeHI 06nacTi MaloTb CKIHYEHHMWI NOPAAOK CUHIYNSIPHOCTI
[10]: icHytOTb Taki Lini uncna Ko, K\, K2 Ta hyHKU,iT gok, o[k, g € L\(O, /), wo

(Fiy)" (p(y)) = %@!OS}KW)W/ <plydy Ve €D[0/], j=0,12. (22)

BukKopucToBytOUmM 306padKeHHsT (22) Ta neMmy 1, NepeKOHYEMOCS, Lo ANA OO0BiNbHOI @ €
2)[0, /] hyHKLUIiTy npaBiii YacTuHi hopmynu (21)

I &(T)(fb(y)/ (GO<p)(y.t,T))dr = kz;o Jo §(r) j godt(y)(™) (Go<p)(y.t.T)dy dx,

F-(¥).,(GOP)Y.0 = Z JQSjk(y)(™) (Gi(p)(y.)dy, j= 1.2,

HenepepBHi Ha [0, T], Ta NpaBwW/bHI OLIHKMN
J/0 E(M)(FO(y).(GM)(y.f,-r)di

< cokéQ II"IIO>[0/]-Jé I"(T)'i'f J% \gok(y)\dyl| [(f—T)’\5 1+ VR (t-1y 2 )\Lé(r < N2

\(Fi{y),(GO(p)(y,t)\ <CjJ™ hWc~on-t’ 1f \gik(y)\dy = bjti \ j = 1,2,
=0 JO
by (/ = 0,1,2) — peaki gopatHi ctani. OT>Ke, NpasBa 4YacTuHa y popmyni (21) BU3Ha4veHa Ta
dyHKLisA (21) HenepepBHa 3a 3MiHHOWO | € [0, T].

Moka>kemo, Wo dyHKLUiA (21) 3a40BONbHAE TOTOXKHICTb (5). 3a nemoto 1 nNpu AOBINbHUX
O<r <t< T, @ € T>0,1], maemo @5j(p)(-,t,T) € 2)0, /], aTakox (Gj(L\p))(-,t, T) € £)[0,4
ANns KoXXHoT P € X(QO0), Ta BM3Ha4eHo (u,Lip) = JQ (u(-,i), (Lip)(-,t))dt. 3riaHo 3 hopmy-
noto (21),



-
J[O (u(-,t),(Lip)(-,t))dt
T t N T
=J[O (7 g(T)(Fo(y)'(Go(L\p))(yrtrT))dT)dt+ £ f (Fj(y), (Gj(Lip))(y.t,T))dt
T t ~NT

= (po(y),JQ (Jo g(T)(Go(Lip))(y.t,T)dTjdt™ + (Fi(y), (Gj{Lip))(y,t,T))dt

T T 2 v
= (fo(y)/jE S ™ (JT Go(Lip)(y,t,T)di)dT) + £ (F(y)'fQ (Gy(b/>))(y.f,r)df)

= (fo(y) ® (1), (0QELS)) (" 1)) + £ (Fy.&i(Lip)).
/1

CkopucTasLuunck hopmynamu (14) (npaBunbHUMKU Npu 8 € C+[0, T]), oaep>KyeMo

{ulxp) = (Fo(y) -#(1), ip(y, M) + £ (Fy, T Z1_B(nY(-, t)dt) V e X(QO),
y=1 /0

TO6TO TOTOXHICTb (5). 3a 03Ha4YeHHAM BYHKLiS (21) € po3B'A3KoM 3agadi (1)-(4) wykaHoro
Knacy. €EQMHICTb PO3B'A3KY 3adadi goBoanTbeca Ky [9]. O

Hacnigok 2. 3a ymoB TeopeMn 3 TakoxK yci noxigHi (j~)kit, k = 1,2,..., po3B'dA3Ky 3agaui
HenepepsHi 3a 3MiHHOIO t € [0, T]: ((M~)ku(X, -), @(x)) € C[O, T] gna Ko>kHoi @ € D(0,/).

3ayBaxkeHHA 1. Ans piBHAHHA (1) 3 3ara/ibHILLUM BiflbHUM Y/IEHOM — Yy3arasibHeHO DYHK-
uieto F € SV(Qo) NC[O, T] BamicTb Fo-g), npn Fj € 3¥[0,4,/ = 1,2, TaHaBiTb A € C" [0, T]
TaKM Crocob0oM He MOXKEMO A0BECTU, LLLO PO3B 'SA30K 3agadi (1)—4) HanexxnTb 2)" (QO0) MCIO, I'].
Cnpaspgi Tenep BUKOPUCTOBYEMO 3006parKeHHs

nN fT ] ri rd \kr d \P .
(Fy, 1), cply, 1)) = £ % / at  Sokp(y>t)(umn) (ar) <p{y,T)dy V 9p€ S(QO)
k=0p=0J0 JOo °y oL

i3 geskumm gokp € Li(Qo), k= 0,...,Kqg, p = 0,...,PO. OgHak npn PO > 0 1Ta @ € @M0/]
dyHKuUii {jfj-Y{G()(p){Y,t, T) MaOTb 3arasiloM HeiH TerpoBHi 0CO6/IMBOCTI.

3ayBaXkeHHSA 2. Po3rnsHyTO 3ajadi B 04HOBUMIPHOMY NPOCTOPOBOMY BUNaAKy. PesybTaTu
MOLUMPIOTbLCA Ha BUNnagok Qo= Q x (0, T], ae Q — obmedkeHa 06n1acTb BRIV, N > 2
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Lopushanskyj A.O. Regularity of the solutions of the boundary value problemsfor diffusion-wave equation
with generalized functions in right-hand sides. Carpathian Mathematical Publications 2013, 5 (2), 279-
289.

We prove the unique solvability of the first boundary value problem of equation
- a(mAu = Hx 1), (Xt €(0,1) x (o, T],

with Riemann-Liouville fractional derivative uf >of the order € (0,2), positive smooth coeffi-
cient a(t) and generalized functions in right-hand sides. We obtain some sufficient conditions of the
regularity of its solution as variable t.

Key words and phrases: fractional derivative, generalized function, boundary value problem,
Green vector-function.
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JlokazaHa ofgHO3Ha4YHas pa3peLlnMOCTb NeEPBOI KpaeBoW 3a4aun Ans ypaBHEHUSs
- a(thuxx = F(x,t), (x,t) € (0,1 x (0, 1],

C ApO6GHOI Npou3BoAHOM K, PumaHa-/inyBunna nopsaka B € (0,2), NONOXKUTENbHbIM MagKnm
Ko3thpunymeHTom a(t), 0606LLEHHBTMU PYHKLUUAMMN B NPaBbiX YacTsX U YCTAHOBNEHO HEKOTOpPbie
[0CTaTO4YHbie YCN0BUA PErynsipHOCTU ee peLleHUs No NnepeMeHHoI t.

Kntouesune cnosa v pasu: npomsBogHas Apo6HOro nopsigka, 0606ueHHas PyHKLUMS, KpaeBas
3agaua, BeKTop-PyHKLUUA MprHa.
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Manuubka .M., BypTHAK I.B. Mpo cTabinisayito iHTerpana MyaccoHa ynbTpanapaboniuyHux piBHAHbL //
KapnaTcbki MaTemaTuyHi ny6nikauii. — 2013. — T.5, Ne2. — C. 290-297.

JocnigkyeTbesa cTabinisayin iHTerpana NMyaccoHa ans piBHAHb TNy Konmoroposa, W0 MakTb
TPWY rpynm 3MiHHNX, 3a AKUMWN € BUPOAXKEHHS NapaboniyHOCTI.

KntouoBi cnosa i hpasn: ynbTpanapaboniyHi piBHAHHSA, piBHAHHA KonMmoropoBa, cTabinisauis, iH-
Terpan MNyaccoHa.

MpukapnaTcbKNii HauioHanbHWI yHiBepcuTeT iMeHi Bacnna CTedaHnka, IBaHO-PpaHKiBCbK, YKpaiHa

E-mail: bvanya@meta.ua (BypTHAK |.B.)

BcTyn

BupomkeHi napabonivuHi piBHAHHA nopsaaky 2b, sKi y3aranbHOTb PIBHAHHA AUdy3ii 3
iHepui€eto | MaloTb AOBiNIbHY CKIHYEHHY KiflbKICTb rpyn 3MiHHUX, 3a SKUMW € BUPODKEHHS Na-
paboniyHocTi, gocniaxkeHo B[3,5], i 4na HUX NobyaoBaHo hyHAAMeHTa/IbHUI PO3B'A30K (h.p.)
3agaui KoLwui. 3 BUKOpUCTaHHAM BacTMBOCTEN ).p. BCTAHOB/EHO AOCTaTHI Ta HEOOXiAHI yMOBU
TOYKOBOI i piBHOMIpPHOI cTabinizayii iHTerpana lNyaccoHa Ansa ymx piBHAHb. 30KpemMa, Po3rns-
HYTO BUMaAKW, KOAM rnoYaTkoBa PYHKLIA Mae rpaHnyHe cepeHe No obnacTsx, SAKi BU3HaYato-
TbCA NiHIAMU piBHSA .p. 3agadi Kowi. Ana piBHAHHA BUCOKOIo nopaakKy nodyarkoBa yHKLLis
Ma€e rpaHMYHe cepefHe Mo napaneneninegax. Opep>kaHi pe3ynbTaTu y3arajbHeHO pesynbTa-
TaMmun po6iT [2, 6]. BoHM MOXKYTb ByTU 3acTocoBaHi B Teopil cToxacTU4HUX npouecis [1]. Lii
pe3ynbTaTtm MOXKHa y3aralbHUTU Ha BMNagoK PiBHSAHL i3 3MiIHHUMN KoeduiyieHTamMn B napabo-
NiYHIM YacTUHI, a TaKoXX Ha CMCTeMU PiBHSAHL TNy Konmoropoea [4].

BBeaemMo no3Ha4veHHsi: N — Aesike pikcoBaHe HaTypanbHe uncno; Ti, ra2 T3 — pikcoBaHi

3
yini HeBig'eMHi uncna; n > T\ > T2 > T3 N —n+ I m>X = (*/YpY2/¥3)/ * € K.,
/=1
Yl €e RM,j = 1/2,3; Y] = (yjil,yji2, ..., yj/m), N1 = n+ E(2/+ 1)T;, Xu> = (xi,x2,...,Xmj),
=1
y f =/npY;2/---/¥/,1), ] < s,X € IRNljaHnanoriuHo = =({,n,n2n3),{ € IR,y € Rnk,

™ (\ ns n
j — /2,3(xW, Dyj) = % XiDyy, (YS \ Dys)— % ys-\Dyg,s —2,3,Ax =% D2.
1= '
PosrnaHemo 3agadvy Kowui

(Df - (x(2), Dyi) - (yf},Dy2 - (y<3), Dy3 - aAx)u(t,x) = O, 1)

© Manuubka I.IN., BypTHaK |.B., 2013

1 j=1 1=1 1

u(t,x)\t=T= mno(X), X E€RN,t > T1T> 0,a>0, 2
Ae iio(X) — BumipHa obmexkeHa hyHKLia B iRN. ®.p. 3agaui (1), (2) mae surnag, ([3])

Z(i,X:1,Z) = 12mi/2720W\/25200Wa/247rfl)~N/2(i - 1)~ N /2Bxp | I ,

p(t,X; T,=) = Ix- O\2(i - 1)71+ 3(i- 1)"3 -ni+ (XW+ {N)2~\T- 1)]2
+180(i - T)~5M2- 12 + (Yid + n[2)2~\t - 1) + (X@ - *™)12_1(f - T)2P
+630(f- T)_7h3- n3+ (yB + #3))2-1(i - 1) + (yf> - ti[3))10-\t - 1)2

+ (X(3) + {(3))120-1(i-1) 3R

p(t, X; 0,Z) = r2— cimM'a NnoBepxoHb piBHA d.p. 3agadi (1), (2).
Uepe3 F>€ no3HaumMmo Tifo, o6MeXKeHe enincoigom

PE, X;0,=) = 12 €)
he = — 3MiHHa To4Ka, a vepes — 006'eM Tina, 06Me>KeHOoro NoOBepPXHE
IR+]?77 - ~  ()R+ i72-n/15/712)- ~  (2)R+ F3-2 -1yB573)+ + 2~1WW/7EQR)R= 1

Hexah M x(r) — cepegHe no(x) Mo Tinax Fxt , o6meXeHUX noBepxHAMU (3). Bygemo Ka-
3atn, Wwo yHkKuisa Mo(X) mae rpaHndHe cepegHe M X (r) no Tinax Fxt, SKWO iCHye rpaHunus
lim Mk (r) = Mx(r).
f—co

1 Toukosa cTa6inizauisa interpana lNyaccowna zagaui Kowi (1), (2)

Teopema 1. Akuwo «o(X) Mae rpaHUYHe cepefHE No enincoigax Fx, ke maiiXke npu BCiX r
JopiBHOE M X (r), ToiHTerpan lNMyaccoHa piBHAHHA (1) cTabinisyeTbcda (NpAaMye npu t — 00) Ao
yncna
: p+00 -
i = (2ma)~N"2u” J/ rN+le~r~M x (r)dr.
o

AoBefieHHA. Po3rngaHemo iHTerpan MNMyaccoHa ansa piBHAHHA (1)

u(t,X) —Jian(i,X;O,E)MO(E)iE. )

BBegemo 3amiHy 3MiHHUMX iHTerpyBaHHs: X —{ — —2y/aicc, W ~ N\ + xt — —\iPap\I\/3,
V2-t]2+y[2X¥ - x Nt 2/2—-\[WaB2/6"/5,;y3- n3+ y[3nh/2+y2 t2+ Xx(3)i3/6 = -\[W~-aB3/Ya\/7.
Togpi (4) Habyae Burnsgy

u(t,X) = x~v/2 yiRNexp] - W2- \B- v3at\2- \B- vidR” - V50(2) R

\B3- v35B~/2+ viip A + \/7ccr/2R MO, x + 2Vatu., yx+ x (1~ -f Ta\?BA/\/3,

E= (X,BLB2B3), EeRN.
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Po3rnsiHemo goAaTHO BU3HaYeHy KBagpaTudHy hopmy

A2+ \Bi - n/3a(l) p+I/R - n/1572) - VBar\2

+\B-v35B@)/2+721B[3 + VIKM2\2= £ Clksd® ~ % (6)
(ks

ne (i,j,k,s) — B+ N+ \+ H = 2,iBignoeigny ao (6) cim'to enincoigis, Wo He NepeTMHato-
Tbes: Y,(i,j,k ) GijksKIB\B\B\ — y2mb iHTerpani (5) nepeingemo A0 HOBUX 3MiHHMUX IHTErpyBaHHS

= r®(T) cos Y,
a2 = rd(Y) sinWrcosY 2

@m3 =Fd(Y) SinY! SinY2...Q8Tar i,
peY = (Y [...Yv_1),0< r< +00,0<Y/<n,j—1,....,N—2,0< Yv_1 < 21, aPyHKUiA
@ (Y) BU3HAYaAETLCA PIBHICTIO
P2 3 Ccu'IlITA =1
(ijks)

3J§ —cosYi, a2 = sinYicosY2.. B33 = sinYjsinY2.. .sinY”-i- Akob6iaH NepeTBOpPeH-
HA (7) mae Burnag /= rN~IN\ ge /i = ®N(Y) sinN-2 sinN~3Y 2... sinYjv_i.
NMo3Havynmo

Uo(t, r, Y, X) = lio™M2IMNVii7d (Y) cosY! +

MNAai3(30v/7)" b (Y) sinYi... cosY +1 + yn + *if,...,
FrvAainNGvA)- 10 (Y) sinYX.. ,cosY ,+mi+i +y21 + yni+ 2~1x1t2, ...,

r\faP(30\/7)_ 1® (Y) sinY j...sinY”™ _i+y3mB + y2n8i+ 2_1lyin8i2+ 6_1xW3i3) .
Togi

u(t,X) =tc N/1 f rN xe rdr ul(t,r,Y,X)/%iY
(t,X) 5 ;Zl ( )

M-N/2 /<[Tt- [/ pN™,0 / Moii, Y, X)/I"n
70 7210

or Jo
wNy2 @ 2 Tr r ) )
—ItC / re~r / pN~1dp / wo(i,r,Y, X)JicT¥dr,
Jo Jo Ix}

he 1 — ognHunyHa cepa B Rw. Buginumo M x (r):

| 4
u(t,X) :2n~N/2L)’\J-Of rN+le~r2(va’\)~lJ[pN’\dp J!‘ uo(t,r,Y,X)JidXdr
i

['_}_m « (8)
= 2n~N/2vx J{) rN+le~r"Mf(r)dr.

3anMmnock 34iNcHNTY rpaHNYHWIA Nepexig Nig 3HakoM iHTerpana (8) npu t — o0o. Lle MoXkHa
3po6UTU Ha OCHOBI TeopeMU Jlebera, OCKiflbKU iCHYE rpaHuUYHe cepefHe, a3 06MeXXeHoCTi ug (X)
6e3nocepeaHLO BUMIMBAE PiBHOMIpHA (3a t) oomMedkeHicTb M X ().

3ayBa>KMMO, LLLO AOCTaTHbLO BUMaraTu rpaHM4YHOro cepefHbOro B AesKiv hikcoBaHiv TouLli
X\, 3BigKun BXe BUNNMBAE iCHYBaHHSA rpaHUYHOro cepefHbLOro B 6yab-siKii Touui X i pakT cTa-
6inizauii Ha KOXXKHOMY KOMMNaKTi. O

Teopema 2. Akwouno(X) > 0, Toans cTabinizauiiiHTerpana NyaccoHa (4) 40 HyNsA HEO6XiAHO
i JoCTaTHLO, W06 W (X) Mania rpaHnyHe cepegHe M X (T), sike Mai>ke CKpi3b AOPIBHIOE HYIEBI.

AoBefieHHs. [ocTaTHICTb BUNAMBaE i3 Teopemun 1
Mokaxkemo, L0 3i cTabinizauil iHTerpana (4) BUNAMBae icHyBaHHSA HY/1bOBOI0 rPaHMYHOro
cepefHbLOro no Fxt:

MK(r) = —~x [ uo(Z)dE < ct~N'/6 J[ exp{-p(tl/3,X,0,Z)}uowWdZ = Clu(fi/3,X). (9)

Tz LT
D1 R RN

Y HepiBHOCTI (9) mes Fxt 3aMiHeHO 06'eMoM Kyb6a 3i CTOpoHOlO i1/6, AKMiA MicTUTbCAB FX.
Ockinbkun u(t,X) — 0npu t — oo, TO 3 (9) BUNAMBaE, Wo Mx —m0 npn t — oo ANA6YOb-
SAAKOTO T. O

2 PiBHOMIipHa cTabinisauyia iHterpana NMyaccoHa

Po3rnsaHemo 3agady Kol gna piBHAHHA nopsaaky 2b 3a 3aMiHHUMK X
D, - (ar<¢, Dy,) - (,;S25Dn)- (yf,Dn)- X “kDk) u= 0, (10)
=& )
ne Df —mz_z&cika— napaboniyHnin 3a MeTpPoOBCbLKUM onepaTtop 3i cTaIMMU KoeduiLieHTamMu.
D.p. 3;,qaqi Kowi (10), (2) 3a40B0ONbHSIE HEPIBHOCTI [6]
I0'X,0NZii,XIiT,Z)! < C(i —1)~NI™ ™ exp{~pi(i,X;1,2)}, (11
e N2 = \k\+n + (2b+ D(mi + Jz) + @b+ DH(m2+ )+ (6b+ 1)(m3+ |s]),

Pii,X:1,Z) = (Ix - C\t- 1)~ NV?4 {JU = vI4dxd®@DRL = F)\-(2b+1)/(2b)Y

+ (i-1) -(4b+1)/(2b)
2 :
)
/5 ANYI3) (N -T)2 . *(3)(f-0 3
Voo oy DWIRTZ B0 3 Ly, emensn
) L]
q= 2b/(2b —1). Hexain uo(X) mae rpaHn4He cepegHe
1 ffgis FRN ]
Hm / / n0(2)4= = 1,(12)

B, ... 0228 nTi=lbs -\ j3-bu
ae bj -> oo HezanexkHo ogHe Big ogHoro,; = 1,2,...,N.

Teopema 3. And Toro, W06 iHTerpan NMyaccoHa piBHAHHA (10) piBHOMIpHO cTabinisyesascs 40
| Npy t —moo HEOOXIAHO | AOCTATHLO, LLO6 ug(X) Maia rpaHUYHe cepegHe, sike AopiBHIOE |.



AoseneHHs. Hexaii w,(X) mae piBHOMipHe rpaHU4YHe cepefHe, Wwo aopisHioe 0. Lle o3Havae, Lo
4na 6yab-akoro € > 0 3HalgeTbcsa Take bo(e), wo npu Beix bj > bo(e) i npn 6yab-akomy X
BMKOHYETbCA

1 rbi+xu fb.N +y3m3
22N a N:i b3 I —bi+xn J- AN"t~y3m3

3Bigcuy Bunameae, Wwo Ug (X) Mae KyToBi FpaHWYHI cepefHi, Wo fopiBHIOKTL O.
3pobuBLUM B iHTerpani MNMyaccoHa 3aMiHy 3MiHHMX

X-¢=-00/w, y, -+ xXWt =

Y2- 2+ vyi2)i+N-y- = -ni@i+1)/(2i,), y3- LB+ Y2]t+ = ~Yst{eh+l

0AEeP>XKUMO
u(t,X) =t N34 J Z*(t/X)0,E")u0(x + Ctl/W ,y 1+ x Q)i + ™ i(2b+1)/(2b),
RN
+ + N + 7', <«-+»/(»))«,a’,

ne Z* (t, X; 0,=") — @.p. 3agadi Kowi (10), (2) y HOBUX 3MiHHUX,

N3 —n - (Ib \ 1)1\ -b (4b - 1)w2 4 (6b + 1)ws,

abo iHakwe
u(t,X) = tNvW f Z*(f, X;0,=) __ dN-—— T ... r 38u0(x + Ct1/20\
JRN oci--- g3iT Jo JO \Y
n + xT, + TWw,y2+yfh+ 2 + (<*+r/ (0 >3
No+yw, + + Q)i+

MpoiHTerpyBaBLIM YacTUHAMW, MaTUMEMO

(i) = (1)t f /.. "33,0x+CMD....
7rn o an3w Jo Jo \Y 13)

2 1
Y313+Y223"N + YII‘I3-§ + éx?i/B’S—/B"\ 6L, HNANI=ZA/== \+ 12 + I3
ne /] — iHTerpan no o6nacTi, ANns SIKOI BUKOHYETbCS X04 0AHa i3 HepiBHOCTEM
1~ BslTigl> By, s—1,2,, nz—1,2,3, y—1,2,...,vi;

12— iHTerpan no obnacTi {0 < hs< s|< Bs 0< hv < \In\< B,/}; I3— iHTerpan no o6nacTi

{1csl ~ hs, 1/(/1— ~1/y-
OcCKinbKn
dNZ*(t, X; 0,9 )

< CNr N¥@) " {_c | EP,
dfl - 57318

TO 3BigcK BUNAMBaE, W0 MOXKHa BMbpaTn Benuki Bs, Bn i goctaTtHbo Mani hs, hjj, 3ane>kHi Tinbku
BI4 £ Wo ans BCiX X i t BAKOHYETLCA

Kil<d r3]<].
Mepeigemo Ao ouiHKK /2. To3HauYMMOo
*(3) =f\ .. Aft"3u,(x + +yft+ £~ + 1 + ., (»+ )/(2)) rfa.
3pobmBLUM 3aMiHY 3MIHHMX
X + =a,y,+ XO)+ ("L,((+«/ (») =

Ne+ y?Dh + + ,(<*+»/ (») = « 2,

y3 + y'3<+ A + N + N /(D) =8

A>(Z) 3anuwlemo y Burnsgi

-*11+ C I1f1/(26) 1/3ra3 +.1/2m3f+)/Im 3V +~3m 37- + f/3m3” 6i7+1" * 2f*
#(Z) = i) J j uO(A)dA.
11 Y3w3+y 271372+ YiT3T + XT3V

OckKinbkn uo(X) mae KyTOBI rpaHu4Hi cepefgHi, To ana 6yab-akmx X, P < K, t > NO,
\gt(ZMIl .- 31T 3rl < o BUbBepemMoO

IN Ll
CNB8 (117" 11B4JIKNexp{-co\A\1}dA

Tomy Ji2]< 8, a\u(t,X)\ < &
HeobXxigHicTb YMOBW TEOPEMM A0BeAEMO METOAOM Bif CynpoTMBHOro. Hexar

i(t,X) — f  Z(t, X;0,i —Y0, t—yoo,

Jrn

piBHOMIpHO Mo X, a noyaTkoBa (PyHKUis ug{X) He Mae PiBHOMIPHOro rpaHUYHOro cepeaHbLO-
ro (12), pe /= 0. Lle o3Hayae, W0 3HaNAeTbCA Take €0 > O, Wo Ana 6yab-sIKOro AoAaTHOro rno

3HalgeTbcs B > Wy i Taka Touka M, Lo

W Lmw~d ~ &

ne Vg4 — Ky6 3i CTOpoHOI0 B i LEHTPOM Yy TouLi M.

Ockinbkun b.p. Z(t, X; 0,0) Mmo>kHa 3anucatu K

Z(F,X;0,0) = r N3AD)z 1 XT 0 A\ (y! + X [T (+VAD/

(y2+ yf:h+ r db+))/(2fc), (y3 + yfif+ ~~ 2+~ -)



ne Z\ — uina pyHKUia BKasaHUX aprymeHTiB npn t > 0O, i

Z(t,X;0,0)dx = f ZI(A)dA = Zx{A)dA = f Z1(A)dA+ f A)dA,
Jrn 2 b= 1 ZHA 1oL 2dA) (A) RN a Ay

Vg* — Ky6 3i cTopoHOot0 B*, w0
} Z\(A)dA < i ZNA)GA > 1- |2|‘
vB, 4 Jrm~vb* -

Micna BignoBigHOT 3aMiHM 3MiIHHMX iHTerpan NyaccoHa 3anuwemMo y TaKoMy BUMNSA4i:

u(t,X) = j ZJ(A)«o (* + atl/(2b\ A + x~t + B1r2L+Y

2+ ylI2ff + » + fci(4i,+1)/(2b),y3+ y f (+ ~ + ™ + {i3i< +|712)).iA

+ 1 Zi(A)uatx + atlnri2pKi/] + + [SIF2ALSDxy2 + yOF + + jSRI+1N* I,

RN -V/B*
Y3 + y23)f + + B3t{eb+)A2D)dA = h + 12

Ans npocTtoTm 6ygemo BeBaxkaTtu, Wo J«o(X)] < 1/ BubpaHo Tak, uwo W\ < 8§
BunbepemMo nocnigoBHICTb »0 °°/ 3a Helo 3HaAeMo MocnigoBHICTb B — oo i /1/1Wy, Taki,

Lo At,-(;Y)| > BY Ta o3HauMmo nocnigoBHicTb ti(k*= (W”~"Buyk)) .Po3rnsaHemMo
N~/ Mi{Ru (ti{k)>X)dX = A)dAS(Bi'K,Mj(]9)
i(k) * WBIi(K) ( ’<I I % ‘? I !J Ep l{ B
y2+yi2)i + + fc£(4b+1)/(2b),y3 + y3)i + + /3i(6b+1)/(2b))rfX
- X<, «.(xv»]j- * ibi«
I3 L€l HEpPIBHOCTI BUNAMBAE, W0 B KOXKHOMY KYOi € xo4a 6 ogHa Touka X(K), Y sKil
u(t(ky X(k)) > |/ a iffc) — °°/ LLO cynepeynTb PiBHOMIPHIM 36i>XKHOCTI. O

3ayBaXKeHHs. Mpun = w, n2= n3 = 0 0aepP>KNMO pe3y/bTaT pobiT [2, 6].
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3AYBAXKEHHSA 10 AOCTATHIX YMOB HAJIEXXHOCTI AHATITUYHUX
DYHKLUIN A0 K/ACIB 3BI)KHOCTI

Mynsaga O.M., LepemeTa M.M. 3ayBa)KeHHS 40 JOCTATHIX YMOB HaneXXHOCT i aHaNi TUYHUX PYHKLINA

[0 Knacie 36ixxHocTi // KapnaTcbKi MatemaTmnyHi nybnikauii. — 2013. — T.5, Ne2. — C. 298-304.
J[obpe BigoOMO, WO SKLWO TeNNopoBi KoeqilieHTN /j. Linoi PyHKLUiT / 3a40BONbHAKTL YMOBU

nmnn+11 /* + 0 MPM» i Z M\ Q< +°°" T0o / Hane>xuTb A0 BanipoHOBOro kKnacy 36i-

n=1
>KHOCTI. [loBeAeHo, WO Yy LbOMYy TBEPAXKEHHI ymoBy I/11/1/1+11 + 00 MO>KHa 3aMiHUTU YMOBOH

(1k~ ik + i/I\FK\A\Fk+\ +°°/ Ae popaTHa nocnigoBHicTb (Ik) Taka, wo s/k/h+i >k 1 npu k (00
MopibHi pe3ynbTaTy OTPMMAHO ANA iHWMX KnaciB 36iXKHOCTI Linnx Ta aHaniTUYHUX B O4UHUYHOMY

KPY3i QYHKLiIA.
Kntwouosi cnoga i hpasu: Uina oyHKLUis, aHaniTuydHa B Kpy3i yHKLisi, Knac 36iXKHOCTI.

1HauioHanbHNI YHIBEPCUTET Xap4oBUX TEXHONOr I, K1iB, YKpaiHa

2 NbBiBCLKNI HauioHabHWI YHiBEpCUTET iMeHi IBaHa ®PpaHkKa, /IbBiB, YKpaiHa
E-mail: info@nuft .edu .ua (MynsBa O.M.), m_m_sheremeta@list.ru (Wepemeta M.M.)

BcTyn

[Ana cteneHoBOro pagy

/(2) = £/*2* (1)
/0

3 pagiycom 36i>xkHocTi R[/] € (0,+00) iO < r < +00 Hexaht M (r,f) = max{]/(2)] : K = r}.
Akwo R\f] — 00, T06TO0 / —Uina PyHKLisA, TO BENUNHY 0 = ] ———— HasvBa-

IOTb ii MOPAAKOM,a 3ayMOBU 0 < p < +00 HaNEXHICTb A0Ba/lipOHOBOr0O Knacy 36i>KHOCTI
03Ha4aroTb [10] ymMOBOO

-——--< +00- (2)

3poBeaeHoi MN.KamceHoM [4] TeopeMm NPo HaNEXXHICTb Linoro psagy Aipixne oo knacy 36i>KHO-
CTi BUNNMBaE TaKnii pesynbTarT.

Teopema 1. Ana Toro, wo6 uina pyHkuia (1) Hane>kana Ao BanipoOHOBOro Kracy 36i>KHOo-
CTi Heob6xigHo, a 'y Bmnagky; Konn XK Nk+i\/* +o0o npu ko < K 0o, | JOCTaTHbLO, LW,06

L \fk\t<! < +»H
n=1

@ Mynasa O.M., LWepemeTta M.M., 2013

AKLWO PyHKLUIA / aHaniTU4Ha B oguHNYHOMY Kpy3i D = {z : jz] < 1}, To nopsfokK 1i 3poc-
n |',— Inlp MIT, 1) n
TaHHS NepeBadkHO BBOAATbL 3a gopmysioto p — lim — A—/----—-a’3aymoBn 0 < on < +oo

HaNIe>XHICTb A0 Knacy 36i>KHOCTI 03Ha4atoTb [2] yMOBOIO
n
bl

3 00BefieHOI B [2] TeopeMun BUNIMBAE HACTYMNHUIA pe3ynbTart.

(1 —1)p° YnEM(r,f)dr < +00. 3)

Teopema 2. Ana ToOro, W06 aHaniTuuHa B FO coyHKUiA (1) Hane>kana 4o 03Ha4eHoro ymMoBoto
(3) knacy 36i>kHoCcTi HeoOXigHO, ay Bunagky, Konn XK \k+\\/* 1 npun K — oo, i gOCUTb, L0606

Y 3anponoHoBaHii 3amiTui 6yae MoKasaHo, WO Yy TeopeMax 1 i 2 yMOBY HecrnagaHHs no-
CNiJOBHOCTI MOXKHA 3aMiHUTK AeLlo cnabLuo yMoBo. MoAi6HY 3aMiHy MOXXHA 34IMCHUTU |y
BUMagKax y3arajlbHeHUX KnaciB 36iXKHOCTI.

1 JdonosHeHHs Teopem 112
Mo4Hemo 3 Linnx oyHKLiA.

Teopema 3. Y TeopemMi 1ymoBy \FKWN\FkH\ /7* +°° npun K — 00 MO>KHa 3aMiHU TV YMOBOLO

Ik-\h+\ _Ip\ _ 4-00 NPUKO < K —> 0o, fle AogaTHa NocnigoBHICTb (M Taka, Lo
IK  \ikH\
0< lim WIkK/IKH\ < lim sjlk/Ik+i < +00. 4
"0 K>00

AosepgeHHsl. Hexawi /() = XT=o0 hzk- Toai cteneHeBuUiA psag,

w 7/
0,7 « = X r-n +iz*

k=0 Ik+1

HasmBaeTbcA [3] noxigHoto MenboHaa-NleoHTheBa. AKLWO /(z) = ez, To Dj'"'/ () = /'(0). 3a-
YBaXKMMO, LLLO He 3aBXXau pagiyc 36i>KHOCTI noxigHoT MenbthoHaa-leoHTheBa pagy (1) 36irae-
TbCA 3 pajiycom 36i>KHOCTI Lboro psaay, a [5, 6] ymoBa (4) € He06XiAHOK | 4OCTATHLOK YMO-

BOIO Ana Toro, wob pieHocTi R[f] = +00 i R[D~f] = +00 6ynm piBHOCcUnbHUMK. B [6] go-
BeAeHo, Wwo 3aymoBu (4) / i D~ f HanexkaTb 40 BaNipOHOBOro Knacy 36i>KHOCTi 04HOYacHO.
3a Teopemoto 1 ansa Toro, wob6 D jf Hanexkana go BanipoHOBOro Knacy 36i>XKHOCTI JOCUTb,
wob k~1Uk+l ,1 , /* +00 npuko<k-~00iY ™ f IN\fk+i\) < +°°. 3 (4) BunmBae,

Y 14+11 K=1\1K+1 )
@

Lo ocTtaHHA ymoBa piBHocuibHa ymoBi [ \k+1'k/Q <+ 00. Ockinbkn fk — O npmn K — 0o,

T&D\ﬂ<+i\(yk = \fk+H\Qfik+]) \fk+i\q/k~(9/{k+1) < \kN\\A{k+l) gna Bcix K > KO, TO6TO 3 YMOBM

E WA < +°° BunimBae ymoBa £ Nk+i\k/q < + 00. Teopemy 3 foBeeHO. O
=1 w1
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ANna aHaniTUYHUX B OAMHUYHOMY KPY3i (OYHKLi NpaBuibHa HaACTYyMNHa Teopema.

Teopema 4. Y Teopemi 2 ymosy |Acl/|/tH] 1nNpnKo < K —> 00 MO>XKHa 3aMiHUWTUV YMOBOIO
h-ih+i M\ vy, i npuko < K-> co, ge gogaTHa NocnigoBHICTb (/*) Taka, L0
) IN+i

o< limyYy /#——- < lim - y.—---< +00. (5)
fts0 + )W I fe->00 (fC + “1)/fc+l

AosegeHHs. B [7] poBegeHo, wo 3a ymoB (5) aHanitnuHa B D pyHKUiA (1) Ta iT noxigHa Menb-
doHAa-/leoHTbEBA HaIeXXNTb YN HEe HaNeXXUTb 40 03HAaYeHOro ymoBow (3) Knacy 36i>KHO-

CTi ogHo4acHo. 3a Teopemoro 2 anga Toro, wo6 d}¥Y Hanexkana A0 LbOro Knacy 36iXKHOCTI

agocnTb, Wob6 A + 1->XX Mnpukd< k  ooi [ (J-1In+ IN+11)) < +°°. Ane 3

ornaay Ha (5)

ne C — gopjatHa cTana, i ockinbku pb > 0, To

C /UK |/3\e
ToMy ocTaHHA ymoBa Bunameae 3 ymosn X | ---------- ) - - ) < +00. Teopemy 4 gosefeHo. 0O
n=\ V K

2 Y3aranbHeHi Knacu 36K HOCTI

Uepes LO Mo3HauYMMOo Krac Takux AoAaTHUX HerMepepBHMX 3pOCTalnumx 40 +00 Ha [xo, +00)
yHKUIM a, wo a((1 + o(1))x) = (1 + o(1))a(x) npu X -> +00. 3 HaBeAeHOI y [8] Teopemu 1
BUNMBAE HACTYNHUN pe3ynbTaT.

Teopema 5. Hexaii a — BrHyTa HenepepBHO AndepeHLiioBHa Ha [xo, +00) dyHKLUid, a(ex) €

B1x)

LO oi'(x + 0(1)) x A'(X) npnx —+00, apyHKLiA B € 1° Taka, 10 >h>0 gnax > xo
i ?EQS)\-dx < +00. Togi ansa Toro, w06 ans yinoi dyHKUiT (1)
1 P\x)
a(ln M (r,f))
o Bl o<t ®

HeobXxigHo, ay BMNaaKy, Koauv nocnigoBHicTb ( [JTIZIA+1) Ana K > ko e HecnagHow, i AOCUTb,
o6

Jemt w )< +«>. ) <7
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3iHLWoro 60Ky, B [6] goBeaeHo, Wo sAKwWo @€ L0i B € LO, To 3a ymoBu (4) yina doyHKUis (1)
Ta Tl noxigHa MenbgoHAa-/IeOHTLEBA HaneXXaTb UM He HajeXkaTb [0 03Ha4YeHOro ymoBow (6)
y3arajbHEHOro Knacy 36i>KHOCTi ogHo4acHo. 3a Teopemoto 5 ansa Toro, wob6 (1) Hanexkana Ao

LbOro Knacy focuthb, wob k~"k+l JIA y» qnpnko < k-» 00i
L, 1+l

S

Ockinbkn 3 € LO, 1o Bi((1 + o(1))x) = (1 + o(1))B\ (X) npmn X — +00, i 3 0rnagy Ha ymoBy (4)
npmn k — oo
/i. A - N

1, h+1 \ 1 = / 1
TAef + () = @+ o) 7

BE X1 ivsiesiiy = M

-~

To 3 (7) BYNmMBaBae (8), i, 0T>Ke, A0BeAEeHO HACTYMHY Teopemy.

Teopema 6. Y Teopemi 5ymoBy XkVY Uc+l1l/* +co npu ko < k —» 00 MOXKHaA 3aMiHN TV YMOBOO

k-~ +1 ,j/2 . 400 NpuKO < K—>C0, e NOCNiA0BHICTb (/%) 3a/10B0/IbHSIE YMOBY (4).
IN1+11

Ana aHaniTMYHNX B OAMHUYHOMY KPY3i (OYHKLUI Hacnigkom 3 TeopemMu 2 3 [8] € HACTYNHWIA
pesynbTarT.

Teopema 7. Hexal pyHKLis a Taka, AKYy TeopeMi 5, a pyHKLUis B € L° 3a00BONbHSE YMOBU
xﬁgﬁ— 2> /A>0pnax > i Fm-t(é;ﬁ)dx < +00. Toai gns TOro, W06 ANsl aHaIi TUYHOI B
[EE0N) _ _ I B(x)
OANHUNYHOMY KPY3i yHKUIT (1)
i(ln Mf(r
S /g/ ) -rfr<+oo 9)
WO (1-r)Yw -r))

HeobxigHo, ay BMNagaKy, Konuv nocnigosHicTb (| 1-i/N11) Ansa k > ko € HecnagHoto, | AOCUTb,

o6
@ i KK\

ML
E*"(HA(b?2Ww )<+-~' =L B(VY

3 iHWoro 60Ky, 3 AoBeAeHOI B [6] TeopemMn 5 HEBaXKKO OTpPUMATHU, LLLO AKLLO yHKUIT A 1 B
3a0BOMILHAIOTE YMOBU TEOPEMU 7, a

O<pi<~ <P2< +00, (n)
k

TOo aHaniTnyHa B D doyHKUiA / Ta Ti noxigHa MensthoHaa-/leoHTbeBa Djl (/) HaneXkaTb UM He
Hane>XkaTtb [0 03HauYeHOro ymoBoOw (9) y3aranbHeHoOro a/SsKnacy 36i>KHOCTi. 3a TeopemMoto 7 ans

Toro, wo6 Dil’Y Hane>xana Ao Uboro Knacy gocutb, W06 — 0ana /o< kK-> ooi
'fc In+1

I (= T 1
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Ane 3ornagy Ha (11) maemo 1+ (//%+1)| A+i)]) = In+ YcHl]+ O(1) npu K -)- oo i, OCKiNbKU
Bi((1 + o(1))x) = (I +o(1))B1(x) npux -> +oo, TO

B (L+0(1)Ne (M \fkHI.

npu k >m 0o. Tomy 3 (10) BunavBae (12), i, 0T>Ke, 4OBEAEHO HACTYMHY TEOPEMY.

Teopema 8. ¥y Teopemi 7 ymoBy \FK\M\fkH\ / + 00 NpUKO < K -> oo MOXXHa 3aMiHNTUN YMO-

BOWP i ~"t+1 W-  /~ +00 NpuKko < K -+ OO Ae AojaTHa MOCNIAOBHICTL (1K) 3340BO/LHSE
1+
ymoBy (11).

3  ®-KJ/IAC 3BIKHOCTI LIIMX dYHKLIN

Uepe3s Q nNo3HaAUMMO Kac Takmx AoAaTHUX HeEOOMeEXXeHUX Ha (—o00, +00) yHKLUi @, wo
noxigHa ®' € gogaTHOO, HEMEPEPBHOIO | 3pOCTaKHOI0 A0 +00 Ha (—o00, +00). 9K B [1] 6yaemo
roBopuTY, WO Uina yHKUis (1) HanexkuTb Ao ®-knacy 36i>XKHOCTI, AKLL,0

d'(Inr)\nM(r,J)dr < (13)
ar0 ro(dn)

3 noBeAeHoOI B [9] TeopeMun 1 BUNIMBAE HACTYMHUIA pesynbTar.

Teopema 9. Hexann® € Q i

0<hc< H < +0°" * - *°- N

(@'(*))2
Togi agns Toro, w06 yina dpyHkuia (1) Hane>xkana go ®-36i>kHOCTI, HeobXxigao, ay Bunagky,
konun nocnigoBHicTb (\fk-i | fkl) £HecnagHoto ansa ko < k > Ko, i 4OCUTb, LW,06
<+ 00. (15)
k=1cp' I | In —
\k LW

3iHLWoro 60Ky, B [6] AoBeAeHO, WO AKLLO

[°° @'(x)\n ®'(x) ,
ﬂ('o’ \ G;ZI(\%( < + (16

a nocnigoBHicTb (IK)3agoBonbHSAE ymoBy (11), To uina yHkuia / ta ii noxigHa NenbdoHaa-
NleoHTbeBa D WHaneXkaTb UM He Hanexkatb A0 P-Knacy ogHo4yacHo.
3ayBaxkumo, w0 3 (14) sunnueae (16), 60, iHTerpy4vn YyactmHamm, OTPUMYEMO

n, d2(x) Jxo V 4>W.
ro  @"(X) ' (x)
fJ/X) )&57()K)q)(x)\dx + COj)?d ACDZ/(X) ny77 \dx + const-
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Tomy 3a Teopemoto 9 anda Toro, wob D N f Hanexkana go ®-knacy 36i>KHOCTI, AOCUTb, LLL06

_____ J Z10npn KD < K-+ oo i

@
< +00. (17)
kig/[1In__WI_~»

Ane 30 a (11) maemo vy | N+l = fi -N--+ o)) = “In . 1
ne soraay Ha (1) maemo yin | Gl T XN GART O T e 1 ™ ey "R

< K-> 00. Tomy, skwo ' € L0, To 3 (5) BunamBae (17), i, 0T>Ke, A0BeAeHO HACTYMNHy Teope-

Teopema 10. Akuio ©' € LO 1oy Teopemi 9ymosy |Z4)/|/4H]| /7* + 00 NpUKO < K-> oo MOXKHa

3aMiHN TV YMOBOIO Jffi +00 MPU »« < K —> 00, A€ gojaTHa nocnigoBHicTb (1K)
k IN+11
3a/10BOJIbHSIE YMOBY (11).

43ayBaxKeHHA

Moka>kemo, wWo icHyTb Taki nocnigoBHocTi (fk) i (IK), wo ymoBa \tK\MNFkAN\\ /* +°° TP

< K -> 00 He BUMKOHYETbCH, ase Nt /N Z +°0 npm < K -+ 00 i/ HanexuTb,
Ik 11+11
Hanpuknag, A0 BanipOHOBOro Knacy 36i>KHOCTI.

Hexai (£,) — A0OCUTb LUBUAKO 3pocTaroya nochifloBHICTb HaTypabHUX YKncen, Hanpukniaga,

fceti - kn > 5,a 1 = (N~ ) a2 < K @ kni fln = 3a op-

Mynor Agamapa uina yHkKuUis / 3 TakuMn KoegiuieHTaMmn mae nopsagok p = 1 HeBakKo
00 f, L2 i fi

nepeBipnt™, wo ¥ NRAWK < + 00 OCKiflbKN y-2- = -—--- ™ , 1o ymoBa |/c|/fcH| +°°
=1 Tk, ! n

Mpu KO < K —> CO HEe BMKOHYETbLCA | BUKOpPUCTATU Teopemy 1 Anga Toro, Wwo6 nokasaTu, Lo

/ HaneXXuTb 0 BanipoHOBOro Knacy 36i>KHOCTi 3 p = 1 HeMOXnmBo. [MpoTe, AKWO Bube-

pemo Ik = 1/K\T0 ymoBa (4) BUKOHYETbLCH, = ~—7T, | HEBaXKKO MNepeBipnTU, L0
e Ik K+ 1

ﬁ7<~+T KJIF fa_-ll' +°° Npu KO < K -> 00, TOOGTO 3a TeOpPeMO0 3/ HaNeXUTb 40 BaJlipOHOBOI0
i

Knacy 36i>KHoCTi 3p = 1.
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Mulyava O.M., Sheremeta M.M. Remarks on sufficient conditions of belonging of analytic functions to
convergence classes. Carpathian Mathematical Publications 2013, 5 (2), 298-304.

It is well known that if Taylor's coefficients fn of an entire functions / satisfy the conditions
®

AV A VAV S2AN + 00 as k —m00 and k£l \K\Q/k < + 00then f belongs to Valiron convergence class. It

is proved that in the statement the condition \fk\/\fk+i\ /* + 00 one can replace on the condition

Ik-\Ik+-[Ik 2\fN\Fk+H\\ /7* +°°/ where (lj.) is a positive sequence such that {/lIk/Ik+r ~ 1ask — oo.
Analogous problems are solved for another convergence classes of entire and analytic functions in
the unit disk.

Key words and phrases: entire function, analytic function in a disk, convergence class.

Mynasa O.M.,LLlepemeTta M.H. 3amMmeyaHna 0 AOCTATOUYHbLIX YCN0BUAX MPUHALNEXHOCT U aHaNIUT nYe-
CKUX (PYHKLMIA Knaccam cxogumocTwu // Kapnatckme martemaTtmyeckue nyonukauymn. — 2013. — T.5,
Ne2. — C. 298-304.

XOpoLLOo M3BECTHO, YTO eCK TelinopoBcKne KospdpurumneHTsi f,, Luenoii dyHKuuun / yooBneTsBo-
@

patoT ycnoBuaM XKV \fk+ilY 1+°° npuk -¥ coii £ \K\° < +°°/ T0 / NpNHaAANEXNT BA/IMPOHOB-

k—1
CKOMY Kfnaccy cxogumocTun. [lokasaHo, 4To B 3ToM yTBepXKaeHUn ycnosre \KV \ik+i \/* +°° MOXXHO
3aMeHUTb ycnoBuem N -iN+iNINTU N +il +°0, rae NonoXKMTenbHas nocnefoBaTenbHOCTb (1K)

Takasi, uto MIk/lk+l X 1npu K -1 co. AHanornvHbie 3agaym pelleHbi 4Na ApYyrnx KnaccoB cxogm-
MOCTU LeNbiX aHaNNTUYECKUX B e4MHUYHOM KPyTe OYHKLWNA.

Kniouesbie cnosa v cpasbi: Lenas PyHKUUS, aHaIMTUYecKas B Kpyre oyHKLMs, Knacc cxoanumMo-
cTn.
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Opguap |.€.1, Ckackie O0.b.2

oaAVH AHANOTI HEPIBHOCTI BIMAHA O/1A IHTEIPAIB NATINACA, SANTEXKHUX
B14O MA/TIOIO NMAPAMETPA

OBuap |.€., CkackiB O.B. OfnH aHanor HepiBHOCTIi BimaHa gnda iHTerpanis Aannaca, 3afeXHux Big ma-
noro napameTpa // Kapnatcbki MaTeMaTU4Hi nybnikauii. — 2013. — T.5, Ne2. — C. 305-309.

BcTaHOBNOOTLCA aCMMMTOTUYHI OLiHKW 3Bepxy iHTerpanis Tmny Aannaca.
KntwouoBi cnosa i hpasn: HepiBHICTb BimMaHa, iHTerpan flannaca-CrinT'eca, psag Qipixne.

1 1BaHO-PpaHKiBCbKUI HaLlioHaNIbHUI TEXHIYHWI YHiBepcuTeT Hadh T i rasy, IBaHo-PpaHKiBCbK, YKpaiHa
2 IbBiBCbKWUIA HaLLiOHa/TbHUI YHiBepcUTeT iMeHi IBaHa ®paHkKa, /IbBiB, YKpaiHa

Hexailt f(u) — poBinbHa HeBig'eMHa BUMipHa (pyHKLUiA Ha R+ := [0;+00), a v — Taka
3NiYeHHO-agnTUBHaA Ha R+ Mipa 3 HeobMeXXeHMM HocieMm, Wwo v({x: 0 < x < b}) < +00 gns
KOXXHOro b > 0. Mpwn ybomy 4vepes v(E) nosHavaemo i/-mipy i'-BUMipHOT MHOXXUHUE C IR+,
T06TO V(E) = JRfNEVv(dx), av(a,b] := v({u ER+ : a< u < b}). PosrnaHemo doyHKUIiT F(X),
BU3Ha4eHi Ha R_ := (—o00;0) 3a 4ornomMoroto 36i>KHOro gnsi Bcix X € IR_ iHTerpany

F(x) = JRf.f(u)exuv(du). (1)

Uepes Tqg(v) no3HaumMmo Knac oyHKLUin F sBurnagy (1).

Hexalh L — knac gogaTHUX HenepepBHMX Ha [0, +00) doyHKLUi Y (i) Takux, wo ip(t) /* +oo
(0 < t —=+00); L\ — Kknac hyHKUi Y € L Takux, wo JG-o° < +00.

Ana BumipHoT MHOXKMHU £ C K - Ti norapydMivHO0 Mipo0 Ha3MBaEMO BeIMUYUHY

"ita(E) := /
ita(E) IEM[—10) [XI

Hexain supp v — Hocihi mipn v B R], To6TO Taka 3aMKHeHa MHOXXMHa E = supp v, Wwo
VIR+\E£) = 0iv({u ER+ : n—ul\ <r}) > 0ana KoxkHux w, € £ir > 0.
Ana x < 0ta F € 1g(v) no3sHaumMmo
/i*(x) = sup{f(u)exu: n € suppv}.
Y ctarTi [3] 3HallgeHo AoCTaTHI YMOBW, 3a SIKUX BUKOHYETbLCS CMiBBiAHOLLEHHS

F(x) < (d+ o(1))u*(x)

npm x — —0 30BHi AesAKOl BUHATKOBOI MHOXXWHW HY/NbOBOT aCUMMTOTUYHOT /T-LUiNIbHOCTI Y

Touui X = O [3]. Mpu ubomy MHOXKMHA £ C R-, AKa Mae CKiHYEHHY forapumMidyHy Mi-
py, Mae TakoXX Hy/IbOBY aCUMMTOTUYHY /r-LWiNbHICTE Y Touui X = 0 gna /r(X) ¢ x, TO6TO
JE{rodx = °(M) —0). MeToga AoBeAeHHS 3raflaHoro WOoWHO TBEPKEHHS € 6IU3bKNM

© Ouap l.€., Ckackis O.b., 2013
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00 mMeToay AoBefeHb 3 [5, 6], AKMIA Mo cyTi eKcnyaTye Ty XK iet0 BUKOPUCTaHHA MMOBIPHICHOT
HepiBHOCTI B'eHeme-YebunwioBa, wo vy M. PoseH6nyma [4]. BnacHe, goBefeHHA 6a3yeTbCsA Ha
BMKOPUCTaHHI Takoi HEPIBHOCTI [3, HEPIBHICTbL (2)]:

F(x) < — ) exuf (u)v(du), )

\x-g'{x)\<y/cg"{x)

AKa BUKOHYEeTbCA ans BAXX < 0i gna 6yab-aKoi hyHKuUiic = c(x) > 1, aeg(x) = Inf(.r).
3 HepiBHOCTI (2) HeCKNaaHO OTPUMATK TaKe TBePAXKEHHS.

TBepp)keHHA 1. Hexaili F € Tq(v) | BUKOHYETbCS yMoBa
(3e1 > 0)(3c2> O)(\Va > 0)\v> € (0,a)): v(@- ba+ b< cxb+ c2 (3

Togi Anst KoXKHOro € >0icHye Taka MHOXKMHa E C (—o00;0) cKiH4YeHHOT AorapndMiyvHOi Mipw,
T06TO NUN(E) < + 00, wo ans Bcix X € [-1,0) \ E BUKOHYETbCA HEPIBHICTb

a g ~ (4 Tt r )r + <4)
AoBefieHHA. 3 HepiBHOCTI (2) 3a yMOBOH (3) OTPUMYEMO

F(x) < MjH*(x)(ciy/eg™ (x)+c2). 5)
Ona dyHkuii Y € L\, h € {g(ar), #'(m*)} o3Haunmo MHOXUHY E(h) = {x < 0: W(x) >
tp(h(x))/\x\}. Togai

n/1,. [ dx ™ f h'(x)dx ~ f d}|
m\n(E (h}) = < / m7ty< / /1 <+
JE(h) Bl E(1D) w(M*)) IR+ Y(n)

Omxke, mMin(E(g) UE(g')) < +00 i ana Bcix x € [-1,0) 30BHI MHOXXWHW CKiHYEHHOT norapu-
PMivHOT Mipng"{x) < MWN\WHB(X))): Bubupatoum xp(t) = tl+s,c(x) & 2,ad > 0ag0ocTaTHLO
Manum, 3 (5) oTpumyemo, wo npu x -m-0 (x £ E(g) UE(g")

- K[iZ2+£/2 («?(X) / IX]) L/2+£/2N

3BiJKV BXXe eleMeHTapPHO OTPUMYEMO NOTPIGHE cNiBBigHOLLIEHHS. O

Ha Te, Wwo nokasHuKK cTeneHiB | + €il/2 + eB HepiBHOCTI (4) ogHOYACHO HE MOXKHa, B3a-
rani Ka>kyum, 3aMmiHUTU Ha Ymcna MeHLWi, Hi>K 1 i 1/2, BKasye Take TBEpPO>KEHHS.

TBepM>KeHHA 2. [ns KOXHOI Mmipy v Takol, wo (Yx € K_): /R exp{ux}v(du) < +oo0 1
BMKOHYETbCS YMOBA

(3ei > 0)(3c2 > O)(Vfl > O)(Vb € (0,9)): v(a- b,a+ b > cxb+ c2, (6)

iCHye P yHKUia F € 1q(v), ans akoi
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3ayBakeHHS1 1. YmoBM (3) i (6) BUKOHYOTbCSAY BUNagKy, KoM v — Mipa Aebera Ha Npsimiid.
Mpo ymoBy (3) Te > caMme MO>XKHa ckasaTu i y Bunagaky, Konu mipa v mae surnag v(o, f] =
1(0ndu/l(u), pe | eh.

AoBefieHHs. Po3srnsaHemo iHTerpan surnagy (1) 3f(u) = exp{ug (u > 0), To6TO0
F(x) = f emv(du),

ae h(u,x) —uE+ xu, € € (0,1). 3po3ymino, wo F €1 q(v). Cnpasgji, npu chikcoBaHOMYy X < O
ANS BCiX AOCTATHLO BEIMKUX U > ug MaeMo UE< uNX\/2, TOMYy 3a YMOBOH

Y] r
F(x) < / ehtix)v(du) + / exu/2v(du) < +oo0.
JO JR+

Kpim yboro, oyeBmngHo, wo min{F(x),/<*(*)} — +oo (@ —y-0).
3ayBa>kKUMO Tenep, Wo st KOKHOro x < 0 TOYKY u(x) MakCUMyMy NigiHTerpanbHol oyH-
KUiT 3HaxoaaTb 3 piBHAHHA Hu(u,X)= €¢-u  — P = 0 i, OT>Ke,

ux) = E/IxD/2%e), Inp*(x) = h(u(x),x) = (1 - g)(«(x))e=(1 - e)(e/ lrDe/(1"¢). (8)

Ockinbkun h"(u, X) = €(e —1) - ue~2 1o 3a popmynoro Tenopa 3 3a/IMLLIKOBUM YNEHOM Yy dpop-
Mi JlarpaH>ka

hlux) = hiu(),)—E = — W tNZyo ¢ e ©0.1).

Tomy, sikwo Bnopatn v = v(x) — (I/(xX))1 e/2 (x < 0), To v(X) = o(u(x)) (x -> -0) i, oT>Ke, 3
yMOBU (6) Mpy X ——0 OTPMMAEMO

A0S uk \J{u(x)_v,u(x)w] expg L-—-F %—T—S—){u erdyrmant /B
>} Gt —véot ubt Ny fefPexp & ---2l=EgL + o (D) ®
>cty*(x)(c\v(x) + c2) (x -> -0),
fe s = exp{ —e(1 —)/3}. 3 pBHOCTENi (8) BANMBAE, 1140
o{x) = €/IXD(1 /2 /(1 e>= €(1.e/2)/(1 &)— = 17-(In"*(X)) 172

nosask (1 —e/2)/(1 —e) —1= /(2(1 —¢)), e Ce= e/y/l —& 3aNNLLAETLCA 3ayBaOKNTK, LLO

Inf/<en) = L+o(L)In/(/IxD) & -0),

TOoMY 3 (9) oOCTaTOYHO OTPUMYEMO, LLO

MY (WSONW2Y 1



308 OBuap |l.€., Ckackis O.b.

3ayBakeHHs 2. HecknagHo noMimuUTH, WO AKLLO Mipa VvV 3a40BoNibHAE yMoBY (3 € (0 4)):
limf >00v(f - i1-€/2,t + il-e/2]/t = + 00, TOANA QYyHKUii F 3 goBegeHHA TBepA>KEHHA 1HU-
YKHA rpaHnus B (7) [OpiBHIOE +00.

3 TBepO>KEHHA 1 OTPMMAEMO HachnigokK Ans abCcontoTHO 36DKHUX Yy mniBnAOWMHI Mo =
{z: Re z < 0} pagis Lipixne surnagy

+00

F{z) = £ FrezA, (10)
n=0
ge (J1,) — Taka nocnifoBHicTb, wo 0 = Jlo < ... < A, < A+i -» +00 (1 < n — +00).

Ans uporo gocuTb, AK i B [3], BUbpaTn Taky mipy v, wo /(£) = Enre£™,(E), 0AA cox noi
06MeXKeHOT MHOXXMHU £ C R+, ge dX — oguvHMU4YHa mipa [ipaka, 30cepegykeHa B Touui A, i
3acTocyBatu TBepoKeHHA 140 psagy Aipixne

OTt(<r,A) = 2 1Z If»K A" = Y Ua),

ae f — HeBig'emHa doyHKUis Taka, wo /(A,) = R if(x) = Ogna ecix x I. {A,:n > OL

Togi p*(o,l) = o, F) & {\F,\oAn: n > 0}. 3Biagcn HeraiHO 3a AOMOMOIroOK HepiBHOCTEM
/icr, F) < M(cr, F) < WI(cr,F) oTpmaemo, L0

an

npm x — —0 (x | £, Mn(E) < +00), 3a ymoB TBepMKeHHS 1 3aMLIaeTbCAa 3ayBadKUTU, LWLO
yMOBU TBepmiKeHHA 1 ana pyHKUIT 1(X) BUKOHYHOTLCA AK TilbKU

(3ei > 0)(3c2 > O)(Vfl > O)(Vb € (0,a)): n(a+ b)- n(a+ b) < c\b+ c2 (12)

ae n(t) = EA,<i 1— niunnbHa dyHKLUia nocnigoBHocTi (An). OTXKe, oTpUMann TakKuii Hachi-
DOK.

Hacnigok. Hexai ana abcontoTHO 36i>KHOro y nisnaouwmHi Mo paagy Aipixne surnsagy (10)
BUKOHYETbCA yMoBa (12). Togi ANs KOXXHOro € > 0 HepiBHICTb (11) BAKOHYETbLCA Npu X —a—0
(x I E, Mn(E) < + 00).

AKLo ueit Hacnigok 3actocyBaTu Ao pyHKuUii F(s) = f(es), ae /(z) — aHaniTn4yHa B oan-

HU4YHOMY Kpy3i D = {z: jz] < 1} dyHKuUifA, 3agaHa cTeneHeBuM psagom eurnagy f(z) =

3 pagiycom 36iKHOCTI Rif) = 1, To oTpMaemMo Take TBeEpPKEHHSA (OUB., HaNpw-

Knag, [1, 7]): 4na Ko>kHoro € > 0 icHye Taka MHO>KMHa E C (0,1) cKiH4YeHHOT norapug mivyHoi

Mipun, To6T0 JEY{4 < +co, wo and Bcix r € (0,1) \ E BUKOHYETbCSA TaKWii aHas10r Knacu4yHoi
HepiBHOCTIi BimaHa:

M/M £ (I'T 7 ™ Inl/24e1=7 -

peMft{r) = max{|Z/@)]: H = r}, u™1) = Tax{la.|r'r: n> 0}.
BapTo TakoXX 3ayBa>KUTU, WO ANA abCoNoTHO 36i>KHUX Yy NiBNoOWWHI Mo pagis Burnagy
(10), HeBig'eMHa MOCNIAOBHICTb NOKA3HUKIB SAKNX 3a40BO/IbHAE NLLIE YMOBY

sup{A,:n> 0} = +co

AHanor HepiBHOCTI BimaHa nna iHTerpanie Aannaca, 3aleXHUX Bif Manoro napameTpa 309

(To6TO, 30KpPEMa, MOXKE MaTU 6YAb-AKY KiflbKiCTb CKIHYEHHUX TOYOK CKYM4eHHS), y cTaTTi [2]
3HalaeHo YMOBM Ha NocnigoBHIcTb (\MY, 3a AKX HEPIBHICTb BUrNaay

M(x,F) < u(x.P)(Inu(x.P))&

BUKOHYETbLCS ANs BCiX X <0 30BHiI AeAKOT MHOXXWHM CKiIHYeHHOT NorapndgmiyHoT Mipu i € Hero-
KpaulyBaHoto. MoBHI aHanornm ocTaHHbLOIT HEPIBHOCTI HECKNAAHO OTPUMYIOTLCA ANA iHTerpanis
Burnsgy (1), wo € cKiHdeHHUMK ans BCiX X € IR 3 TBepAXKeHb, sIKi AoBeAeHo B [5, 6].
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Introduction

Prime numbers are of fundamental importance in mathematics in general: there are few
better known or more easily understood problems in pure mathematics than the question of
rapidly determining whether a given number is prime or composite. Efficient primality tests
are also useful in practice: a number of cryptographic protocols need big prime numbers.

In 2002 M.Agrawal, N.Kayal and N.Saxena [1] presented a deterministic polynomial-time
algorithm AKS that determines whether an input number n is prime or composite. It was
proved [4] that AKS algorithm runs in (logn)75+0(1) time. H.Lenstra and C.Pomerance [5]
gave a significantly modified version of AKS with (log n)6+0™ running time.

Probabilistic versions of AKS are also known [3] with (log n)4+4,(1) time complexity. The
Agrawal conjecture [1, 4] was proposed for further improvement of AKS running time. A
heuristic argument was given [5] which suggests that the above conjecture is false. However, it
was pointed out [1] that some variant of the conjecture may still be true. A modified conjecture
is given in [7]. A strongly ascending chain of subgroups of the multiplicative group of a finite
field appears in this conjecture.

Using results from [8], we obtain in this paper lower bounds on the orders of these sub-
groups.

1 PRELIMINARIES

Let gbe apower of an odd prime number p, and Fqbe afinite field with g elements. We use
F* to denote the multiplicative group of Fg. A partition of an integer C is a sequence of non-

negative integers Mi,..., uc such that Lic=1juj = C. U(C) denotes the number of the partitions
of C. U(C, d) denotes the number of such partitions of C, for which ii\ , ug < d, i.e., each part

© Popovych R., 2013

appears no more than d times. (V\,...,, VK) denotes the group generated by elements V \ , VK
and G x H — the direct product of groups G and H. |J denotes the multiplicative order of
the group G.

Let g be a primitive root modulo r, that is the multiplicative order of g modulo r equals to
r- 1 Set Fq(6) = Fo-1 = Fq[x]/®r(x), where ®r(x) = Xr~r+ xr~2+ ..+ x + 1is the r-th
cyclotomic polynomial and 0 = x (mod ®r(x)). Itis clear that the equality Or = 1 holds. The
element 3 — O+ 6~ is called a Gauss period of type ((r —1)/2,2). It generates normal base
over Fq [2].

The following strongly ascending chain of subgroups of the multiplicative group appears
(if to take g = p is aprime number and r < p) in the modified conjecture [7X

(0) C (0+ 1) C (0-1) C (0-1,0+ 2).

It was shown in [2], that the order of Gauss period B is at least U((r - 3)/2, p —1). In [8,
Theorem 1], this result was improved and generalized, i.e. the following theorem was proved.

Theorem 1. Letqbeapower ofan odd prime numberp,r = 2s+ | be aprime number coprime
with g,q be aprimitive root modulo r, 0 generates the extension Fq(9) = F r-1, e be any integer,
f be any integer coprime with r, a be any non-zero element in the finite field Fq. Then

(@) 0e(0/ + a) has the multiplicative order atleast U (r —2, p —1),

(b) (0_~+ p)(0~+pn) fora2 @ +1 has the multiplicative order at least U((r —3)/2,p —1) and
this order divides q¥~1" 2 —1,

(c) 9~2(9~f + n)(0/ + 51)-1 fora2 @ 1has the multiplicative order at least U((r —3)/2,p —1)
and this order divides q(r~[%2 +

(d) 6301 + a) fora2 @ +1 has the multiplicative order at least [U((r —3)/2,p —1)]2/2.

We take to the end of the paper thatq —p > 3is aprime number andr < p.

Explicit lower bounds on the orders of subgroups connected with Agrawal conjecture in
terms of p and r are of special interest. That is why we use in this paper Theorem 1and some
known estimate from [6] to derive explicit lower bounds on the multiplicative orders of (0 + 1),
(0- 1)and (0- 1,0+ 2).

If C < d then clearly U(C,d) — U(C). Explicit lower bound on U(C) for all integers C is

proposed in [6]. According to [6, Theorem 4.2], the following inequality holds for all integers
C.

exp ( 7MJi-y/c )
ue) > \ 3C I m

2 Lower bounds on the orders

We obtain in this section lower bounds on the orders of subgroups connected with Agrawal
conjecture. First of all, itis clear that |(0) |= .

Lemma21. 0+ 1) = (0) x

Proof. Let us show first that (02+ I) = (0 + 1). Since p is primitive modulo r, an integer i
exists such that pl =2 mod r. Then (0 + 1)? = 2+ 1(mod p, ®r(0)). Analogously an integer j
exists such that pi = 2-1 mod r. Then we have (02 + I)Pi = 0+ 1(mod p,dr(0)).


http://www.journals.pu.if.ua/index.php/cmp

Now we show that (O) m(O + 0"1) = (02+ I). Indeed, O(0 + 0"1) = 02+1 and the inclusion
(O)m(O+01) D (02+ 1) isobvious. AsO€ O+ 1) —(02+1), 0 1(02+ 1) = 0+ 01 €
(02 + 1) and we have the inclusion (0) - (0 + 0-1) C (02 + ).

To prove that the intersection of (0) and (0 + 0_1) equals to the trivial subgroup, consider
the automorphism ¢ of the field Fp(0), which sends 0to O_1. For every element a € Fp(0) we
take t(a) = a-(<r(a))_1. Itis clear that 4ab) = *(a)*(b) and *(«') = [*(«)]*- Then it is easy
to obtain i((0 + 0-1)") = 1and t(0Oc) = 02c. Suppose OC= (0 + 0-1)" for some integers c,u.
Use fora = 0Cand 3 = (0 + 0-1)1 the fact that a = B implies t(a) = t(b). Then O = 1, and
therefore c is divided by r and 0C= 1.

Hence, the result follows. M

As a consequence of Lemma 2.1, we have the following more precisely specified chain of
subgroups:

(0) C (0) X(0+0-1) = (0+1)c (0-1) C (0-1,0 + 2).

Theorem 2. The Gauss period 3 = 0+ 0”1 has the multiplicative order larger than

exP (n\Jlv ~ )
13(r —2)

and this order divides p[r*1¥2 —1.
Proof. Since
+0-y /20 = (0Pr)/2 + 0-P(r-)/2)(0 + 0-1)-1= (0-1+ 0)(0 + 6" 1) '1= 1,

the multiplicative order of 3 divides p(r~1)/2 - |.The fact that the order of B = 0+ 0-1 =
0 1(02+ 1) isatleast U(r - 2,p- 1) follows from Theorem 1, part (a).

Sincep > r,we haver- 2 < pand Li(r- 2p- 1) = U(r - 2). Then it follows from
inequality (1) that the multiplicative order L\(r) of f = 0+ 0-1 = 0_1(02 + 1) satisfies the
bound

exp (m\ /i -~ -7)
L\{r) > U(r —2,p —I) = U(r —2) > -—-- \ 3(r-T 2)--—-—-- Z

We obtain from Lemma 2.1 and Theorem 2 the following explicit lower bound.

Corollary 2.1. J(0 + 1) |> 12~ 2 exP ~ N

Since (O + 1) C (0 —1), the following result is clear.
Lemma22 JO—1) |>2 0+ 1)}

Remark. The order ofelement O+ 1lin thecaser = 5and p = 2 mod r divides 2r{p + 1),

because (0 + I)p+1 = (OP+ 1)(0 + 1) = (02+ 1)(0 + 1) = 03+ 02+ 0+ 1 = —04, and the

order 0/-04 equals to 2r. On the other hand, one can show that (0 - 1)2r(P+1) ¢ 1.

Taking into account Corollary 21 and Lemma 2.2, we have the following lower bound.
Corollary2.2. |(0—1) |> 132 2 exp Si\-Vr - 21|.
Now we are ready to give the lower bound on the order of(0 —1,0 + 2).

Theorem3. IC -U +2)I> 7 N f.¥g 3

Proof. Recall that the order of F*r-i equals to pr~1 —1 = (p(r“1)/2 —I1)(p (r-1)/2 + 1). The
factors p(r_1)/2 —1 and p(r-1)/2+ 1 have the greatest common divisor 2, since their sum equals
to 2p(r~1)/2.

Consider the subgroup of F*r ] generated by 0- 1and 0+ 2 This subgroup contains two
subgroups: first one is generated by 3 = 0+ 0_1 (because (0 - 1) contains (0 + 1), and (0 + 1)
contains (0 + 0-1)), and second one — by 7 = (0 —2)P~11/2-r = (0-1 —2)(0 —2)-1.

According to Theorem 2, 3 has the order that divides p(r_1)/2 —1 and is at least

exp (nJ\-yJr-2
13(r-2)

As 22 @ 1(mod p), according to Theorem 1, part (c) (if to pute = 0O,/ = 1), the 7 has the order
that divides p/Yf~1" 2+ 1 and is at least U((r —3)/2, p —1).
Construct the element

B27, if #2(p(r V72- 1)= 2,
BY2, if p2(p(r~152+ 1) = 2.

Obviously the group (0 —1,0 + 2) contains the subgroup generated by . If
p2(p(r-')/2- i) = 2,

then (pi™-1)/2 —I1) /2 is odd and coprime with p(r-1)/2 + 1. Clearly the order of B2 is a divisor
of (p~-1)/2 —1)/2. Hence, in this case, we have the following direct product of subgroups
<d>=< PB2> x <7 >

If p2(p~-172+ 1) = 2, then (p(r_1)/2 + 1) /2 is odd and coprime with p(r_1)/2 —1. Clearly
the order of 72 is adivisor of (p(r-1)/2 + 1)/2. Hence, in this case, we have the following direct
product of subgroups < d >=< B> x < 72>.

In both cases, the order of & is the product of orders of f and 7 divided by 2

Since (r —3)/2 < p,we have U((r —3)/2, p—1) = Li((r-3)/2). Applying to Li((r —3)/2)
the inequality (1), we obtain that the multiplicative order L2(r) of o satisfies the bound

exp (rcyjlV r-2

w >-—- \ 3(r_ 2)---- — "W(r - 3)/72)/2
exp [nJl-y/772) exp(7rJ§-(1 + ~)v "3
> —mmm 13(r_5|5|-—————ll((r —3)/2)/2 > 169(r-2)(r-3)
This finishes the proof. O
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Introduction

The main object of our study is energy-dependent Sturm-Liouville equation

-yt o+ S+ 2Apy = AY @)

on (0,1); here A € C is the spectral parameter, p is a real-valued function in 12(0,1) and q
is a real-valued distribution in the Sobolev space W2 1(0,1), i.e. g = rlwith areal-valued r €
Ir(0,1). We consider this equation under two types of boundary conditions: the Dirichlet ones

2/0)=y(1) =0 @)

and the so-called mixed conditions

y(0)=yw(l) + Hy()=0,

where H e IRis some constant and yLLI := i/ - ry is a quasi-derivative of the functiony used in
the regularization procedure due to Savchuk and Shkalikov (see [19, 20] and the next section
for details). Since primitive of q is defined only up to an additive constant, by replacing r with
r —H we reduce the above mixed boundary conditions to the following ones:

i/0) = y[A(l) = 0. 3

In what follows, we shall denote by &?o0{p,r) and ~2m(p, r) the spectral problems (1), (2) and
(1), (3) respectively. Our main aim in this paper is to solve the inverse problem of reconstruct-
ing the potentials p and r given the spectra of Jzfp(p, r) and r.

2010 Mathematics Subject Classification: Primary 34A55, Secondary 34B07, 34B24, 34B30, 34L40,47E05.
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The spectral problem under study often arise in classical and quantum mechanics. In parti-
cular, the equations of the form (1) are used in modelling of the motion of relativistic massless
particles, in describing the interactions of colliding spinless particles, in modelling of the me-
chanical system vibrations in viscous media etc.

The spectral equation (1) was considered on the line and studied in the context of inverse
scattering problems (see, e.g. [1, 7, 9, 10, 12, 18, 21], and [5] for a more extensive reference
list). The inverse spectral problems for (1) with p € w2(0,1) and q € L2(0,1) and with Robin
boundary conditions were discussed by M. Gasymov and G. Guseinov in their short paper [3]
of 1981 containing no proofs. Such problems were also considered in [2, 4,13,14, 22], but only
Borg-type uniqueness results were obtained therein.

We studied the inverse problems of reconstruction of (1) with potentials p € L2(0,1)
and q € WO, 1) from the spectra of SfD(p,r) and ¥YmM(p>r) in [17] and from one spectrum
and the set of norming constants in [5]. In this paper, we suggest another method of recon-
structing (1) from two spectra that exploits connection of this problem with the problem of
reconstructing (1) from one spectrum and the set of norming constants.

Namely, given two sequences A and p, which are supposed to be the spectra of .2b(p, r)
and Jm(p,r) with the sought potentials p and g —r', we construct another sequence, which
turns out to consist of the norming constants for ~o(p,r). Then, using the results of [5], we
reconstruct the potentials p and g of (1) such that A is the spectrum of (1), (2) with these p
and g Next we show that the primitive r of g can be chosen uniquely so that the spectrum
of N?m(p,r) coincides with the given sequence y. The main result of the paper is the exis-
tence and uniqueness theorem giving a complete characterisation of the spectra of the prob-
lems Jzdp, r) and r) as well as the reconstruction algorithm.

1 Preliminaries and main results

In this section we introduce the necessary definitions and formulate the main results of the
paper. To start with, consider the differential expression

%) = -y" + W

and recall that g = rlis a real-valued distribution from W21 (0,1). Therefore we need to define
the action of £(y) more rigourously. To do this we use the regularization procedure due to
Savchuk and Shkalikov (see [19, 20]) based on the notion of quasi-derivatives. Namely, for
every absolutely continuous function y we denote by yl1 := y' —ry its quasi-derivative and
define £(y) as

oa=-Yuw-"}y/u-r2y

on the domain
dom” = {y € AC(0,1) 1y[l] € N1C[0,1], £(y) € L2(0,1)}.

It is straightforward to see that so defined £(y) coincides with —y" + gy in the distributional
sense.
Now we can recast the spectral equation (1) as

€(y) + 2\py = A2y. (4)

Then anumber A e C is called an eigenvalue of the problem SEO(p, r) (resp. 5?mIP'r)) if equa-
tion (4) possesses a nontrivial solution satisfying the boundary conditions (2) (resp. (3)). This

solution is then called an eigenfunction of the problem JfD(p, r) (resp. JfM(p, r)) corresponding
to A

In this paper we study the following inverse spectral problem:

(IP1) Given the spectra of the problems jStD(p,r) and ifM(p,r), determine the potentials p
andr.

A complete solution of this problem is only possible under some extra assumption, which we
formulate further. Denote by Ty,j = 1,2, the operator pencils defined via

7)A)Y = £(y) + 2Ap - AY
on the A-independent domains
domTx:= {y €dom£ |Jy(0) = y(I) = 0},
domT2 := {y €dom£ |y(0) —y~(l) —O0}.

Note that the spectra of the problems JD(p, r) and 5?m(p, r) coincide with those of the pen-
cils T\ and T2 respectively. Our standing assumption is the following:

(A) there is a /* € IR such that the operator T2(y*) is positive.

Under this assumption all the eigenvalues of both problems J?D(p,r) and r) are real
and simple (see [16]). Moreover, they can be enumerated in increasing order as \nand pn so
that the pair of sequences {(An),(pn)) forms an element of the set SD Xdefined below (see [17]).

Definition 1. We denote by SD\ the family of all pairs (A, u) of increasing sequences A :=

(K)nezt/ 2z* := Z \{0}, and p := (un)nBl of real numbers satisfying the following condi-
tions:

(i) asymptotics: there isan h € R such that
An — mi+ h+ A, pn — 1 ™M — + hs pn, (5)

where (An) is asequence in £2(Z*) and (un) is from "2(Z);

(i) almost interlacing:
Pk<Xk<Pk+1 foreveryk€zZ*, (6)

Remark 1. (a) If the eigenvalues A, of &D(p, r) and p,, of JfM(p, r) are ordered so that (i)
and (ii) of the above definition hold, then the number p+ in assumption (A) satisfies the

inequalities po < p* < pA see [16]. Moreover, then assumption (A) holds with every p*
from (po, ut).

(b) For the most of the paper, it will be convenient to assume that u+in(A) iszero. If this
does not hold, we can shift the spectral parameter via A = A + p*;thenthespectral
equation (1) can be recast as

YY"+ Ay + 2Apy = A%



with the new potentials p := p- p* and q := g+ 2u*p - p2. Moreover, choosing the
primitive f := r —/*(2u*p - y2) ofqg so that (r - r)(1) = 0 and introducing the cor-
responding quasi-derivative yw := y' - fy, we see that the boundary conditions (2)
and (3) remain unchanged. Now if An (resp. un) are eigenvalues of the problem .¥D(p, r)
(resp. SfTM(p, 1)), then An := An- p* (resp. W,, := PN- p*) are eigenvalues of the problem
&D(p,f) (resp. 1?m{p,r)), while the eigenfunctions for the corresponding eigenvalues
are the same. In particular, the problems J3AD(p, f) and &m(P, f) satisfy assumption (A)
with p* = 0. Having p, g and r we can find p, q and r by formulae

p=p+p, q=0q-2p~p-pl, r=r+J (2u*p + pi). (@)

In view of the above remark, without loss of generality we can work under a simplifying
assumption

(AO) the operator T?(0) is positive.

However, the main results of the paper will be proved under the general assumption (A).

Clearly, under assumption (AO) the eigenvalues of JCu(p,r) and 3?mIP>r) can be enumer-
ated in increasing order as Anand pn so that the pair of sequences ((A,), (M,,)) forms an ele-
ment of the set SDi with o < 0 < P\

In this paper we establish connection between the inverse problem (IP1) and the inverse
problem (IP2) formulated below; it was already studied in [5]. Namely for an eigenvalue A of
the problem «£?0(p,r), denote by y the corresponding eigenfunction normalized by the initial
conditions y(0) = Oand yW (0) = 1 The quantity

no=2A2 / y2(t)dt —2A | p(t)y2(t)dt (8)
Jo Jo

is called the norming constant corresponding to the eigenvalue A. Then (A, a) is called the
(spectral) eigenpair of i fD(p, r). The spectral data sd(p, r) of the problem i?D(p, r) is the set of all
eigenpairs (A, a) of N?o0(p,r).

The inverse spectral problem (IP2) reads as follows:

(IP2) Given the spectral data sd(p, r) of r), determine the potentials p and r.

The results of [5] imply that under assumption (AO) the spectral data sd(p, r) form an ele-
ment of the set SD2 defined below.

Definition 2. We denote by SD2 the family of all sets {(An/an)} neZ*, which consist of pairs
(An,Gn) of real numbers satisfying the following properties:

(i) An are nonzero, strictly increase with n € Z*, and have the representation An = nn +
h+ Anfor some he IRand asequence (A,) ini2(Z*);

(i) an > Ofor all n € Z* and the numbers d&n := c¢n—1form ani2(Z*)-sequence.
The main results of [5] are the following:

Theorem A (Uniqueness). Under assumption (AO), the potentials p and g = r' of equation (1)
are uniquely determined by its spectral data sd(p, r).

Theorem B (Existence). For every sd € SD2 there exist real-valued p from L2(0,1) and q
from (0, 1) such that sd is the spectral data for the problem Jz?d(p, r) with the potentials p
and with r aprimitive ofq, i.e. sd = sd(p, r).

Note that neither the spectrum of ~n(p,r) nor the set of norming constants depend on
the particular choice of the primitive r of g That is why the results of [5] guarantee unique
reconstruction of g but leave r determined up to an additive constant. However, the boundary
conditions (3) for the problem &m{p, r) do depend on the choice of r, and we shall show that r
is determined uniquely in the inverse problem (IP1).

To investigate the connection between (IP1) and (IP2) we use the characteristic functions
of the problems N?o(p,r) and Jdm(p,r). Denote by y(x,z) the solution of (4) with z instead
of A and subject to the initial conditions y(0) = O, y~(0) = 1 Then A is an eigenvalue of
the problem N7?B(p,r) if and only if it is a zero of its characteristic function @({) := y(l,z).
Analogously a number p is an eigenvalue of the problem JEM(p,r) if and only if y is a zero
of the corresponding characteristic function ({) yM(l,z). It was shown in [15] that the
functions ¢ and Y can be written in factorized form in terms of their zeros, namely

V.p. N ifppodnl, lez,
Q(A) = < nez mn ©
(-1); V.p. 1 ifPo—nl, 1€2Z,
neZ* nn
W(u) _
(-1)'+1(/0-)0v.p- M —— ifpo=~ +T7l,l1€2,
nez* nn J-

where po = Jo p. The link between (IP1) and (IP2) is given by (9), (10) and the following for-
mula, which relates the characteristic functions (and so the spectra) of & o (jp, r) and /1?mIP>r)
and the norming constants of Jz?0(p, r) (see [16]):

In the next section we shall prove the following theorem:

Theorem 1. Given the pair of sequences (A, [I) from SDi with o < 0 < I, construct (an), ez*
via (9), (10) and (11). Then theccnare positive and the sequence (txn- 1) nez* belongs tol2(Z*).

As a result, the set of pairs {(An,ccn)}ne%*, with given numbers An and the numbers an
constructed as in (11), forms an element of SD2. Therefore by Theorems A and B there exist
unique real-valued p € L2(0, 1) and g € W2 1(0, 1) such that {(A,,,Ci,,) } neZ* coincides with the
spectral data sd(p, r), with every primitive r of g Then we show that this primitive r can be
uniquely chosen as to make u,, the eigenvalues of /1?m(p,r)- This will lead to the main result
of the paper (cf. [17]):

Theorem 2. Assume that a pair (A, y) of sequences of real numbers is an element of SDj.
Then there exist unique real-valued p,r e L2(0,1) such that A and u are the spectra of the
problems Jzfo{p, r) and (p, r). In particular, the singularpotential gin (1) is equal tor'.



2 Connection between (IPl) and (IP2)

21 Proof of Theorem 1

This subsection is devoted to the proof of Theorem 1, which establishes connection be-
tween (IPI) and (IP2).

Suppose we have two sequences A := (A,,),ez* and u (un)npZ with Po < 0 < Vi>which
form an element [A,y) of the set SD\. Set A0 := O, and denote by A* the sequence (A,),<=z,
which is A augmented with AO. Then A* and p strictly interlace. By means of these sequences
we construct the functions

zV.p. N ifhdgnl, I €2Z,
Sl(z):=\ m 4o _2 (12)
(-1)'z Vip. N -/ ifh=nl, 1€ 2Z,
neZ* NN
-vP N r ~ if f I, e Z,
r/~Z._J v rez Trin + 1T/£)V If kep 2+ : ¢
YN+ 1(fio-z)V.p. T —— ith= —+nl, /€ Z,
nGz* nn o

where h is the number in the asymptotics (i) of Definition 1
Observe that A* is the sequence of zeros of S\ and p is that of c. The resultsof [6]imply that

there exist functions /7 and g from L2(0,1) such that

s1(2) = sin(z - h )+5O f{t)eiz*~ieedt and c(z) = cos(z- h) + ig(t)elz™ 2)dt.(14)

Jo

Note that
si(An) = cos(A,, -h) + Jr' f{O)i(l - 2ty ~-~dt.
0

Next put s(z) := since A,,, n € Z, are zeros of sxwe have s(A,,) = for every n € Z*.
Now we shall prove the following auxiliary lemma.

Lemma l Leif be afunction from L2(0,1). Then the sequence (f n)nez with
fn:= Jr F(f)e'Al(1_2f)dt (15)
o

belongs to£2(Z).

Proof. Let us firstly make a change of variables u : = 1- 2 t in the integral of the righthand side
of (15). We obtain

fn:=J] G(u)eliidu,

where G(u) = jF () e ihuis the function from L2(-1, 1) and to,, = nn + A,. To complete the
proof it is enough to show that the system eMAJ forms a Riesz basis in L2(-1, 1); then f,, are
the Fourier coefficients of G relative to the system eiw'u and so form a sequence from "2(Z)
(see e.g. [23, Ch. 1]).

Note firstly that the system {el7mu} is an orthogonal basis in L2(-1,1). One can find a
constant L < n /4 and asufficiently large N such that |A, |< L forall n, Jn] > N. Then Kadec's
1/4-Theorem (see [23, Ch. 1], [8]) yields that the system {eicnH with

N j kn+An, \A> N,
" onn, \A\ < N,

forms a Rieszbasis.It remains to observe that the sequence (wn) isobtained from (wn) by
changing afinitenumber of elements. Theorems 311 andl112 of[23] imply thatthesys-
tem {elwuj is a Riesz basis. O

The above lemma yields that

s\(K) = (—1)" cosAn+ | f(t)i(1- 2t)elAm~20)dt = (- 1)"(1 + s,),

i (16)
QA») = (—1)" cosA, + Jlo g(t)elAn(l~-2t)dt = (- 1)”(1 +cn)
with ~-sequences (sn),,ez and (cn)nez- Define the sequence {o)neZ* as follows
anm— A, s(An)c(A,) = (Ad)c(A(). a7

Then (16) implies thata,, = (-1)"(1 + s,)(-1)"(l + cn) = 1+ &, with ~-sequence (&n).

Since the sequencesA*and p interlace a straightforward analysis of definitions (12), (13)
and formula (17) gives that all an,n € Z*, are of the same sign and thus are positive thus
finishing the proof of Theorem 1

2.2 Solution of (IP2)

Theorem 1 together with Theorems A and B yields that for the given sequence (An)nB{*
and the constructed (an)nez* we can uniquely determine potentials p and d such that the
problem Jz?o(p, r) with r an arbitrary primitive of g has (A,,),,eZ* as its spectrum and (a,,), ez*
as the corresponding norming constants.

From [15] we know that the shift h in the asymptotics (5) of eigenvalues of fEo (p, r) equals

to Po = JlP-
2.3 Solution of (IPI)

Now we show that the potentials p and q constructed in the previous subsection also pro-
vide a solution to the (IP2). Namely, we shall show that there exists a primitive r of g such
that un, n € Z, are all the eigenvalues of the problem I?m(p, r):

To start with, note that a primitive r of q is determined up to an additive constant. We
choose r in the following way. Let y(x, pyo) be the solution of the equation (1) with Z0 instead
of A satisfying the initial condition y (0, uo) = 0. Then y(l, po) is not equal to O as po is not in
the spectrum of (p,r). This allows us to choose r uniquely so that po) = O. Then po is
an eigenvalue of the problem ="m(p, r) with this fixed r. Denote by v,,, n € Z, the eigenvalues
of 5?mip,r) enumerated in increasing order so that Vb = po-

Lemma 2 v, = unforalln € Z.

Proof Recall that the eigenvalues vn of 1?m(p,r) satisfy the asymptotics v,, — n{n —1/2) +
Po + vnwith an "2-sequence (vn) and that the corresponding characteristic function ( is given
by (10) with vninstead of un. The function Y can be represented in an integral form, (see [6,15])

(0 = cos(z —po) + J{"Ai(i)em—zwf



with some g\ € L2(0,1). We are going to show that W coincides with the function c of (13).
Since vn, n € Z, are zeros of Y and un, n € Z, are those of ¢, this will finish the proof.

Suppose, on the contrary, that Y @ c, i.e., that the function @ Y —c is not identically
zero. On account of the equality h = po the representations (14) and (18) for the functions ¢
and Y give that

¢ Q)= [ NS
and so, by a refined version of the Riemann-Lebesgue lemma [11, Lemma 1.3.1],
®(() —o(™Inel), A -> oo. (19)

Taking (9) and the equality h — p0 into account, we observe that s(z) defined as Si(z)/z
with Si of (12) coincides with the characteristic function  of the problem Jzib(p,r): Comparing
the construction (17) of an and the relation (11) for the norming constants of i?D(p,r), we
conclude that ¢(An)W(An) = s(An)c(A,), n € Z*. As the sequence A strictly increases, each
zero of sissimple and so s(A,,) @ O, n € Z*. Therefore c(A,,) = Y(An) or equivalently ¢(An) =
Oforevery n € Z*. Clearly, ¢c(p0) = Y(po) = 0giving that @(po) = 0. Hence {An}nez* U {"o}
are zeros of the function ¢(().

Let usshow that @ possesses no other zeros.Denote by n(t) the number of zeros of @ in
the disk N < t;then, in view of (19), the Jensen's formula gives

F Andt< —+ Q\ (20)
Jo t 7

with some constant Ci € R. If ¢ possessed other zeros apart from {A ,},,eZ* U {po}, then the
asymptotics of A, would guarantee that there exists € € (0, J) and N sufficiently large such
that forevery | > N n(n(l + €)) >21 + 2. Put § := n(l + €) and use Stirling's approximation
of the Euler gamma-function to obtain

[tH - p-dt > X (2l+2)log~ = (2n+ 2)logtn+l- 2 £ logi/- 2mlogt,
JUh t i=m | I=tn

> £l2n+ 2)log”™ ti-2logr {’\ ") +C2>7"~ 0 + (|- 2£)logi=xi+C3
— Ti nJ I T

with some constants C2 and C3. This estimate contradicts (20) and thus shows that ¢ has no

other zeros besides {An}nB* U {~o}
The function @ is of exponential type less than or equal to 1. Using this and the Hadamard
factorization theorem, we obtain that

with some constants A and B. Since
N1 o~ /13 \N_ 4O ren2 A+ An
P'NEC*A” _ n=Nna A-J ,=iA"A-" n2n2
with absolutely convergent series E~=i and uniformly bounded sequence (X £ ), the
series X is convergent. Therefore,

with a suitable constant A'.
Let us now fix @€ (0, ) U (1, 21) and take z of the form z = peld, p > 0. By (19),

(2), :
sin%/ —py O Pvoe (21)
Recall (see e.g. [23, Ch.2]) that the function sin(z —h) can be factorized as follows
. nn+ h—z
sin(z —h) — (z —/?V.p. J
nezZ* mnn
so that
V,(2) _ nA’z+B HO 2 — nn An
sin (z-ft) (z-hypo VP AL A mn+h-z

By Lemma 3 of [15], the product V.p.JXieZ* is convergent and, by Lemma 4 of [15], the

product V.p. NMnel* nn+i-z converges to 1asp -> oo and 6 ® O, n. In view of (21), this means
that eAZ+B converges to O as p —Y co. But this is impossible; the contradiction derived shows

that our assumption that ¢ @ Ois false. Therefore ¢ = Oand vn= unforalln e Z. The proof
is complete. O

3 Proof of main results

In this section we turn to assumption (A) and proof Theorem 2 in the case of arbitrary /& €
IR Then we formulate a reconstruction algorithm.

3.1 Proof of Theorem 2

Given (A,y) € SDi, we firstly put p* := (po + pi)/2 and shift the sequences A and p
by -p* to obtain new sequences A := (A,),ez* and g = (un)nBC from SDi with p0 < 0 <
pi- To prove the theorem it is enough to show that for the sequences A and u there exist
unique real-valued p and r from L2(0,1) such that A is the spectrum of D(p, f) and p is that
of JEm{P>?). Then by formulae (7) with p* = (u0+ p1)/2 we can uniquely determine poten-
tials p and r from p and r such that A and p are the spectra of problems -2b(p, r) and Zm(P,r)
respectively.

By means of sequences A and p construct the functions si and ¢ by formulae (12) and (13)
and then the sequence (a,,) by (17). Due to Theorem 1, the set of pairs sd = {(A,,, an)},,eZ*
with the given Anand the constructed anbelongs to SD2. Then, using Theorem B, we construct
potentials p and g such that A is the spectrum of b{p,r) with the constructed p and any
primitive r of g Next we fix the primitive r of q as explained in Subsection 2.3; then p is the
spectrum of «2m (p, ?) by Lemma 2. This establishes the existence part.

To prove uniqueness we assume that there are two pairs of potentials pi, ri and p2 f2
such that the sequence A is the spectrum of both problems .~oipuh ) and N?0(p2>h) and the
sequence [ is the spectrum of both JEM(pi, ?i) and .~*mipi, h)- This means that the norming
constants of the problems € b (pi, h ) and (p2 r2) coincide as they are uniquely determined
by two spectra A and p (see (11)). Then Theorem A implies that pi = p2and r[ = f2 in
particular, fx—f2 = H with some constant H. To complete the proof it is enough to show
that H —O.



Observe that equations (1) for the problems N1?m(pi>h) and -*mipr, h) are the same. As a
result, eigenfunctions for the both problems corresponding to the common eigenvalue po coin-
cide aswell; denote itby y. Then (y' - rr4(1) = (y' - f2y)(l) = Oor equivalently Hy(1) = O.
However po is not in the spectra of (pi /h ) arid -2b(p2/ h)> hence t/(I) ¢ O. Therefore H = 0
thus finishing the proof.

3.2 Reconstruction algorithm

To sum up we formulate the reconstruction algorithm.
Suppose we have a pair of sequences (A,d) from SD5. Then we

1) put p* := (po + Lli)/2 and consider a new pair of sequences (A,u) such that A :=
(An)nez* with A, := A, - p*and y := (pn)nez with pyn := pn- p*;

2) augment A with Ao := 0 and denote the new sequence by A*;

3) by means of sequences A* and p construct the functions si and ¢ by formulae (12) and (13)
with A, and uninstead of Anand un respectively;

4) construct the sequence (<x,) by (17) with A,, instead of A,,;

5) having the set of pairs sd = {(A,,, ~Xn}nez=> which, due to Theorem 1, belongs to SD2,
construct potentials p and g using the procedure of [5];

6) choose the primitive r of q as to make po an eigenvalue of JTI?m(P> ?);

7) determine potentials p and r from p and r using formulae (7).
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KapnaTcbKi MatemMaTuyHi nybnikayii. — 2013. — T.5, Ne2. — C. 315-325.

BuBuaeTbcs 3aa4va BiAHOBNEHHSA CUHTYNSPHUX eHepro3ane>XHuX piBHAHb LLUTypma-AiyBinnsa 3a
[BOMa cnekTpamm. Mu NponoHyeEMO HOBUIA MeTOZ PO3B'A3aHHS L€l 3aaadi, 4OCNiAXKYHUN Ti 3B'A30K
i3 3aa4eto BigHOBNEHHS 32 O4HUM CMEKTPOM i MHOXXNHOK HOPMIBHMX MHOXXHUKIB.

KntoyoBsi cnosa i hpasn: obepHeHi 3agadi, piBHAHHSA LUTypma-AiyBinns, eHeprosanexxHi noTeHui-
ann, CUHIYNSAPHI NoTeHUianu.

MpoHcbka H.N. BoccTaHoBneHMe ypaBHeHU LI TypMa-AnyBuansa 3aBuUCAWNX 0T 3HEPTUM NO ABYM CMek-
Tpam. Il. // Kapnatckne matematmnyeckue nybnmkaymm. — 2013. — T.5, Ne2. — C. 315-325.

M3yuaeTcsa 3agaya BOCCTAHOBMAEHWE CUHTYNSIPHOIO ypaBHeHUs LLUTypMa-AnyBUNS 3aBUCsLLE-
ro oT 3Hepruu Mo AByMm crnekTpaMm. [peano>keH HOBbili MeTOA pelLleHus 3Toil o6paTHO 3agauu,
KOTOPbili UICMONb3YeT ee CBA3b C 3afa4eli BOCCTAHOB/EHWSI MO O4HOMY CMEKTPY Y MHOYKECTBOM HOp-
MUPYIOLLNX MHOXXUTENEA.

Kntouesbie cnosa u hpasu: obpaTHbie 3agayuun, ypasHeHus LLITypma-AnyBunns, 3Heprosasmcumbie
noTeHUManbi, CUHTYNIAPHbIe NOTeHUManbI.
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Po3rnsiHyTo 06epHeHy 3aAavy 3 iHTerpaabHoOK YMOBOKO NepeBU3HAYeHHS ANt cnabKo HeniHirHo-
ro ynbTpanapab6oniyHoro piBHAHHS 3 HEBIZOMUM, 3a1eXXHUM Bif Yacy, MHOXXHUKOM MpaBoi YacTUHN
LbOro piBHSIHHA. 3HalAeHO YMOBMU, 3a SIKMX y3arajibHEHUI PO3B'sAAI30K 3aadi NpsAMye A0 HyAs npuv
3poCcTaHHi 4acoBOT 3MiHHOI.
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BcTtyn

YnbTpanapaboniyHi piBHAHHA BriepLle BBeAeHI y npaui [5] Ana onmcy Hei3oTPONHMX Npo-
LeciB. Ti3HiLlle TX 3aCTOCOBYBa/IN [0 BUBYEHHA GaraTboX ABMULL MexaHiku, 6ionorii, disnku,
€KOHOMIKM [2, 7]. BuBYeHHIO 3agaui Kolui, MillaHUX 3a4a4 Ta BNacTUBOCTEN X PO3B'sA3KiB Npu-
CBAYeHi, 30Kpema, npaui [2, 8, 10, 11, 12].

O6epHeHi 3agadi NoB'sA3aHi 3 NOLLYKOM MPUYNH SIBULL, 3a BIiAOMUMMW TX Hacnigkamu. 3 maTte-
MaTUYHOT TOYKM 30pY Lie 03HAYa€e 3HaAXOPKEHHS1 HEBIAOMUX KOeiLIEHTIB PIBHAHHS UM Oro
npaBoi YaCcTUHU 3a 404AaTKOBMX YMOB Ha PO3B'A30K LbOro PiBHSAHHA.

IcCHyBaHHA Ta €QUHICTb PO3B'sA3KY 06epHEHUX 3a4a4y Aas napaboniyHux, rinepbofivyHnx 4mn
ynbTpanapabonivyHmnx piBHAHb BCTAHOB/MEHO, 30KPeMa, y npausax [1, 3, 4, 6, 9,11,14]. Mpwn ybo-
MYy BUKOPUCTOBYBa/INCA: METOA iHTerpaibHUX piBHAHb Ta npuHuun Wayaepa [3, 4, 6], iTepa-
niviHi meToaw [14], meToa nMocniaoBHUX HabnmxkeHb [1, 11], meToq Hanisrpyn [9]. Y npaui [15]
MnokKasaHo, L0 PO3B'A30K 06epHEHOI 3a4a4i 3 HEBIAOMOKO MPaBOoo YaCTUHOK ANA napabonivyHo-
ro PiBHSIHHSA cnagae Ao HynAda NMpu 3pocTaHHI YacoBOT 3MIHHOI 3a MEBHMX YMOB Ha BMUXiAHI AaHi
3agaui.

Y uiih npaui po3rnsgHyTo 06epHEHY 3a4a4vy 3 iIHTErpasibHOK YMOBOK MNepPeBU3HAYEHHSA A5
CnabKo HeniHiMHOro ynbTpanapaboniyHoro piBHSAHHSA 3 HEBIAOMUM, 3a/IEXKHUM Bif, Yacy, MHO-
YXHMKOM MpaBoi YaCTUHU LbOro piBHSHHA. BCcTaHOB/MEHO YMOBU, 3a AKMX PO3B'A30K cragae [0
HYNS NpW 3pOCTaHHI 4acoBoi 3MiHHOI. 3ayBa>KMMO, LLLO BNacTUBOCTI PO3B'A3KiB NPAMUX Milla-
HUX 3a4a4 ANS HeNiHIMHUX ynbTpanapaboniyHnX PiBHSAHb paHille BUBYanucsa y npausx [8, 12].

© Mpouax H.M., 2013

1 OCHOBHI NosHayeHHs Ta GyHKUIiOHaNbHI NpocTopu

Hexar Q i D — obme>keHi ob6nacTi BignosigHo B R" i 3 mexxamn aCi € C1i 3D € CJ;
XEQ, yeED, t€ (0, T), ae T — dhikcoBaHe uncno 3 iHTepBany (0,00), QT = Q x D x (0, T),
G=Q xD.

Mo3Haunmo: Er=5MNx D x (0, T),Sj=Clx3D x (0, T), G¢ = {(x,y,t) : (X,y) €EG,i= (},
refo,T].

Beegemo npoctopu: L°°(Qt’) = {w : Qj — R; w — BuMipHa Ta icHye Taka cTtana C,
wo \io(x,y,t)\ < C maike Bctogn Ha Qr}, [wL°@QY)]] = inf{C : \iv(x,y,t)\ < C maibxke
Bctoam Ha Qr}; L2(G) = {w : G —=R; w— BuMipHa, fG\w(x,y)\2dxdy < oo}, Jlu L2(G) |=

(IG |zf(x, ¥)]2 dxdy)Z L2(0,T) := {w: [0,[] =R;zt>— BumMipHa,JIT |w(f) |2i/f < oo}, \W L2(0,T)\\=
(/o \WE\2dt)® L2(Qt) = {w : Qj -» R; w— BumipHa, Jq \wxy, t)\2dxdydt < oo},

Iw, L2(Qj) I = (Jg W(X,y, i)]2dxdydt) 2; W1 -) — MHOXXMHa BCix po3rnoginis w, siki pasom
3i CBOIMM MOXigHMMU NepLUOro NopsigKy 3a BCciMa 3MiHHMMWM HaneXkaTb A0 npocTtopy L2(-),

iy W I2(Q )i = (/n[|Lu(x)|2+/Z_1\|/|>x,(x)\2] dx) 5 \WIKNA20,0]] = (MU0 |2+ M O i2]dtf,

Ck(0) — npocTip Kpa3 HernepepBHO agndepeHLinoBHNX yHKUin Ha O; Y(0, T; W(G)) = {zv:
[0, T] —= W(G); |o(,.,D); WG]l € V(0, T)} (ge V, W — 6aHaxoBi npocTtopu); Wq2(Q) :=
{w:w € W12(Q), wjan = 0}; Vi(QT) := {w: w, w§ € L2(Qr),i =1 w\”? = 0};

V2{G) = 12(0 ;EZ(Q)) ={ry:D —TW@'Z(Q); HAC)Wi2(Q) € L2(D)}, [uy2(C)ll =
(IC\™MXY)\2+ z \wxi(x>y)\2]dxdy) 2, V3(QT) := {w :w,wX,wyj € L2(QT),i = 1,.,.,n, j =

i=1
1,..../7, Wi = O, O]z = 0}. NMo3Haummo 4epes (-, -) CKaNapHUii 40O6YTOK Mi>XK NpocTopamm
VZ(G) i V2(G).
BukopucToByBaTUMEMO TaKi HEpPiBHOCTI:
"HepiBHICTb 3 €"

bzl < "“elyR+ "(l2 ey,ZER, £€> 0, (1)
HepiBHICTb ®Ppigpixca:

-fQ\v(x)\Zd X < XJn V\ v Xi(x)\2dx, (2)

AKa BUKOHYETbCA A8 (PYHKLUI v € WQ' (Q), acTana K 3a1exuTb Bif Q.

2 dopmynoBaHHSA 3ajadi

B o6nacTti Qt po3rngHemMo 3agadvy ansa piBHAHHSA

| n
“f+ E IM(YY,0% X {aj{x,y,t)iuX)¥ + c{x,y,t)u+g(x,y/,u) =f(x,y,t)f0(t) (3
1=1 ij=1
3M0o4aTKOBOK YMOBOO
n(x,y,0) = nl(x,y), (x,y) € G, 4)

KparioBMM1 ymoBaMu
Mz t=0, ulsi~=0 (5)
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Ta YMOBOI MNepeBU3HAYEHHS

J K(x,y)u(x,y, t) dxdy = E(t), te [0 T], (6)
9,

ae u(x,y,t), fo(t) — HeBigomi doyHKUiT, S\ = {(X,y,t)eST: _EIA,(X, ¥>f) cos(v,y,’) C0}, v—
1=
OAVNHWNYHA 30BHILLHA HOpMasb A0 St, MPMYOMY MPUMNYCKaEMO, L0 BUKOHYETLCS YMOBa

(S): IcHye Taka noBepxHsA 3 gogaTHoro Mipoto Jlebera N\ C ¢)D C IR/ 1, wo
S\=Q xTrx (O,T).

Hexali Tako>X BUKOHYHOTbCSI YMOBU

g

(A): an € L°°(QT), i,j = 1,--,n, £ au{x,y, 101, > O\ gna maiike BCixX
i=1

(x,y,t) € Qt Tagnsa Bcix & € IR", do—pogaTHa cTtana;

(©) c € C([0, T}; L°°(G)), c(x,y,t) > cOana malxe BCiX (X,y,t) € Qt, cO— cTana;

® E € vw]'2(0, IN);

F) 7/ €C(0,TIL2AG));

(H) g(x, ¥, t, &) BuMipHa 3a 3aMiHHUMU (X, Y, t) BobnacTi Qt ans scix { € 1RLi HeNepepBHa

3a & gns maiixe Bcix (x,y,t) € Qt; icHye Taka gogaTHa ctana g°, Wwo
\g(x,y,t™)-g(x,y,t,>)\ < g°|£ - 7Ilnna maiike BCix (x,y,t) € Qt TaBcix& N € K1
w KeCl(0;Cl{lW, K\3QxO = 0, K\Qxy2= 0, ge N'2 = 30\Ti;
() A; € C(Qr), Ary. € C([0,r];L°°(G)) pna scixi= 1,...,/;
((9)] “0/uoyj € L2(G), ; =1,.. »o]anxD — »o]wxl, = 0.

3 OsHauveHHsa y3aranbHeEHOro po3B'siI3Ky o6epHeHOT 3aaauyi

O3HayeHHs 1. Mapy yHKyin (u(x,y,t),fo(t)) HasBemo y3arasibHEHUM pPO3B'A3KOM 3agaui
(83HB6), Akwo u € ~((2r)NC([0,T;E2(C)), w, € L2(0,T;V*(G)) + L2(QT), /0 € L2(0,T),
i Ui pyHKUiTaNA BCiXx v € V'i(Qr) 3a40BONbHAN T iIHTErpasibHy PiBHICTb

rm r r 1 n
/ /  EAi@fi/MHyj0o + L By(*/Y/0 sy + c(X,y,f)N
“0 7Qt =1 L\

+ g(x,v,t, u)dexdydt: J/tf(x,y,t)fO(t)vdx dydt
q

i, Kpim Toro, pyHkKuLis u(x, y, t) 3agoBonbHsAe ymosu (4) Ta (6).

Hexan fc K(x,y)f(x,y, t)dxdy @ O. I3 piBHAHHSA (3) Ta ym0BU (6) BUNIMBaAE, L0 y3arab-
HeHnA po3B'sA30K 3agadi (3)-(6) 3a40BOILHSAE PIBHICTb

[ K(x,y)f(x,y,t)dxdy\fO(t) = E'(t) + i (- £(A,X,y,HK(*,y))y.,w

1J Gt 4 =i

+ E KX(x,y)aij(x,y,t)ud +K(x,y)c(X,y,t)u + K(x,y)g(x,y,t,u)j( dxdy, t € [0,T].
«/=1

4 AcumMmnToTunuHa NnoeefiHKa y3aralbHEeHOro po3B'A3ky o6epHeHOT 3aagauyi

BBegemo nosHaueHHsi: /i = max( JGI(f{x,y, t))2dxdy) 2 Kx(i) = jGK(x,y)f(x,y,t)dxdy,

Al= waxsup JA-y.xy, O, ¢ = sup(sup \c(x,y,t) B) 2 A 1= max|sup max (sup [A,(xy, )\2) 2

1 Qt ' o1 G LOoT7 1 G
sup E(esssup|]A,y.(x,y,i)h) % 'k i = max ess sup (esssup \aij(x,y,t)\2) ]7 ko— popaTHa'cTana.
Oomi1=1 ¢t ‘ i 0.1 Gt
Hexan X

1(fc(Kx,(x,y))dedy) 2+ _EI (fc (Kyi(x,y))2dxdy) 4 ( fc(K(x,y))2dxdy) 2<KV
1= 1=

1
ne €IR, ( f& lg(x,y, f,0)]2dxdy) 1 < gl (t) ansa ecix t > 0, ge g1 € L2(0, T). MNMo3HauMmo

= —+2c0- Al- 2g°- 2/IK'(S° + Ni + QO) - -1,
X "0 o

Teopema 1. Hexaii BuKoHytoTbhes ymosu (A), (C), (E), (F), (H), (K), (L), (S), (U) ma |Ki(f)] >
. . oo A . e . + _
ko > Opgnascix™ > 0if > 0. Hexamélm [~+1 | E'(D)] 2iit = 0, |II’H) [E+1 w1(tH)\2dt = O.
Togi ans y3arasibHeHoro po3s'a3ky (u(x,y, t),fo(t)) 3agaui (3)+6) BUKOHYIOTbCA TaKi 361>K-

HocTi: lim N\\(, -,t):, L2G\\ —O, lim /~+1 fr E \uX2dxdydt = O, lim [f+1 J/0o(i)]2dt —O.
H+oo0" k”~oolK i=\ k~oolk

AoBefieHHs. Y nipaui [13] goBefeHo, WO 3a YMOB TeOpPeMU iCHYE eauHa (PyHKLUis u € VdiQr) I

C(O, T]; L2(G)), &t € E2(0, T;Vj (G)) + L2(Qt), 9Kka € y3aralbHEHMM PO3B'SI3KOM 3afgadi

(3)-(6). 3 piBHOCTI (7) Ta piBHAHHSA (3) BUNMBAE PiBHICTb

/ i
«i+ ET(*'Y'0«y, - E (aij(x,y,t)uX)q + c(x,y,t)u + g(x,y,t,u)
i=1 i,j=1

+ B KX(Xy)ciij(x,y,thjud + K(x,y)c(x,y, t)u + K{x,iy)g(x,y,t,u)*J dxdyj.
ij=1

JOMHO>XX1MO (8) Ha U Ta NpoiHTerpyemo no Gt:



OuiHMMO oKpeMo gofdaHKm piBHOCTI (9), BUKopucTasLum ymosu (A)-(L). 3acTtocyBaBLUM B (11) HepiBHICTb (2), 0OTPpUMaEMO

I,:=jc u,udxdy ~ J t(j CiNNdxdyy, | (/ Jupdxdy® + BJ \2dxdy < S(t), t> 0. (12)

MpoiHTerpyBaBLUU HepiBHICTb (12), 3HaraemMo
I 2:=jc IMNi(x>y>t)uMiudxdy ~-\JIn JT 2 M x,yri)\u\2cos(v,yi)dadx-YjG \INdxdy;

\u2 dxdy < e~Pl iio2rfxdy+ [ e“Ni"T™(r)dr, t > 0. 13
/o . J[Gt y Jbll de ANi" T (r) (13
X3:= / E oan(x,y, tyujuX dxdy >a0 E ‘ux\2dxdy; TpoiHTerpyemo (10) no t Big koo k+ 1, ae k € N. BpaxyBasLuu, LLIO
JG<f, 7=l jGti=1
J4:= £ c(x,y,0 ludxdy > ® /  Hdxdy; | L «pdkdy+sf L L E aigry orwcos(is, v)iir(ixcif > 0,
OTPUMAEMO
1$:=J g(x,y,t,u)udxdy < g°J \udxdy+ gl(t) J \NNdxdyj2 ; A ) ; %
z V\ux\Ndxdydt+{cO- - — ¢g°) /7 |mRdxdydt < - /
JKk+1,=1 2 JEKKAIK
6:=m L f(xy,uixdy-n~rV/c,w2x" )12
X7:= -~y / Gf{x,y,t)udxdy Jc J2{\i(x,y/t)K(x,y))yiudxdy < Jc \IN2dxdy;
+/i(c°+?° + NidXK, r juj2dxdydt
0 JQkH
Is m=jrpj fGf(x,y,t)udxdy E KX{x,y)aij(x,y,t)uXidxdy flsfraxK f on AL/ AN
sfraxix( whaxdy dei? f yA\uxiedx dy dA-
fxy/na\K\( £ pp/\x/\/\ A |MdexdyJ ; k0 ©JQk, k+ 1 ~ ©JQk,k+1 1= 1
N 'm'Q ' pe Qicfed = G x (kk + 1). Ockinbku
19:= 2" J f(x,y,t)udxdyj K(x,y)c(x,y,t)u dxdy < J  \UNdxdy; )
n (L- JU2A{,A)12(L . S u'2 *) AR
Ao m=1yy Jc f{x,y,t)udxdyJdc K{x,y)g(x,y,t,u)dxdy
st L - £ ""J2A#EANTW L, In]2n,ryn’
~4 AL  Haxdy+hlh ~ (L H2ixdy)yl. TO 3 (14) BUNAMBaE HepiBHICTb
BpaxyBaBLUuM OLiHKM gogaHKiB i1 - Xto, 3 (9) oTpUMy€EMO
q 1 YN\wiN2dxdydt < — | \Ndxdy + B[ i\u2dxdydt + LK), ke N, (15
;dI\J \A2dxdii) + \ In it = A,y f) LRCOS(Y,, t) Ardx + A JQkei=l 20 JOK Skl
o pe =X (Z,M"ADK, ++3+A,+2s0+2[P),m =A(QL+/])f Hpl(t)pdt+
+(c,- N - ?29|Up) ferfy < Ne I 1 Ne + M (jf 1.12dldyy 22 (10)
N I +1\E'(1)2dtj. NpoiHTerpysaBwiun (13) no t Big kgo k+ 1, ae k € N, oTprMmyemo
+/+11)) N2 dxiy + (1 Llerixdy) 172 £, ,,,, 21,

[ \u2 dxdydt < \e~Pk(l —e~P) [ \LORdxdy
K k+1 P “Co
t > 0. BukopucTtasLum B (10) HepiBHICTb (1), OTPMMAaEMO
+ ~(l-e-~) T eNe-Vs(t)dt~l Im e~"k+1-~S(t)dt + | Jkk+lS(t)dt.
B Jo B Ik B

|2Atit vge, UNZdxdy) + \IAIT Y Jhi(xy,t)\uN2cos(yiVi)dadx +Jg y E K .12

Togpi 3 (15) BunnmBae ouiHKa
AL O /# °+ / +ANT) /MM _h |J2Il dxdy< 1 r t> 0.
N\

i
. /E | 'Iadxd dt < + U(E) KEN,(16
+iC -y - S e N qukl'\?('_l y H(E) (16)



AE
M K = (i +f (I -¢e~B)) [e=NlcOW\2dxdy + fke-BNrd(T)AT

+7MJKk+\ | -e - k+1-7N)S(t)dt.
I3 popmynu (7) BunamBae oujiHKa

rk+H\ 2 /N « c/ J
/  Xfo(H)\ dt<72 i dt+ 6 wa - £(A(X,y, DK (X, y)\M
Ik ® k"JL z te'{'ﬂ,kXH}JG,\( (A (YL DK ()
+K(x,y)c(X,y,t) + K(X,y)g°”j dxdy \u\2 dxdydt (17)
‘ JK KA\
+6ap ~ f E \WXiRdxdydt + ~ f \gl(t)\2 di, ke N.
L JQKKH Iiri L Jgkm
13 (13) OTPUMYEMO HEPIBHICTb
i \U2dxdy < e~™ i \o\2dxdy + e~"N~k=" f o(T)ar. (18)
JGi “CGo 0<Jt{f]
3 yMOB TeopemMu BUNMBae, Wo £ I+18(1) dr == 0 npn t —a-foo. Togi 3 (18)
0<JK]t]
3Harigemo, wo fG PpJ2dxdy -» Onpu i —oo0. OcKinbku y(fc) — 0, yi(fc) —=0 npn k — oo, T0 3
(16) Ta 3 (17) BunnuBae, wo /0 X Ix]2dxdydt —0i |7/0Ol2dt »Onpuk —o00. 0O
/=i »
Hexali s2 = waxsup(esssup fiyXp)1/2, E 1/c("Ba(*'Y))2dxdyji/2 < Ki, Bi = -+
j [OT] Gt L)=1

2Q_ Ai _ 290 _ 2/i(ce+ge+AiHIo+ai)Ki _

Teopema 2. Hexait BukoHytoTbhca ymoBu (A), (C), (E), (F), (H), (K), (L), (S), (U) Tasa,,, aljx. €
C([0, TI; L°°(G)), i,j = 1 E'€ C([0,T]),X €ECID; C2(IM)), ~ €C([0,r] i, kpim TOrO,
|Ki(Ol >ko0> Ognascixi >0ma > 0. Hexal‘/'lill%m'(l)l = O’f]_j’Iool#l(Ol =0

Tonifo € C([0, T]) Tagns y3arasibHEHOro po3s'a3Ky 3agadvi (3)-(6) BUKOHYOTbCS TaKi 30i>K-

HOCTI
. . Tkl .
f_I|m | lu(-,-,i);£2(G]] = 0, |IE_’I //kV]Jéu Jdxdydt = 0O, lim t-%)l_o'

AoBefileHHs. BuKopucTaemo foBefieHHs1 Teopemun 1 [ins po3B'a3Ky 3agadi (3)-(6) Tak camo, K
y BUNagKy Teopemmn 1, BUKOPUCTAEMO PIBHOCTI (7) Ta (8), 3anmcaBLuun iX y BUrNsagi

/0(0 = (Ki(0) 1(E(0 + [ (- E (Ai(*'Y/0M(*/Y))y,-m- I (Kdi(x>y)=*ij(x,y,t))Xlu
\Y 4 (=1 ‘ ij=i (19)

+ K(a:,y)c(xAy,i)M + iC(x,i/)g(x,y/i,M)j dxdy'), te [O,T]

Ta
; T
w+ YAXi(x,y,tuyi - E (aij(x,y,t)uxXi)¥ +c(x,y,t)u +g(x,y,t,u)
i=1 ij= 1
= F00y O(KE)~HE ()+ ] (- £ (\i(x,y,DK(x,y))Vu (20)
Gf 4 =1

- B (K% (/y)aij(x>»/0)*, N+ y)c(ar,y, OW+ K (X,y)g{x, y, t, u)) dxdy).
ij=i

3aymoB Teopemm Bei (hyHKLIT MpaBoi YacTUHM PiBHOCTI (19) HenmepepBHI 3a 3MiHHOWK i Ha [0, T],
Tomy /0 € C([0, T]). LOMHOXUMO piBHICTb (20) Ha i/Ta noiHTerpyemo ii no Gf. OcKinbkmn

~F77v/ f{X'y,t)udxdy f (Kx {x,y)aij(x,y,t)) Xudxdy < f uXdxdy,
K\{t)JGt jG*iJ=\ 0 g(€i

a OUiHKM iHWKMX aogaHKiB 3 (20) NOBTOPKOKOTL OLHKN XX —X7, X9, X0, To 3 (20) BUNAMBaE

Id
N ini n ) ,
2 dt\ Jg, verdy) + \jnjr ZK(x.y.t)\" cos(y,,#fdadx + J [mo E Iyl
0y -~ ANNY < (g1(0 + MINE NRdxdy) 2 (21)
+ 1 11 [ \N2dxdy, t> 0.

ko Jg,

BukopucTtasLun B (21) HepiBHICTb (1), OTPUMAaEMO

\li(Jc “Rjl<iv) + 1 jfidJr E A(AY",)M 2cos(yi,vi)dcrdx+ (,OEKI2

@2)
+(co-y -/ -tWf—-g - A A+°2"+7TKI - i) lul2 dxiy< ¢ , t> 0.
I3 (22) Ta HepiBHOCTI ®pigpixca BUNAMBaE oLiHKa
\u2dxdy) 4-B2J \uRdxdy < d(i), t> 0. (23)
MpoiHTerpyBasLUmn (23), OTPUMYEMO HEPIBHOCTI
| \uRdxdy < e~P2‘5 \oNdxdy+ i e~~~1tNd(1)dr, t> 0, (24
JG (€] JO

Ta

f \u2dxdydt < e PXKI —e P2 [ \o\N2dxdy -f -~-(1 —e P2) [ e fN(f) dt
ka1 P2 JG P2 Jo

7T | kHle-~k+l~tr{t)dt + ~ [ k+lo(t)dt, ke~N.
P2 Xk p2pk

MpoinTerpyBaBwu (21) no t Big k go k+ 1, k € N, Ta BpaxyBaBLUW, L0 \J%\U\dedy +
gﬁ%jci-lEi:l A/(x,y, i)JuRcosfy,, L') dadxdt > 0, oTpumaemo

r : Al f 1
ao / \\uXi2dxdydt + (cq— -— g°) 7/ U2 dxdydt < - 7 \N2dxdy

Jkk+1=1 2 Ik 1 2 XG;

+((J+1?2 ) (T Hi(,)12A) 7+fi { C I£E<)12n) ) (/q,.+ 1“2~ ~ X)) /2 (25)

A\ @+ g+ Ai + (12 "MK / U2 dxdyc/f.
~0 JQQG\



[ V\uxNdxdydt < -i- i Waxav + B3 f  \N2dxdydt + }i2(K), (26)
JQkie 111 2r0 Ik JKKA

B,=1 (Mtc°+S0+ M.+fI>XK» + | + ]+ , M&) = TY .

3ayBakumo, Wwo 2™/ Gu]2iixiiy + ~3 /Q Jul2rfxrfydi < y3(k), ge
3(K) —(=- + 2{1-e""2) e[ \WOVdxdy+ | e~"k-TFO(T)dr
M3(K) KZ(Iq P5{ )) L ,B’cﬂ i <0 : ™

+’E)E Jk +1(i-e" ™ 2ktl KO-
Togai 3 (26) BMNMBaE oLiHKa

I YMN\uXiRdxdydt < y2(k)+ u3(K), ke N. (27)
IKk+1,=1

I3 (19) Tako>X BUN/MBaE, LU0

|700 < :;IE'(OI + (%401 + ™ x ( f (-Yi\(\i(x,yrt)K(xfy)).;;i

*0 *0 t>0 Viet

- E (KX(xfy)aij{x,y,t))d +K{x,y)c(x,y,t) + K(x,y)g0)2dxdy'j ~ JuedxrfiZ) , t> Q.
(28)

3anuvwemo (24) y surnagi

f \N2dxdy <e~-Px f \oNdxdy+ »~ e~"~k-"1 J(1)ar. (29)
JG JGo o<Jtf] k

3 yMOB Teopemu BuMIMBae, Wo E € k i)Jk+ld(t)dt — 0, t — +00. Togi 3 (29)

0<fe<[i]
OTPUMYEMO
i \udxdy-> 0 npu t — oo.
3ayBa>kKuMo, Lo LR(K) -> 0, /i3/c) -* Onpu K-i co. Tomy 3 (27) i(28) BunnuBae, Lo
/ Zn|V\7‘;|2 dt —=0 npu K —moo, |/0(i)] —=* Onput-» oo
JOkkH i=1
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The inverse problem with the integral overdetermination condition for a weakly nonlinear ultra-
parabolic equation with unknown time-dependent multiplier of the right-hand side of the equation
is considered. The conditions when a weak solution decreases to zero as the time variable increases
are found.
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napabonunyeckoro ypasHeHusa // KapnaTtckue matematuydeckue nybnmkaumm. — 2013. — T.5, Ne2. — C.
326-335.

PaccmoTpeHa obpaTHas 3afaya ¢ UHTerpanbHbiM ycnoBmMeM nepeonpeseneHus ansa cnabo Henu-
HelHOro ynbTpanapabonnMyeckoro ypaBHeHUs1 C HEM3BECTHLIM MHOXWUTENEM MpaBoi yacTu ypaB-
HEHWSA, KOTOPbili 3aBUCUT OT BpeMeHU. HalgeHbi ycnoBusi, Npu KOTOPbix 0606LLEeHHOE peLleHue
3a/ja4m CTPEMUTCSA K HYH0 NPpU BO3pPOCTaHMN BPEMEHHOV NepeMeHHOM.

KntoueBbie cnoa u hpasn: obpaTHas 3agada, ynbTpanapabonnyeckoe ypaBHeHMe, 0606LeHHOe
peLueHue.
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PEAVHAK C.I.
MPOCTIP UINNX PAAIB AOIPIXE
deauHak C.1. MpocTip yinux pagis Aipixne // KapnaTcbki MaTemaTuyHi nybnikauii. — 2013. — T.5,

Ne2. — C. 336-340.

BuBuaeTbca NpocTip winux psagis Aipixne ckiHueHHOro ®-tuny 3 3agaHoo TOMoorieto, BigHOCHO
AKOT BiH 6yae npocTtopom ®dpeule.

KntwouoBi cnosa i opasun: uina dyHKuUisa, pag Aipixne, MakcMumym moayns, nopsifok, pig, npocTip
dpeLue.

JIbBIBCbKMIA HaLlioHaNbHWI YHiBEPCUTET iMeHi IBaHa dpaHkKa, /IbBiB, YKpaiHa
E-mail: fedynyak@yahoo.com

Bctyn
Ana uinoro pagy Aipixne
F(s) = so+ E cinesX, s=ao+it, 0 €R, t€IR Q)

n—1

pe0=Jlo< Nli < ...< N, ->-00npnn— + 00, NOKNagemMo
M(a, F) = sup{]F(cr + it\ : i ER}, (o, F) = Tax{] s, lexp(cA,) : n > 0}.

Pi3Hi BnacTuBOCTI NpocTopiB pAagis [ipixne, Wo MaloTb CKiHYeHi MopAaoK i Tun 3a PiTTom,
po3rnaHyTo B po6oTax [1], [2].
Mo3Haummo vepes X NpoCTip ycix winnx pagis Aipixne (1), 4na AKNx

- ITM (o,P)

frgp ™ < T<o

be p(0) — yTouHeHW NopsaaokK 3a PiTTom. Hexail gna KoxxHoro psagy Aipixne F € X

/ Yy

\
PY(An)
IFIp= | E I
n=1

(o +£)<*)5
pe T=1,2,3,..., a<p(t) — po3B'A30K pPiBHAHHA t = emp(In @) - In @.
B [2], 30Kkpema, nokasaHo, Lo NpocTip X 3 METPUKOIO
@ 1 0F ru

+ IIF-GI

e npocTtopom PpeLLe.

MopaibHi gocnimkeHHA ANna BuMMagKy paais Aipixne, WO MakTb YTOUHEHWW norapudmi-
YHUW NOPALOK i CKiHYeHWI norapnMivyHni TUn, NposegeHo B poboTi [3].

Y uivi ctatTi pesynbTaTt i3 [1]-f3] y3aranbHeHO Ha BUNaAoK NpocTopy psaiB Aipixne go-
Bi/IbHOI0 3POCTaHHSA.

1 dopmynwoBaHHA Ta AOBeJeHHS OCHOBHMWUX pe3ynbTaTiB

Yepe3 Q nos3Ha4yMmo Knac gogatHux ABidi HenepepBHO ANGEPEHLINOBHUX HEOOMEXKEHUNX
Ha R doyHKLUin © Takumx, wo @' gogaTHa i 3poctae Ao +00 Ha (—oo, +00). Uepe3 @ Mo3HaA4MMo
PyHKLit0, 06epHeHY A0 pyHKLUIT P, a vepe3 W(.1) = X —P(X)/P'(X) — dyHKLiIO, acowinio-
BaHy 3 oyHKLiet0 @ 3a HbIOTOHOM. 3ayBa>KMMO, Lo PYHKLIT ¥ (X) i @(X) — 3pocTatoui [4].

Mo3HaumMmo vepe3 5 MHOXXUHY Uinnx pagis Aipixne (1), ons sakux

oLEmEqntccr")a<l (2)

71 D — = 0. 3)
u->+00 ¢ (¥ (<p (Y )))

Ana KoXXHOT pyHKUiT F € $ BBegemo

Wr =M + E igsiexp{™(<p(T™T1))} TeN:
n=1 1+ T

Mokaxkemo, wo |[HImicHye i € HOpMOIO Ha MHOXXUHI # Ana Ko>kHoro T € N. N8 uboro Ham
noTpibHa 6yae HacTynHa nema.

Nema 1 ([4]). Hexan @ € Q i doyHKUisa F 306padkeHa uinum psgom Aipixne (1). Ans Toro,
w06 BMKoHyBasiacs ymosa Inp(o, F) < (1 + €)d(0) gNna BCiX 0 > hg HEOOXiAHO | AOCNTb, LW,06

Injsa,] < -ALW (T+1)) Ansascixn > no.
BpaxoBytouun HepiBHicTb Kowi p{o,P) < M(ag, F), 3(2) ana goinbHoro € > OiBcixao > M
Maemo Inp(o, F) < (1 + g)d(a). OTxKe,
IBd < exp{ n> uo. 4)

3 (3) BynMBaE, Wo Anst KO>KHOro m € N 3HangeTbea Take € > 0, Wo

1 2Inn
m %2 g’ MM

Topai ansi BCiX 4OCUTb BENNKUX T
An o \ATTA r 1 Tit; (@ A-n \A xtr( ( An

1m 1m

=exp{ -A, J*_ (1(@(0)) dt} =exp{ -A,

I+ra l+ra

1m l_l'hq. 1m
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1

<exp{- (i -*)dM T))} £exp{ " 'DOM T 2"

OTxke, ans KoxkHoro m € N pag O]+ E M exp (n,!IT((p(-Nik)) } 36i>kHMIA. 3ayBadKNMO

TakoX, wo |Hlp< IFWnpmp < n
Nerko 6auntu, wWo [HIM(mM € N) e Hopmoto. L HopMa NnopogKye MeTPUUHY TOMONOTit0
Ha 5  Noknagemo
riir — 'V - IL™Z €T
N ;- N 2-H-HF-GIU*
Yepes (5, d) no3zHa4vmmo npocTip 5 3 meTpukoto d.
Teopema 1. MpocTip ($,d) € npocTopom dpeLle.

AosefileHHs1. Ham noTpibHo nokasatu, wo npocTip ($,d) noBHUI. Hexal nocnifoBHICTL pAAiB
Aipixne {Fa} € d-pyHaameHTanbHOKO B 5, TO6TO AN AOBINLHOro € > 0 iCHYE Take KO = Ko(e),
wo ana Bcix 1, B > k) BUKoOHyeTbes d(Fa, PP) < &

Ana poBinbHUX © € (0;1) i m € N Bubepemo € > 0 Tak, Wo 2" < O< 1 OCKiNbKU
d(Fa,F®) < g 10

N —B\1 = \ao) - a B)\+ E |Ea) - aip)\exp (5)
n=1 m

Omxke, Ha — 1< ylp ans BCix N1 € N, TO6TO NocnigoBHICTL{N"-1} “=1 € oyHOaAMEH-
TanbHO AN KOXKHOro cpikcoBaHoro n € N. Hexain lim a, —an.

X—>+ 00

Cnpsamysaswiu B (5) B Ao +00, 4nsa a > Ko OTPUMAEMO

A
K9 @ + E venj—nlexp i (spy—2v)) } < 1

Moknagemo a = Ko, ToAi

Plep{A'Y (H rrx))} < fdleP{pyM {T x))}+

Papg Oipixne Fij = a”o) + E,TMaik>est HanexxnTb (tf,ii) i, oT>Ke, BUKOHYeTbCA (4). Tomy
ONs eAKOro p > mi JOCUTb BEIMKNUX 1 ByAe BUKOHYBATUCh HEPIBHICTb

lxo) < expf
Togi

KTep{A, 1(?2(INX))I<Bo{-A, (W (2(0"1))-w (?2(T" X)))} +147.

rm 1p 'm

BpaxoBytoumn foBiNbHICTL Oi Te, L0 NepLinii 4oAaHOK Y NpaBiii HaCcTUHI 0OCTaHHbLOI HeEPIBHO-
CTi NpsAMYE A0 HYAA NPU H —> 00, OTPMMYEMO, WO NOCNiAOBHICTb {a,,} 3a00BONbHSAE (4). Tomy,
3anemoro 1, ana pagy Aipixne F(s) = [+ E, TN MeERX¥1 BUKOHYETLCA CMiBBigHOLWEHHSA

\txu(o,F) < 1+ e)P(g), o> al

LLLo6 noka3zaTtu, wo F € 5, Ham NoTpibHa HacTynHa nema.

Jlema 2. Akwo @ € Q i BUKOHYeTbCA (3), TOCMNiBBIAHOWEHHSA

Inp(a,F) < (1 + o(1))®(c), 0o -» +00, (6)
piBHOCU/IbHE CNIBBIAHOLLEHHIO

1ImM(<7,F) < (1 + o(1))®(0c), 0o ->+o0. (7

AoBefieHHs. 3a HepiBHicTo Kowi p(o, F) < M(o, F) 3(7) Bunnusae (6).

Hdoegemo,wo 3 (6)Bunnmeae (7). 3 (6) ana gosinbHoro € € (0,1)BUKOHYETLCSAYMOBA
In/A<,F) < (1 +&g)®(o)ana Bscix ¢ € [00,00), a 3 nemn 1 BUNIMBaE, WO Anss BCixn >
BUKOHYETbCA In lan\< —A,Y (@ (T+7jj-

Moknagemo 7 (0) = 2'(W~1((7)). Toai 4NA BCIX 0 > dgBUKOHYETLCA

M(cr,F)<( E + E JN\an¥
AT  A>7(d)

< H(V'F E A" G I1A tr)}'
(vRIngy(@) + B en{ AW (TN) _tn)
pen(t) — E 1
A, <f
Ana Bcix J1,r > 7 (0) BUKOHYETbLCA

exp{_ A, (,("))-.)t<exp{-A,(.W *))-.(,(")))}

=exp{ - Naj * (Y (9 (X)) rix} =exp{ - A, T~ S& R dx}

<exp{-nrdp («, (")) ™ =exp{- (1-e)p(u>(")) }

BpaxoByo4un ckaszaHe BuLle, a TaKoXK Te, Wo 3 (3) BUNAMBAE HEPIBHICTb
OTPUMYEMO

M(o,E) < p(<r,F)n(7((r))+ E "2 < + ~7~k=~))-
N>7((7) v

Tob6ToO,
INM((7,F) < In}i(cr,F) +inmn(7(c)) +o(l), 0 —>+o00.

3icnaBLUMCL 3HOBY Ha (3), OTPMMYEMO, LLIO

lim lim =
®(cr) X>+C0 @ (Y (9 (X/2)))
OTKe, BUKOHYETbCSA (7). Jlemy 2 noBefieHo. O
LLLo6 goBecTu Teopemy, 3anvwinmnocb nokasatu, wo lim d(Fa,F) = 0. 3ayBaxknmo, L0

Ana posinbHoro € > 0 3HanlgeTbed Take M > O, Wwo

m < 1 ®
»~M+1 2" 1+ I|JH*>- FIm 2



Ockinbkn FM\ Fed, ToicHye Take N\ € N, wo gns scix T € {1,2,3,..., M }BUKOHYETbCA

2 Mim)-acexp{n, T((p(-"y))} < I ©)

/1=Nj+1 T

OcKinbku lim = an, To icHye Take K*, wio gns scix@ > K*tTa T € {1,2,3,.. .,M}

6yae BUKOHyBaTMUCb CMNiBBIiAHOLLEHHS

NI il
£ \a\- glexp{InA(N(T~~T))} < 4 (10)
n=0 T

Togai 3 (9) i (10) BunmBae, wo |J|a—F Jlu< |, 3Biak1 Maemo, L0

f i [P -F .. if i i e
“j2" 1+ IIFW - FJUL+ |, N 27 1+] 2

Towmy, 3BadKatouu Ha (8), oTpumyemo, wo d(Fa,F) < & OTxe, npocTip (if,d) enoBHum. Teope-
MY [0BEMIEHO. O
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We describe an asymptotic behavior of entire functions of improved regular growth with zeros
on a finite system of rays in the metric of LP[0,2n].
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coefficients, Hausdorff-Young theorem.
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1l Introduction and main result

The asymptotic behavior of entire and meromorphic functions of positive order of com-
pletely regular growth (for details, see [2, 3, 5,11]) in the metric of 1/[0,2n] was described in
[6,11,12,13]. Similar results for entire functions of zero order whose zero-counting functions
are slowly increasing were obtained in [1]. In particular, from [11, Theorem 7.2, p. 78] it follows
the following statement.

Theorem A. If an entire function f of order p e (0, +00) with the indicator h((), f ) is of com-
pletely regular growth, then forany p € [1, +00)
re® P

im JJ_ f2 . do .
r--00 12n Jo - P 0

Conversely, if for some entire function f, /(0) = 1, there exist p € [1, +00) and h € 1/[0,2m]

such that
VP

im/_L i) MOI{U0 hey @ - o,

r-~+oo |72/ Jo -

thenf is of completely regular growth and h(9) = h(0,f) for almostall © € [0,27r].

The aim of the present paper is obtain an analog of Theorem A for entire functions of
improved regular growth with zeros on a finite system of rays (see [4, 7, 8, 9,10,14]).

An entire function 7/ is called a function ofimproved regular growth (see [7, 8, 9, 10, 14)) if
for somep €(0, +o0) and p\ € (0,p), and a 27r-periodicp-trigonometrically convex function
h(cp) ¢ —oo there exists the set U C C contained in the union of disks with finite sum of radii
and such that log\f{z)\ = \ph(cp) + o\z\Pl), U ™ z = rek>— 00.

If an entire function / is a function of improved regular growth, then it has the order p and
indicator h [14]. Our main result is the following theorem.

© Khats' R.V., 2013


http://www.journals.pu.if.ua/index.php/cmp

Theorem 1. An entire function f of order p € (0, +00) with zeros on a finite system of rays
{z :argz = ipj},j € < ip\ < ip2 < mm< Y < 2n, is afunction of improved
regular growth if and only if for some p2 € (0,p) and any p € [1, +00), one has

r1” Jlog|/(re,<)]

2n }o P 4<p) G > =o(r@ p), r—>+00. 1)

2 Preliminaries

Let / be an entire function with /(0) = 1, let (A,),<=]n be the sequence of its zeros, let p
be the smallest integer for which E“=1 \\\~p~1 < + 00/let Qp be the coefficient of zp in the
exponential factor in the Hadamard-Borel representation [5, p. 38] of an entire function of finite
order, and let c*(r, log }/]) be the Fourier coefficients of log |/}, i.e.

CfcMogl/l) ;=3 Q e~Hogl/ty?)!™~, ke Z, r> 0

Further, let /7 be an entire function of order p € (0, +o0) with zeros on a finite system of rays
{z :argz = tpj},j €{1,..., m}, 0< Y\ < iR < -m < ) < 2m. Furthermore, if p is noninteger
and / is afunction of improved regular growth, then an indicator hof / has the form ([8,10,14])

m

He) = E ke '
i=1

where /2/(@) is a 27r-periodic function such that on [igj, ig + 2n)
hj ik A € [0
< = - - - . + .
i) = -5 anOSP((P W- m, A €[0 +o0)

In the case p € N, the indicator h is defined by the formula ([8, 9,10])
T cos(p(p + 07) + E hj(<p), p=p
h(<p) = < /=1
kQpcosp”™, p=p -1,
where 6f € C, rf = ISf/p + Qp\ Of —arg(Sf/p + Qp) and hj(cp) is a 2a-perioriic function such
that on [ipj, ig + 2n) we have
: _ AN . A/ -
hi(g®) = AATr- <+ M)sinp(cp-ipj) - — cosp (@ - ipj).

Lemma 1 ([8]). If an entire function f of orderp € (0, +co) with zeros on a finite system of
rays {z :argz = ipj},j € {l,....m},0 < ipi < r < mm < Y < 2n, is of improved regular
growth, then for some p3 € (0, p)

Cfe(r,log I/1) =c™ + ~ry, [I-++CO, (2)

holds uniformly ink € z, where

1 /on n
&:=2RJ0 e @HiP)IP = - A; € [0, +00),

for anoninteger p, and

B

0, H =p+1,

|

-S k=p-= +1,
5 pP=0p
ifp is an integer.

Remark that, using Lemma 1 and the Riesz-Fischer theorem [11, p. 5], we get that there ex-
ists an indicator h € L2[0,2n] defined by the equality /j(<p) := £ c"el* (see [11, Definition 7.2,

p. 77)).

3 Proof of Theorem 1

Necessity. If an entire function / of order p € (0, + 00) with zeros on a finite system of rays

{z argz = ipj},j €{1,..., m}, 0< iAA< i< mm< (n < 2m, is of improved regular growth,
then by (2), we have

Ck(r, log 1/1) < C
ke Z,

rp K= oy ®)

for some constant C > Oand all r > 0. In view of this, the sequence (r~pc’\r, log |/]) —c"ez

belongs to the space Igfor all g > 1and r > 0. Moreover, applying the Hausdorff-Young

theorem [11, p. 5], for p > 2, p~I + g~I = 1, we get
1 0Zn log \f(rei(p\ Vp INT
L4 log \f(rel . ck(rflog 1/1)
-h{c a
on Jo P {cp) do D &

According to (3), the last series is uniformly convergent with respect to r. Therefore, using
Lemma 1, we obtain (1) for p >2. From this and Holder's inequality it follows that (1) holds
forl < p< 2.

Sufficiency. Let (1) holds. Then for some P2 € (0,p) and each ke Z

CK(r,log I/1) sl ran log \f(reUD\ 1 g>) 6
. & <7, I~ (9>) ag

log 1/(rgMI _
- P Hp) dPj o(r@2 P), r—+00.
Flence, for some p2 € (0,p) and each ke Z we get c/\(r, log I/]) = P + o(rpl), r —+ 00. Then
by [10, Theorem 1, p. 1718] an entire function / is a function of improved regular growth. This
concludes the proof of the theorem.
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BogHapuyk KO pinn BikTopoBuy

13.10.1955 -12.07.2013

12 MNHA 2013 poKy, Y PO3KBITI TBOPUMX CUM Ta MNaHiB, NMoMep BiAOMUIA yKpaiHCbKUA

MaTeMaTUK-anrebpaicT, AoOKTOop hisnKo-mMaTeMaTUHHUX HayK, npodecop, 3aBigyBay Kadeapu
MaTemMaTuKn HauioHanbHOro yHisepcuteTy "Kneso-MorungHcbka akagemia" — HOpiit BikTo-
poBny BogHapuyk.

FOpii BikTtopoBny BogHapuyk HapoamBcs 13 >koBTHSA 1955 poky B Uepkacax y poaunHi Ma-
TemaTuKiB, bogHapuyka BikTopa MaBpunoBmya i MNpaBoTopoBoi ManmHU IBaHiBHW. Lle 6yna
BUCOKOKY/bTYpPHAa poANHA YKPAIHCbKMX IHTeNireHTiB-LLIeCTUAECATHUKIB, AKi 3MOrnv nepegaTuv
CBOI ifleann cnpaBe4NMBOCTI Ta NO60BI A0 YKpaiHW i cnHOoBI. BikTop MNaBpunoBuy — BigomMuia
MaTtemMaTuK, y4yeHb MyLwkoBa B.M., — 6yB 0gHMM i3 TUX, XTO NigNucaB BigoOMWIA NTNCT-NPOTECT
139-n o HarBMLMX KepiBHMKIB CPCP 3 BUMOIrot NMPUNVHUTM MPaKTUKY NMPOTU3aKOHHUX MOo-
NTUYHUX Cy[0BUX MPOLECIB. 3a Le Moro 6yno 3BiibHEHO 3 KUIBCLKOIo Aep>XaBHOro yHiBepCcu-
TeTy iMeHi Tapaca LLleBueHKa, Ae BiH NpautoBaB 3a CyMiCHMULTBOM, a B 1972 poui, nig yac gpyroi
XBWNi penpecii, 3BiNbHEHO i 3 0CHOBHOIO MicLisl P060TN — IHCTUTYTY KibepHeTukn AH YPCP.
MpautoBaTn 3a paxom oMy 6inblLle He ganu, nuLle 3rogomM BiH 3MiI 0QOPMUTUN HEBENNYKY
MeHcito 3a CTaHOM 340pPO0B'sA. TUCK UMHMBCSA | Ha MannHy IBaHiBHY. 30Kpema, BoHa 6yna 3myLue-
Ha perynsipHo BigBigyBaTu Tak 3BaHWIA "nepLuvii Biggin", ge Big Hel BUMMarann gatm 3rogy Ha
npumycoBe "nikyBaHHSA" BikTopa MaBpunosuya.

ATMocdiepa NAcbKOT rigHOCTI | B3aemorosaru, Lo naHyBana B CiM'T, Mana BupillanbHNA
BMNAMB Ha hopMyBaHHA xapakTepy Ta nornsgis FOpia BikTopoBuya. MMMO60KUA NaTpioTU3M,
6e3KOMMNPOMICHICTb Y BiACTOOBaHHI cripaBegMBOCTI i BOAHOYAC BeNMKa CKPOMHICTb, Nt060B
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Ta noBara Ao NKAew, roTOBHICTb 3aBXXAM MPUIATKN TM Ha AOMNOMOry — OCb OCHOBHI puUcKn, oro
XapakTepy, NpuTamMmaHHi MOMy NPOTSATOM YCbOTr0 XXUTTS.

Y 1972 poui HOpiii BikTopoBMY 3aKiH4Yy€e cepefHIO LLIKONY i BCTyNae Ha MexaHiKo-maTtema-
TUYHUI (hakynbTeT KMIBCbKOro Aep>XaBHOro yHiBepcuUTeTy iMeHi Tapaca LlleBUeHKa, AKWiA i
3aKiHuuMB y 1977 poui, crieyianisytounck no kageapi anrebpu Ta mateMaTuyHoi foriku. Mo 3a-
KiHYeHHI YHiBepCcUTEeTY BiH MoYMHaE NpauioBaTy B YKpaiHCbKOMY HayKOBO-A0CNigAHOMY rigpo-
MeTeopoNoriyHomMy iHCTUTYTI (YKrTMI), ogHak NpoaoBXKye UikaBuUTuca anrebpoto. 3okpema,
BiH 6epe aKTMBHY y4dacTb Y po6oTi KniBCcbKoro anrebpmyHoro cemiHapy, a B 1981 poui BCTy-
rnae Ao acnipaHtypu. HaykoBmm KepiBHUKOM HOpis BikTopoBuya 6yB BUAATHWUI anrebpaicT
NeB ApkagiiioBny Kany>kHiH, ssKuii y 60-Ti pOKM MUHYNOrO CTOMITTA 3Mil BiApoANTU CNaBeTHY
KuniBcbKy anrebpuvyHy LLIKO/Y, PO3rpoMAeHY i 3HULLEHY B CTa/lIHCbKI Yacu.

Y 1985 poui FOpili BikTopoBMY 3axuLLi@ae KaHOMOATCbLKY AncepTauito Ha Temy "ABToMopdi-
3MM HecTaHAapTHMX BIHUEBUX A06YTKIB rpyn” i NpogoBXKye npaurosaty B YKrT MI.

MeparoriyHa gisanebHicTe HOpia BikTopoBuya noymHaeTbes y 1990 poui, Koy BiH nepe-
DKopKae A0 BiHHMLUI Ha nocafy cTapLuoro Bukiagada oisMiko-maTeMaTU4HOro akynbTeTy
BiHHMLbKOro Aep>XaBHOro MegaroriyHoro iHCTUTYTY (3 1998 poKy — BiHHMLUbKUIA Megarori-
YHUI yHiBepcuTeT iM. M. KoutobuHcbKoro). Y 1994 poui HOpii BikTopoBMY rnoBepTaeTbCcs A0
KueBa i 3 LUbOro 4yacy i o ocTaHHIX AHIB CBOro >XUTTS BCSA Oro HaykoBa Ta regaroriyHa fi-
ANbHICTb NoB'A3aHa i3 Kneso-MorunsHcbKoo Akafemieto. BiH cTae nepLumm LITaTHUM cniB-
po6iTHMKOM Kadoegpun doisnKo-maTeMaTUYHUX HayK AenapTaMeHTy NpUpogHUNYnNX Hayk, ae Ha
rnocagi AgoueHTa nponpauosas 3 poku. Y 1997 poui KOpii BikTopoBUY CTBOPOE Kadpenpy mMa-
TeMaTUKN AenapTaMeHTy iHopMaLliiHUX TeXHONOrIW (3apa3 — Kathegpa matemaTuku da-
KynbTeTy iHpopMaTukun HauioHansHoro yHisepcuteTy "Kneso-MorungaHceka Akanemina'), Ha
AKiV NpauoBaB Ha nocagax goueHTa Ta npogecopa, a 32000 poKy 06iliHSB Nocaay 3aBigyBadva
Kadbeapu.

Y 2004 poui HOpili BikTopoBUY 3aXMCTUB AOKTOPCbLKY AMcepTauito Ha Temy "HecKiHYeH-
HOBUMIPHI anrebpaiyvHi rpynu rnoniHoMianbHUX NepeTBopeHb addiHHMX NPOCTOPIB". Y Uil an-
cepTauii Ta B po6oTax, Wo ivi nepegyBann abo 3pobneHi BXXe nicns 3axucTy guceptauii, FOpin
BiKTOpOBUY OTpUMAaB LiNnA pag BaOKIMBUX | TMNMOOKUX anredbpaiuyHmnx pesynbTaTiB. 30Kpema,
po3rnsgatoun adiHHI rpynu Hag HeCKiIHYeHUMU NonAMK SK Niarpynu rpynn KpemoHu, BiH
[OBIB MaKCUMa/bHICTb CKiHYeHHOT achiHHOT rpynu. BiH TakoXX A0BIB, WO rpyna py4yHux nofi-
HOMiaJIbHUX MepPeTBOPEHb MOPOAXKYETLCA addiHHOK rPynoko i OAHUM A0BIIbHUM HeNiHIAHUM
TPUKYTHUM NEPETBOPEHHSM.

Benvka yacTuHa HayKoBoro fopo6bky FOpis BikTopoBmnya npucesaveHa OOCNIAXKEHHIO aBTo-
Mopi3miB pi3HUX rpyn. Tak, NOMYy TaKOXX HaleXXUTb MOBHUIA ONUC perynapHuUX aBToMopdi-
3MiB rpyn 6/10KOBO-YHITPUKYTHUX Ta 6/10KOBO-TPUKYTHUX NMepeTBOPEHb HaZ MNOAMU XapaKTe-
prvcTtuku O Ta Haf CKIHYEHHUMU NonsiMn. 30KpemMa, BiH MoKasas, Lo O0yAb-AKUIA perynsapHui
aBToMopdiam adpiHHOT rpynn KpeMoHM € BHYTpPIWHIM. BaxknuBumin € pesynbtatn HOpis Bi-
KTopoBUuYa npo 6yaoBy aBToMOpiaMiB HeECTaHAAPTHUX BiHLEBUX A00YTKiB. Crivpar4vncb Ha
Li pe3ynbTaTun, BiH 3Mir oxapakrepmsyBaTu rpynm aBToMopdi3amiB CUNOBCLKUX N-Nigrpyn cu-
METPUYHMX FPYMN CKIHYEHHOIO CTEMEeHS.

Cepepg iHWINX pe3ynbTaTiB KOpis BikTopoBuya cnig Big3Ha4yMTy y3arajbHEHHS BigoOMOT Te-
opemu lMiTepa HeliMaHa npo i3oMopdisamM cTaHAAPTHUX BiHLEBUX AO0OYTKIB rpyn Ha BMNagoK
BiHLUEBMX A00YTKIB TPAH3UTUBHUX FPYN NePeTBOPEHb 3 abCTPaKTHUMK rpynamm.

FOpili BikTopoBKMY NPOBOAMB BENMUE3HY OpraHi3auiiHo-HayKoBy po6oTy. OKpiM 3aBigy-

BaHHA Kaegpoto BiH 6yB uneHoMm BueHol pagn HaYKMA, uneHOM cneuianizoBaHOl BUYEHOI
paan IHCTUTYTY MatemMaTtukm HAHY, uneHoM KMiBCbLKOro MmateMaTuyHOro ToBapucTea, Heo-
[HOpPa30BO OMOHYBaB AOKTOPCbLKI Ta KaHAMAATCbKI gncepTau,ii, 6yB HE3MIHHUM FON0BOIO pea-
Konerii cepil "®isnko-maTeMaTU4HI HayKn" (po3gin maremaTunka) >kxypHany "HaykKoBi 3anuckm
HaYKMA", uneHoM pegKonerii >xypHany "Y cBiTi MatemaTtnkn”, ogHUM 3 iHiLiaTopiB Ta op-
raHizaTopiB NpoBefeHHS MiDKYHIBEPCUTETCbKUX HAYyKOBUX KOHMhepeHLii Monognx BUYEHUX 3
MaTemMaTUKN Ta Pi3vKu, Towwlo. INMig Moro KepiBHULITBOM 3aXMLLEHO ABi KaHAMAATCLKI AucepTa-
Lji.

3aBasakn 3ycunnam HOpia BiktopoBuya y 2007 poui B HauioHanbHOMY YHiBepcUTETI
"Kneso-MorunaHcbka Akagemia" 6yno BigKpMUTO HOBY cneyiasibHICTb — "npukKnagHa marte-
MaTumka", ay 2012 BigbyBcs nepLUnii Habip Ha MaricTepcbKy NMporpamy 3a Lieto crieliansHicTIo.

Oco6nmnBo cnif Big3HaumMT negarorivnHy gisnbHicTb KOpis BikTopoBuya. BiH He »kaniB Hi
yacy Hi cun Ha NigroToBKYy mMonoAamx creuianictiB. Yepes cneyndiky Kneso-MormnsaHcbKol
AKagemii 6inbLlWIiCTb MaTteMaTNYHUX KypciB And it cTygeHTiB NOTPi6HO 6yno po3pobnatu maii-
e 3 Hynda. Cepef, HUX 6ynu i 30BCIM OpuUriHa/ibHI Kypcu K, Hanpuknaz, Kypc, npucBayeHmi
Cy4YyacHMM MeTofaM 3axucTy i nepegadi iHopmauii. KOpiii BikTopoBnY TaKoXX KepyBaB Be-
NNKOK KiNbKICTHO AUMIOMHUX | MariCTepcbKmMxX po6iT. 3aBAsikM NedaroridHii MaicTepHOCTI i
TOBApPUCbKOMY CTaB/IEHHIO A0 CTYAEHTIB BiH 3aBXXAu 6yB iX yntob6neHUem.

3aranom npodecop HO.B.BogHapyyk € aBTopoM noHapg 40 HayKOBUX Npaupb, 6aratbox Ha-
YKOBO-MeTOANUYHMNX PO3PO060K, cepes AKX HaBYabHI NOCIOHUKM 3 NiHINHOT anrebpun Ta aHa-
NiITUYHOT reomMeTpil, ANCKPETHOI MareMaTUKN, MateMaTUYHOT IOTiKW Ta Teopil anropuTMie, BU-
woi mMaremaTMkn. 3a MoCibHUK "OCHOBWM AUCKPETHOI mMaTemaTukn" (y CcniBaBTOPCTBI 3
B.B.OniiHMK) FOpiii BikTopoBny oTprmaB npemito imeHi Metpa Morunm (2009 p.).

3ragka npo HOpis BikTopoBuya 3irpiBae gywly. BiH HazaBXay 3alMLLNTLCA B Nam'aTi BCiX,

XTO 1A0Oro 3HaB, sIK BUCOKOIHTeNireHTHa, CKpoOMHa, cripaBefnBa, YyiiHa noguHa, 3gaTHa 3aB-
YXOW NPUIATK Ha AOMOMOTY.

AptemoBudy O.[:, BbaHax T.O., laBpunkie B.M., TlaHwoowkiH O.l'., Tpuropuyk P.l.,
Apo3g HO.A., 3aropogHioK A.B., 3apiuHmin M.M., 3atopcbkuin P.A., KupunueHko B.M.,
KomapHuupkuii  M.A., HwukndgopumH O.P., T[leTpaBuykK A.ll., [leTpuukoBny B.M,,
Muannis B.M., CywaHcekuin B.l., LLapnH C.B., LLlapko B.M.
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